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Find The Volume Of The Solid Formed By Rotating The Region Bounded By The Given Curves About The

Indicated is a fundamental concept in calculus, particularly in the study of three-dimensional geometry

and the application of integral calculus. This process involves taking a two-dimensional region bounded

by specific curves and revolving it around a given axis to generate a three-dimensional solid.

Determining the volume of such solids is essential in various fields, including engineering, physics, and

architecture, where real-world problems often require calculating the capacity or material needed for

complex shapes.

Understanding how to find the volume of these solids requires familiarity with several integral calculus

techniques, primarily the Disk Method, Washer Method, and Shell Method. Each method is suited for

different types of regions and axes of rotation. This comprehensive guide aims to elucidate these

techniques, provide step-by-step instructions, and explore practical examples to enhance your

understanding.

---

Understanding the Concept of Solid of Revolution

What Is a Solid of Revolution?

A solid of revolution is a three-dimensional object created when a two-dimensional region is rotated

around an axis. The resulting shape depends on:



- The bounded region in the xy-plane

- The axis of rotation (x-axis, y-axis, or any other line)

For example, rotating a rectangle around the x-axis produces a cylindrical shape, while rotating a

region bounded by curves like y = x² and y = x produces a different solid.

Importance of Calculating Volume of Solids of Revolution

Calculating the volume of these solids allows:

- Engineering design optimization

- Material estimation in manufacturing

- Understanding physical phenomena such as fluid flow and heat transfer

- Solving complex problems in physics and mathematics

---

Key Techniques for Finding Volumes of Solids of Revolution

1. Disk Method

The Disk Method involves slicing the solid perpendicular to the axis of rotation, resulting in disks

(circles). The volume of each disk is calculated and integrated over the region.

When to use:

- The region is bounded by functions y = f(x) and y = g(x), rotated around the x-axis

- The cross-sections are circular disks

Formula:

\[ V = \pi \int_{a}^{b} [R(x)]^2 dx \]



where \( R(x) \) is the radius of the disk at point x.

2. Washer Method

The Washer Method extends the Disk Method to regions where the solid has a hollow part, resembling

a washer (a disk with a hole).

When to use:

- The region is between two curves, and the solid is generated by rotation around the x-axis or y-axis

- The region has an inner boundary (inner radius) and an outer boundary (outer radius)

Formula:

\[ V = \pi \int_{a}^{b} [R_{\text{outer}}(x)^2 - R_{\text{inner}}(x)^2] dx \]

3. Shell Method

The Shell Method involves slicing the solid parallel to the axis of rotation, forming cylindrical shells.

When to use:

- Rotation around the y-axis when the region is described in terms of x

- Rotation around the x-axis when the region is described in terms of y

Formula:

\[ V = 2\pi \int_{a}^{b} x \cdot h(x) dx \]

where \( h(x) \) is the height of the shell at x.

---



Step-by-Step Guide to Finding Volume of a Solid of Revolution

Step 1: Identify the Region and Curves

Determine the curves that bound the region and the limits of integration.

Step 2: Choose the Axis of Rotation

Decide whether the rotation is about the x-axis, y-axis, or another line.

Step 3: Select the Appropriate Method

Based on the shape and the axis, choose the Disk, Washer, or Shell Method.

Step 4: Set Up the Integral

Write the integral expression based on the chosen method.

Step 5: Compute the Integral

Perform algebraic simplification and evaluate the definite integral.

Step 6: Interpret the Result

Ensure the calculated volume makes sense in context.

---



Practical Examples of Calculating Volumes of Solids of

Revolution

Example 1: Rotating a Region About the x-Axis

Suppose the region bounded by y = x² and y = 4, from x = 0 to x = 2, is revolved around the x-axis.

Solution:

- Region bounded by y = x² and y = 4

- Rotation about x-axis

- Use the Washer Method

Setup:

\[ R_{\text{outer}}(x) = 2 \]

\[ R_{\text{inner}}(x) = x^2 \]

Integral:

\[ V = \pi \int_0^2 [2^2 - (x^2)^2] dx = \pi \int_0^2 [4 - x^4] dx \]

Evaluation:

\[ V = \pi \left[ 4x - \frac{x^5}{5} \right]_0^2 = \pi \left( 8 - \frac{32}{5} \right) = \pi \left( \frac{40}{5} -

\frac{32}{5} \right) = \pi \frac{8}{5} = \frac{8\pi}{5} \]

---

Advanced Topics and Variations



Volumes About Different Axes

Calculating the volume when rotating around axes other than the x- or y-axis involves shifting the

coordinate system or employing the shell method.

Multiple Regions and Composite Solids

Complex problems may involve multiple bounded regions or require integrating over different intervals,

summing the volumes of individual parts.

Using Software Tools

Calculus software like WolframAlpha, GeoGebra, or Desmos can help visualize regions and verify

integral calculations.

---

Tips and Common Mistakes to Avoid

- Always verify the bounds of integration match the region.

- Choose the method that simplifies the integral.

- Carefully determine the radii or heights in the formulas.

- Watch out for incorrect limits when shifting axes or dealing with composite regions.

- Double-check the units and interpret the physical meaning of the volume.

---



Conclusion

Finding the volume of a solid formed by rotating a region bounded by given curves about an indicated

axis is a critical skill in calculus. Mastering the Disk, Washer, and Shell Methods enables you to solve

a wide variety of problems involving three-dimensional objects. By carefully analyzing the region,

selecting an appropriate method, and accurately setting up and evaluating the integral, you can

accurately determine the volume of complex solids of revolution. Practice with diverse examples, utilize

technological tools, and adhere to methodical steps to develop confidence and proficiency in this

essential mathematical technique.

---
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Frequently Asked Questions

How do I determine the volume of a solid formed by rotating a region

bounded by two curves about an axis?

To find the volume, first identify the region bounded by the curves, then set up an integral using the

disk, washer, or shell method depending on the axis of rotation. Integrate the cross-sectional area

along the axis of rotation to compute the volume.

What are the key steps to solve a problem involving rotation of a

bounded region around an axis?

The key steps include: 1) Sketch the region and identify the curves; 2) Determine the bounds of

integration; 3) Choose the appropriate method (disk, washer, shell); 4) Write the integral for the



volume; 5) Evaluate the integral.

When should I use the shell method instead of the disk/washer

method for volume calculations?

Use the shell method when the region is rotated around a vertical or horizontal line that is outside the

region, especially if integrating with respect to the variable perpendicular to the axis simplifies the

problem. It is often preferable when the region is more easily described as shells.

How do I set up the integral for volume when rotating around the y-

axis?

When rotating around the y-axis, it's often easiest to use the shell method: integrate 2π times the

radius (x) times the height of the shell (difference between the functions) with respect to x over the

bounds. For the disk/washer method, express the radius and thickness in terms of y, integrating with

respect to y.

Can the volume be found by slicing the region into disks or washers?

How does this work?

Yes, the disk/washer method involves slicing the solid perpendicular to the axis of rotation into thin

disks or washers. The area of each slice is calculated, and then integrated along the axis to sum up

the volumes, resulting in the total volume of the solid.

What are common mistakes to avoid when calculating the volume of a

rotated solid?

Common mistakes include incorrect bounds of integration, choosing the wrong method (disk/washer

vs. shell), forgetting to square the radius in the disk method, and misidentifying the region or the axis

of rotation. Always verify the region and method before integrating.



How does the choice of axis of rotation affect the method and setup

of the integral?

The axis of rotation determines whether you use the disk/washer or shell method and influences

whether you integrate with respect to x or y. For rotation about the x-axis, integrate with respect to y;

about the y-axis, integrate with respect to x. The shape of the slices depends on this choice.

Are there any tips for visualizing the region and the resulting solid to

set up the integral correctly?

Yes, sketch the region and the axis of rotation clearly. Visualize the slices or shells and their cross-

sections. Label the bounds and functions carefully. Using color or shading can help distinguish the

region and the slices, making it easier to determine the correct setup.

Additional Resources

Find The Volume Of The Solid Formed By Rotating The Region Bounded By The Given Curves About

The Indicated Axis is a fundamental problem in calculus that combines geometric intuition with

analytical techniques. This type of problem is quintessential for understanding how to determine the

volume of complex shapes generated by revolving planar regions about specified axes. The process

involves identifying the bounded region, selecting an appropriate method for integration, and carefully

setting up the integral to compute the volume. Mastery of this topic not only enhances problem-solving

skills in calculus but also provides powerful tools for applications in engineering, physics, and other

scientific disciplines where volume calculations of irregular objects are necessary.

---



Understanding the Geometric Foundations

Before diving into specific methods, it’s essential to develop a solid understanding of the geometric

concepts involved in these problems.

What Does It Mean to Rotate a Region?

Rotating a region involves taking a two-dimensional area bounded by curves and revolving it around a

line (the axis of rotation). This process sweeps out a three-dimensional solid. The goal is to find the

volume of this solid.

Common Types of Regions and Axes of Rotation

- Regions bounded by curves such as lines, parabolas, circles, etc.

- Axes of rotation may be:

- The x-axis

- The y-axis

- Any vertical or horizontal line

- Oblique lines (less common but possible)

The nature of the boundary curves and the axis of rotation heavily influences the choice of method and

the setup of the integral.

---

Methods for Finding the Volume of Revolution

Two primary methods are used to compute volumes of solids of revolution: the Disk/Washer Method



and the Shell Method. Both are powerful but are suited for different types of problems.

Disk/Washer Method

Overview: This technique involves slicing the solid perpendicular to the axis of rotation, creating disks

or washers whose volumes are summed (integrated).

When to Use:

- When the cross-sections perpendicular to the axis are simple disks or washers.

- When the region is described conveniently with respect to the axis of rotation.

Setup:

- For rotation about the x-axis: express y as a function of x, and integrate with respect to x.

- For rotation about the y-axis: express x as a function of y, and integrate with respect to y.

Formula:

- Volume = \(\int_{a}^{b} \pi [R(x)]^2 dx\) for disks.

- Volume = \(\int_{a}^{b} \pi \left([R_{outer}(x)]^2 - [R_{inner}(x)]^2\right) dx\) for washers.

Pros:

- Conceptually straightforward when the region is easily described vertically or horizontally.

- Efficient for problems where the slices are naturally perpendicular to the axis.

Cons:

- Can be cumbersome if the region is complex or if the curves are difficult to express explicitly.

---



Shell Method

Overview: This method involves slicing the solid into cylindrical shells parallel to the axis of rotation.

The volume of each shell is computed and summed.

When to Use:

- When the region is better described in terms of radius from the axis of rotation.

- When the shell method simplifies the integral compared to the disk/washer method, especially if the

region is more naturally expressed as functions of y or x.

Setup:

- For rotation about the y-axis: integrate with respect to x, considering shells with radius x, height y(x).

- For rotation about the x-axis: integrate with respect to y, considering shells with radius y, height x(y).

Formula:

- Volume = \(\int_{a}^{b} 2\pi r h dx\) or \(2\pi r h dy\)

Pros:

- Often simplifies integrals when the region is irregular or when the curves are more manageable as

functions of a different variable.

- Particularly useful when the region is bounded by functions that are difficult to invert.

Cons:

- Can be less intuitive initially, especially with respect to understanding the shell concept.

- Sometimes leads to more complex integrals if the geometry is simple.

---



Step-by-Step Approach to Solving Volume of Revolution

Problems

To systematically approach these problems, follow these steps:

1. Sketch the Region and Axis of Rotation

- Draw the curves that bound the region.

- Clearly mark the axis about which the region will be rotated.

- Identify the limits of integration — the points of intersection of the curves.

2. Determine the Appropriate Method

- Assess whether the disk/washer or shell method simplifies the setup.

- Consider the orientation of the region relative to the axis.

3. Express the Boundaries

- Write the functions describing the curves.

- Find the intersection points to set the bounds of integration.

4. Set Up the Integral

- For the disk/washer method: determine the radius functions \( R(x) \) or \( R(y) \).

- For the shell method: determine the radius \( r(x) \) or \( r(y) \) and the height of the shell.



5. Integrate and Compute

- Carry out the integration carefully.

- Simplify the integral before evaluating, if possible.

6. Interpret the Result

- Verify the units and reasonableness of the volume.

- Consider special cases or symmetry to check the answer.

---

Examples Illustrating the Techniques

Example 1: Rotation About the x-Axis

Suppose the region bounded by \( y = x^2 \) and \( y = 4 \), for \( x \) from 0 to 2, is revolved around

the x-axis.

Solution:

- The region is between \( y = x^2 \) and \( y=4 \).

- Using the washer method:

- Outer radius \( R_{outer} = 2 \) (constant, since the top boundary is \( y=4 \))

- Inner radius \( R_{inner} = x^2 \)

- Bounds: \( x=0 \) to \( x=2 \)

Integral:

\[

V = \int_{0}^{2} \pi [ (2)^2 - (x^2)^2 ] dx = \int_{0}^{2} \pi (4 - x^4) dx

\]



Compute:

\[

V = \pi \left[ 4x - \frac{x^5}{5} \right]_0^2 = \pi \left( 4 \times 2 - \frac{32}{5} \right) = \pi \left(8 -

\frac{32}{5}\right) = \pi \left(\frac{40}{5} - \frac{32}{5}\right) = \frac{8}{5} \pi

\]

This example demonstrates the straightforward setup using the washer method.

---

Example 2: Rotation About the y-Axis Using Shell Method

Consider the region bounded by \( y = x^2 \) and \( y=1 \), between \( x=0 \) and \( x=1 \), revolved

around the y-axis.

Solution:

- Using the shell method:

- Radius \( r = x \) (distance from y-axis)

- Height \( h = y_{top} - y_{bottom} = 1 - x^2 \)

Integral:

\[

V = \int_{0}^{1} 2\pi x (1 - x^2) dx

\]

Compute:

\[

V = 2 \pi \int_{0}^{1} x (1 - x^2) dx = 2 \pi \int_{0}^{1} (x - x^3) dx

\]

Evaluate:



\[

2 \pi \left[ \frac{x^2}{2} - \frac{x^4}{4} \right]_0^1 = 2 \pi \left( \frac{1}{2} - \frac{1}{4} \right) = 2 \pi \times

\frac{1}{4} = \frac{\pi}{2}

\]

This showcases how the shell method can lead to a simple integral when the region is naturally

described as a function of x.

---

Advanced Considerations and Tips

- Handling Regions with Multiple Boundaries: When the region is bounded by multiple curves, carefully

determine which boundary is outer or inner, and set up the integral accordingly.

- Changing the Order of Integration: Sometimes, switching the variable of integration or the method

(from shell to washer or vice versa) simplifies the problem.

- Symmetry: Exploit symmetry to reduce computation, especially for regions symmetric about axes.

- Piecewise Boundaries: For regions defined differently over sub-intervals, set up separate integrals

and sum their results.

---

Common Mistakes and How to Avoid Them

- Incorrect Limits of Integration: Always verify intersection points accurately.

- Misidentifying the Radius or Height: Carefully determine the geometric quantities for each method.

- Ignoring the Inner and Outer Boundaries: For washers, ensure you subtract the inner volume from

the
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