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When tackling mathematical problems involving inequalities and quadratic expressions,
understanding how to find the integer values that satisfy certain bounds is fundamental.
One such problem revolves around determining an integer \(X\) such that the product \(X
\times (X+1)\) lies within a specified inclusive range \([A, B]\). This type of problem is
common in algebra, number theory, and algorithm design, especially in contexts like coding
challenges, mathematical proofs, and real-world applications where bounds are involved.

In this comprehensive guide, we will explore the problem in detail, understand the
mathematical principles involved, and present step-by-step methods to find the appropriate
integer \(X\). Whether you're a student preparing for exams, a programmer solving a
problem, or simply a math enthusiast, this article aims to clarify the process and provide
practical techniques.

Understanding the Problem

At its core, the problem can be summarized as follows:
Given two integers \(A\) and \(B\), find all integers \(X\) such that:

\[
A\leq X \times (X+1) \leq B
\]

The key points are:

- Both \(A\) and \(B\) are integers.

- The bounds are inclusive.

-\(X\) is an integer (positive, negative, or zero).

The challenge lies in solving the inequalities involving the quadratic expression \(X(X+1)\).



Mathematical Background and Formulation

Before diving into solution methods, it's essential to understand the nature of the
expression \(X(X+1)\).

Quadratic Expression \(X(X+1)\)

- Expanding it: \(X™2 + X\).
- This is a quadratic function with respect to \(X\).
- It opens upwards (since the coefficient of \(X™2\) is positive).

Rewriting the Inequality

Given:

\[

A\leqg X~2 + X \leqg B

\]

We can split this into two inequalities:

1.\(X~2 + X \geq A))
2. \(X"2 + X \leq B\)

Our goal is to find all integer \(X\) satisfying both.

Solving the Inequalities

To find such \(X\), we need to analyze the quadratic inequalities separately and then find
their intersection.

1. Solving \(X~2 + X \geq A\)

Rewrite as:

\[
X~2 4+ X-A\geq 0
\]

The quadratic equation:



\[
X*2+X-A=0

\]

has roots:

\[

X = \frac{-1 \pm \sqrt{1 + 4A}}{2}
\]

- For real roots, we need \(1 + 4A \geq 0\) \(\Rightarrow A \geq -\frac{1}{4}\). Since \(A\) is
an integer, this implies \(A \geq 0\) or possibly negative but greater than or equal to \(-
\frac{1}{4}\).

- The quadratic being upwards opening means:

\[
X~2 + X - A\geq O
\]

is true outside the roots, i.e., for:

\[
X \leg \text{left root} \quad \text{or} \quad X \geq \text{right root}
\]

where the roots are:

\[
X {1} = \frac{-1 -\sqrt{1 + 4A}}{2}
\]
\[
X {2} =\frac{-1 + \sqrt{1 + 4A}}{2}
\]

Since we are interested in integer solutions, the inequality simplifies to:
\[

X \leg \Ifloor X_{1} \rfloor \quad \text{or} \quad X \geq \Iceil X_{2} \rceil
\]

but we need to verify the bounds carefully.

2. Solving \(X~2 + X \leq B\)

Similarly:

\[
X2+ X-B\leqO



\]

Roots:

\[

X =\frac{-1 \pm \sqrt{1 + 4B} }{2}
\]

The quadratic opens upward, so the inequality holds between the roots:

\[

X {3} = \frac{-1 - \sqrt{1 + 4B} }{2} \quad \text{and} \quad X {4} = \frac{-1 + \sqrt{1 +
4B} {2}

\]

Hence, solutions satisfy:

\[
X\in [\lceil X_{3} \rceil, \Ifloor X_{4} \rfloor]
\]

assuming the roots are real and the bounds are integers.

Practical Approach to Find All Valid \(X\)

To find all integers \(X\) such that:

\[
A\leq X(X+1)\leg B
\]

we follow these steps:

Step 1: Compute the Roots

Calculate:

\[

r {A}~{-} =\frac{-1 -\sqrt{1 + 4A}}{2}
\]

\[

r {A}"~{+} =\frac{-1 + \sqrt{1 + 4A}}{2}
\]

\[

r {B}~{-} =\frac{-1-\sqrt{1 + 4B}}{2}



\]
\[
r {B}~{+} =\frac{-1 + \sqrt{1 + 4B} }{2}
\]

Note:
- If \(A\) or \(B\) is negative, check if the discriminant is non-negative.

- For negative \(A\), the square root may involve complex numbers; in such cases, the
solutions need to be handled carefully, considering the domain of the quadratic.

Step 2: Determine Valid Intervals

- For the inequality \(X~2 + X \geq A\), valid \(X\) are those \(X \leq \Ifloor r {A}"~{-}
\rfloor\) or \(X \geq \Iceil r_{A}~{+} \rceil\).

- For the inequality \(X~2 + X \leq B\), valid \(X\) are those within \([\lceil r_{B} "~ {-} \rceil,
\Ifloor r_{B}~{+} \rfloor]\).

- The final set of solutions is the intersection of these intervals.

Step 3: Find the Intersection

The set of all integer solutions:

\[

X\in \left( (-\infty, \Ifloor r_{A}~{-} \rfloor] \cup [\Iceil r_{A}~{+3} \rceil, \infty) \right) \cap
\iceil r {B}~{-} \rceil, \Ifloor r_{B}~{+} \rfloor]

\]

which simplifies to:

\[

X\in \left( [\lceil r_{A}”~{+} \rceil, \Ifloor r_{B}~{+} \rfloor] \right) \cup \left( [\Iceil

r {B}~{-} \rceil, \Ifloor r_ {A}"~{-} \rfloor] \right)

\]

depending on the values.

Handling Special Cases

While the above approach works for most cases, certain edge cases need special attention:

« When \(A\) or \(B\) is negative: The square root involves complex numbers if the



discriminant is negative. In such cases, check whether the inequality holds for all \(X\)
or none.

e When \(A\) or \(B\) is zero: Simplifies the roots calculations.
e When \(A > B\): No solutions exist because the bounds are inconsistent.

e When \(A = B\): The problem reduces to finding \(X\) such that \(X(X+1) = A\).

Algorithmic Implementation

For practical purposes, especially in programming, following is a step-by-step algorithm to
find all integers \(X\):

1. Calculate the square roots \(\sqrt{1 + 4A}\) and \(\sgrt{1 + 4B}\), checking for non-
negativity.

2. Determine the intervals based on the roots.

3. Find the intersection of these intervals.

4. Iterate over all integers within the intersection to list solutions.

This approach ensures efficient computation, especially when \(A\) and \(B\) can be large
integers.

Example Problem and Solution

Let's illustrate with an example:
Given: \(A =2, B = 12))
Step 1: Calculate roots for \(A\):

\[
\sqrt



Frequently Asked Questions

Given integers A and B, how do | find the number X
such that X(X+1) lies within the range [A, B] inclusive?

To find X, solve the quadratic inequality X~2 + X = A and X"~2 + X = B. This involves
solving for X using the quadratic formula and identifying the integer values that satisfy both
inequalities.

What is the approach to determine all integers X where
X(X+1) is between A and B inclusive?

First, find the roots of the equations X~2 + X = Aand X~2 + X = B. Then, determine the
range of integer X values between these roots that satisfy X~2 + X within [A, B].

Are there any edge cases to consider when finding X
such that X(X+1) falls within [A, B]?

Yes. Consider cases where A or B are negative, zero, or very large. Also, ensure that the
quadratic inequalities are correctly solved for integer X, and handle cases where no solution
exists.

Can you provide a step-by-step method to find all valid
X values for given A and B?

1. Solve X~2 + X = A for roots; 2. Solve X~2 + X = B for roots; 3. Determine the integer
range between these roots; 4. Verify which integers X satisfy A = X(X+1) = B; 5. List all
such X.

How can | implement a program to efficiently find all X
satisfying the condition given A and B?

Use the quadratic formula to find the roots of X~2 + X = A and B, then iterate over the
integer range between these roots, checking the condition X(X+1) within [A, B].
Optimization can be achieved by directly calculating the bounds for X from the roots.

Additional Resources
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In the realm of mathematics and computational problem-solving, certain challenges often
require translating real-world constraints into algebraic or algorithmic solutions. One such
intriguing problem involves identifying a specific integer \(X\) based on given bounds \(A\)
and \(B\). The goal is to find an integer \(X\) such that the product \(X \times (X+1)\) lies
within a specified inclusive interval \([A, B]\). This problem is fundamental in algorithm
design, number theory, and can be applied in diverse contexts like scheduling, resource
allocation, and even cryptography.

This article explores the problem's core concepts, mathematical background, solution
strategies, and practical considerations, all presented in a reader-friendly yet technically
precise manner. Whether you're a student, a programmer, or a mathematician,
understanding this problem enhances your toolkit for tackling similar interval and
guadratic-based challenges.

Understanding the Problem and Its Mathematical
Foundation

Restating the Problem

Suppose you are given two integers, \(A\) and \(B\), with the condition \(A \leq B\). Your task
is to find an integer \(X\) such that:

\[
A\leg X \times (X + 1) \leq B
\]

In other words, the product \(X \times (X + 1)\) must be at least \(A\) and at most \(B\),
inclusive. The question becomes: How do we efficiently find such an \(X\), or determine that
none exists?

Mathematical Analysis and Constraints

Rewriting the Inequality

The core inequality can be expressed as:

\[
A\leg X(X + 1) \leg B



\]

Since \(X\) is an integer, the problem involves finding integer solutions to quadratic
inequalities.

To analyze, let’s consider the two inequalities separately:

1. \(X(X + 1) \geq A))
2. \(X(X + 1) \leqg B\)

Quadratic Inequalities and Their Solutions

The inequality \(X(X + 1) \geqg A\) expands to:

\[

X~2 4+ X-A\geq O

\]

Similarly, the inequality \(X(X + 1) \leq B\) expands to:

\[

X2+ X-B\leqO

\]

These are quadratic inequalities in the standard form:

-\(X"2 + X - A\geq 0\)
-\(X~2 + X - B \leq 0\)

Finding the Range of Valid X

Quadratic inequalities can be solved by analyzing their roots and the parabola's orientation.
- The quadratic \(X"~2 + X - C = 0\) (where \(C\) is \(A\) or \(B\)) has roots:

\[

X = \frac{-1 \pm \sqrt{1l + 4C}}{2}

\]

-For\(X~2 + X - A\geq 0\):

The quadratic opens upward (since the coefficient of \(X"2\) is positive). The inequality
holds where \(X\) is outside the roots:



\[

X\leg \frac{-1 - \sqrt{1 + 4A}}{2} \quad \text{or} \quad X \geq \frac{-1 + \sqrt{1 +
4A} {2}

\]

- For\(X~2 + X - B \leq 0\):
The quadratic opens upward, and the inequality holds between the roots:

\[
\frac{-1 - \sqrt{1l + 4B} }{2} \leg X \leg \frac{-1 + \sqrt{1 + 4B} }{2}
\]

Deriving the Solution Range for X

Combining the inequalities, the valid \(X\) must satisfy both:

\[

X\geq \frac{-1 + \sqrt{1 + 4A}}{2}
\]

and

\[

X\leqg \frac{-1 + \sqrt{1 + 4B}}{2}
\]

but considering the other parts, the actual valid range for \(X\) is:

\[

\max\left(0, \left\Iceil \frac{-1 + \sqrt{1 + 4A}} {2} \right\rceil \right) \leq X \leq \left\Ifloor
\frac{-1 + \sqrt{1 + 4B}}{2} \right\rfloor

\]

Why the ceiling and floor? Because \(X\) is an integer, and the roots may be real numbers.
The boundaries need to be rounded appropriately to include all integer solutions.

Algorithmic Approach to the Solution

Step-by-Step Strategy

1. Input Validation: Ensure that \(A \leq B\). If not, the problem statement must be
reconsidered or the bounds swapped.



2. Calculate Critical Roots:

- Compute \(X_{A} =\frac{-1 + \sqrt{1 + 4A}}{2}\)
- Compute \(X_{B} = \frac{-1 + \sqrt{1 + 4B} }{2}\)

3. Determine Search Range:

- Lower bound: \(L = \left\lceil X_{A} \right\rceil\)
- Upper bound: \(U = \left\Ifloor X_{B} \right\rfloor\)

4. lterate and Check:

- Loop through integers from \(L\) to \(U\).
- For each \(X\), check if \(A \leq X(X+1) \leq B\). If yes, output \(X\).

5. Edge Cases:

- If no \(X\) satisfies the conditions, report that no such integer exists.
- Handle cases where roots are non-real (i.e., when \(1 + 4A < 0\) or \(1 + 4B < 0\)), which
implies no solutions exist in those bounds.

Optimizations and Considerations

- Efficient Root Calculation: Use floating-point operations carefully, considering precision
issues. For large \(A, B\), use high-precision data types if necessary.

- Binary Search: Instead of linear iteration, implement binary search within the computed
bounds to find the minimal and maximal \(X\) satisfying the inequalities, improving
efficiency especially for large inputs.

- Handling Negative Bounds: The problem makes sense mainly for \(A \geq 0\), but if
negative bounds are allowed, the method still applies, with careful consideration of roots
and intervals.

Practical Implementation Example

Here's a simplified pseudocode outline demonstrating the approach:

function findX(A, B):
if A> B:
return "Invalid input: A should be less than or equal to B"

Calculate roots
sqrtA = sqrt(1 + 4A) if (1 + 4A) >=0else 0



sqrtB = sqrt(1 + 4B) if (1 + 4B) >=0else 0

X A=(1+sqrtA)/2
X B=(-1+sqrtB)/2

Determine search bounds
L = ceil(X_A)

U = floor(X_B)

Search for valid X

for X in range(L, U + 1):
val =X (X + 1)

if A <= val <= B:

return X

return "No integer X satisfies the condition"

lllustrative Examples

Example 1:
-\(A =6,B =20\
Calculate roots:

\[
X A =\frac{-1 + \sqrt{1 + 4 \times 6}}{2} = \frac{-1 + \sqrt{25}}{2} = \frac{-1 + 5}{2}
=2

\]

\[

X B = \frac{-1 + \sqrt{1 + 4 \times 20} }{2} = \frac{-1 + \sqrt{81}}{2} = \frac{-1 +
9}{2} =4

\]

Search from \(L = 2\) to \(U = 4\):

-\(X=2\): \(2 \times 3=6\), which is within \([6,20]\)

- \(X=3\): \(3 \times 4=12\), within range

- \(X=4\): \(4 \times 5=20\), within range

All these satisfy the condition, so valid \(X\) are 2, 3, 4.

Example 2:

-\(A=50, B=100\)



Calculate roots:

\
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