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Introduction

When dealing with optimization problems in geometry and calculus, the method of
Lagrange multipliers is a powerful technique for finding the maximum or minimum values of
a function subject to constraints. In this article, we explore an application of this method to
a classic problem: determining the maximum volume of a rectangular box given a fixed
length of its space diagonal. Specifically, if the diagonal of a rectangular box must be of
length L, how can we find the dimensions that maximize the volume? We will delve into the
problem step-by-step, highlighting the principles of Lagrange multipliers and their
application in geometric optimization.

Problem Statement and Setup

Suppose we have a rectangular box with side lengths \( x\), \( y \), and \( z\). The goal is to
find the dimensions that maximize the volume \( V'\) of the box, given a constraint on the
length of its space diagonal \( D).

Given:
- Side lengths: \( x,y,z>0)
- Diagonal length: \(D = L)

Objective:
- Maximize \( V = xyz\)

Constraint:
- The diagonal length relates to the sides via the Pythagorean theorem in three dimensions:

\[
X2 +y"2+4+2z272=L"2
\]



Our task is to maximize \( V \) subject to this constraint.

Mathematical Formulation

The problem can be formalized as a constrained optimization problem:

\[
\text{Maximize } V(x, VY, z) = xyz
\]

subject to

\[
g(x,y,z)=x"2+y"2+2z"2-L"2=0
\]

This is a classic candidate for applying the method of Lagrange multipliers, which involves
introducing a multiplier \( \lambda \) to incorporate the constraint into the optimization
process.

Applying Lagrange Multipliers

Step 1: Set up the Lagrangian

Define the Lagrangian function:

\[
\mathcal{L}(x, y, z, \lambda) = xyz - \lambda (x~2 + y~2 + z™2 - L"2)
\]

This function combines the objective and the constraint, with \( \lambda \) serving as the
Lagrange multiplier.

Step 2: Find the Partial Derivatives

To locate critical points, compute the partial derivatives of \( \mathcal{L} \) with respect to
\( x, y, z\), and set them equal to zero:

\[



\frac{\partial \mathcal{L} }{\partial x} = yz- 2\lambda x =0
\]
\[
\frac{\partial \mathcal{L} }{\partial y} = xz - 2\lambda y = 0
\]

\[
\frac{\partial \mathcal{L}} {\partial z} = xy - 2\lambda z = 0

\]

Additionally, the constraint must hold:

\[
g(x, y, z) = 0 \quad \Rightarrow \quad x~2 + y~2 + z"2 = L"2

\]

Step 3: Solve the System of Equations

From the partial derivatives, we have:

\[
yz = 2 \lambda x \quad (1)
\]
\[
xz = 2 \lambda y \quad (2)
\]
\[
xy = 2 \lambda z \quad (3)
\]

Our goal is to find \( x, y, z\) satisfying these equations and the constraint.

Deriving the Optimal Dimensions

Step 4: Express Relations Between the Variables

Divide equations to find relations:
- Divide (1) by (2):

\[

\frac{yz}{xz} = \frac{2 \lambda x} {2 \lambda y} \quad \Rightarrow \quad \frac{z}{x} =
\frac{x}{y}

\]



This simplifies to:

\[
zZy =X"2
\]

Alternatively, cross-multiplied:

\[
zy =X"2
\]

Similarly, dividing (2) by (3):

\[
\frac{xz}{xy} = \frac{2 \lambda y} {2 \lambda z} \quad \Rightarrow \quad \frac{z}{y} =

\frac{y}{z}
\]

which implies:

\[

z™2 =y~ 2 \quad \Rightarrow \quad z = y \quad \text{(since lengths are positive)}
\]

Now, from the previous relation \( zy = x~2\) and knowing \( z = y \), we get:

\[
zy=y"2 =x"2
\]

Thus,

\[
X2 = y~2\quad \Rightarrow \quad x =y
\]

Since side lengths are positive:

\[
X=y=2
\]
Conclusion:

The optimal dimensions are equal sides, i.e., the box is a cube.



Calculating the Maximum Volume

Given that the maximum occurs when \( x =y = z\), substitute into the constraint:

\[
X2 +y"2+4+272=3x"2=L"2
\]

Solve for \( x \):

\[
x~2 = \frac{L"2}{3} \quad \Rightarrow \quad x =y = z = \frac{L}{\sqrt{3}}
\]

The volume is:

\[
V_{\max} = xyz = \left( \frac{L} {\sqrt{3}} \right)"~3 = \frac{L"™3}{3 \sqrt{3}}
\]

Summary of Results

- The dimensions of the rectangular box that maximize volume, given a fixed diagonal
length \( L \), are equal sides:

\[
x =y =1z = \frac{L}{\sqrt{3}}
\]

- The maximum volume is:

\[
V_{\max} = \frac{L"3}{3 \sqrt{3}}
\]

This result aligns with geometric intuition: among all rectangular boxes with a fixed
diagonal, the cube has the largest volume.

Additional Insights and Practical Applications



Why the Cube? Geometric Intuition

The problem's symmetry hints that the optimal solution occurs when all sides are equal.
This is consistent with a fundamental principle in optimization: symmetrical conditions often
lead to extrema in geometric problems.

Real-World Applications

- Packaging: Designing boxes with maximum volume for a given length of diagonal
constraints.

- Manufacturing: Optimizing material usage by choosing box dimensions that maximize
volume while adhering to size constraints.

- Architecture: Planning room dimensions within size constraints to maximize usable space.

Extending the Problem

The same approach can be employed in more complex scenarios:

- Different constraints (e.qg., fixed surface area).
- Other shapes (cylinders, spheres).
- Additional conditions (weight, stability).

Conclusion

Using the method of Lagrange multipliers provides a systematic way to solve constrained
optimization problems in geometry. In the case of maximizing the volume of a rectangular
box with a fixed diagonal length \( L \), the solution reveals that the optimal shape is a cube
with side length \( \frac{L} {\sqrt{3}} \). The maximum volume achievable under this
constraint is \( \frac{L"™3} {3 \sqrt{3}} \). This analysis not only demonstrates the power of
Lagrange multipliers but also reinforces the importance of symmetry in optimization
problems.
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End of Article

Frequently Asked Questions

What is the problem statement involving the diagonal
length of a rectangular box?

The problem is to find the maximum volume of a rectangular box when its diagonal length
is fixed at a value L, using Lagrange multipliers.

How do you express the volume of a rectangular box in
terms of its dimensions?

The volume V of a rectangular box with sides x, y, and z is given by V = xyz.

What is the constraint condition related to the diagonal
length?

The constraint is that the diagonal length satisfies the relation x? + y2 + z2 = 2.

How do you set up the Lagrangian function for this
optimization problem?

The Lagrangian function is set up as [J = xyz - A(x? + y? + z2 - L?), where A is the Lagrange
multiplier.

What are the partial derivatives needed to find the
critical points?

You compute the partial derivatives of [] with respect to x, y, z, and set them equal to zero:
a[l/ax, a[l/ay, o[l/oz.

What symmetry can be exploited in solving this
problem?

Since the problem is symmetric in X, y, and z, we can assume x =y = z to simplify the
analysis.

What is the solution for the dimensions x, y, and z that
maximize the volume?

The maximum volume occurs when x =y = z = L/V3, making the box a cube.



What is the maximum volume of the rectangular box
given the diagonal length L?

The maximum volume is V = (L/V3)"3 = L3/ (3V3).

How does the use of Lagrange multipliers simplify the
problem of constrained optimization?

Lagrange multipliers convert a constrained optimization problem into solving a system of
equations, allowing us to find critical points efficiently by considering both the objective
function and the constraint simultaneously.

Additional Resources

If The Length Of The Diagonal Of A Rectangular Box Must Be L, Use Lagrange Multipliers To
Find The Largest

In the world of mathematics and engineering, optimization problems often demand finding
maximum or minimum values of certain quantities under given constraints. One classic
problem involves a rectangular box — a three-dimensional object characterized by its
length, width, and height — where the goal is to maximize or minimize a particular property
while satisfying specific conditions. This article delves into a fascinating scenario: suppose
the length of the space diagonal of a rectangular box must be a fixed value, denoted by
\(L\). Under this constraint, how can we determine the maximum volume of the box?

To solve this problem, we turn to a powerful method in constrained optimization —
Lagrange multipliers. This technique allows us to find the extrema (maxima or minima) of a
function subject to one or more constraints. By applying Lagrange multipliers, we can

identify the optimal dimensions of the box that yield the largest volume while maintaining
the fixed diagonal length.

Understanding the Problem: Setting the Stage

The Geometry of a Rectangular Box

A rectangular box, or rectangular prism, is defined by three positive real numbers:
- Length: \(x\)

- Width: \(y\)

- Height: \(2\)

The volume \(V\) of the box is straightforward:

\[V = xyz\]

The diagonal \(d\) of the box, which stretches from one corner to the opposite corner



through the interior, is given by the spatial Pythagorean theorem:
\[d=\sqrt{x"2 + y*~2 + 272} \]

In our problem, the diagonal length is fixed:

\[\sqrt{x~2 + y~2 + z"2} = L\]

or equivalently,

\[ X2 +y"2+272=L"2\]

Our goal is to maximize the volume \(V = xyz\) subject to this constraint.
The Optimization Goal and Constraints

- Objective function: Maximize \(V = xyz\)
- Constraint: \(g(x, y, z2) =x"2 +y"™2 +z72-L"2 =0\)

This formulation prepares us to employ Lagrange multipliers, a technique designed to
handle such constrained optimization problems.

Applying Lagrange Multipliers: The Methodology

The Principle Behind Lagrange Multipliers

Lagrange multipliers provide a systematic way to find the extrema of a function \(f(x, y, z)\)
when subject to a constraint \(g(x, y, z) = 0\). The core idea is that at the maximum or
minimum, the gradient of \(f\) is parallel to the gradient of \(g\):

\[

\nabla f = \lambda \nabla g

\]

where \(\lambda\) is the Lagrange multiplier.

Formulating the Problem

- Objective function:

\[

f(x, y, z) = xyz
\]

- Constraint:

\[

g(x,y,z)=x"2+y"2+2z"2-L"2=0
\]



Calculating the Gradients
- Gradient of \(f\):

\[
\nabla f = \left( \frac{\partial f} {\partial x}, \frac{\partial f} {\partial y}, \frac{\partial

f} {\partial z} \right) = ( yz, xz, xy )
\]

- Gradient of \(g\):

\[
\nabla g = (2x, 2y, 22)
\]

Setting Up the Lagrange System
The method requires solving the following equations:

\[

\begin{cases}

yz = \lambda \cdot 2x \\
xz = \lambda \cdot 2y \\
xy = \lambda \cdot 2z \\
X2 +y"2+2z72=L"2
\end{cases}

\]

This set of equations couples the variables and the Lagrange multiplier \(\lambda\),
capturing the relationships necessary to find critical points.

Solving the System: Step-by-Step Approach

Step 1: Derive Relations Between Variables

From the first three equations:

1.\( yz = 2 \lambda x\)

2.\( xz =2 \lambda y)

3.\( xy = 2 \lambda z )

We can analyze ratios to relate the variables.
Step 2: Express Variables in Terms of Each Other

Divide the first equation by the second:

\[
\frac{yz}{xz} = \frac{2 \lambda x} {2 \lambda y} \Rightarrow \frac{z} {x} = \frac{x}{y}



\]

which simplifies to:
\[

zZy =X"2

\]

Similarly, dividing the third by the second:

\[
\frac{xy}{xz} = \frac{2 \lambda z} {2 \lambda y} \Rightarrow \frac{y}{z} = \frac{z}{y}
\]

which yields:
\[

y~2 =272
\]

Since dimensions are positive, it follows:

\[
y=2z
\]

Now, from the previous relation \(z y = x™2\), and knowing \(y = 2\):

\[
z \cdot z = x™2 \Rightarrow x™~2 = z”~2 \Rightarrow x = z
\]

Similarly, since \(y = z\), we've established:

\[
X=y=2
\]

Step 3: Find the Dimensions that Maximize Volume
Given the symmetry, the dimensions are equal:

\[
X=y=2
\]

Applying the constraint:
\[

X2 +y"2+4+272=L"2
\]



becomes:

\[
3x"2 = L™ 2 \Rightarrow x*~2 = \frac{L™2}{3}
\]

and thus:

\[

x =y =1z = \frac{L}{\sqrt{3}}

\]

Step 4: Determine the Maximum Volume

The volume is:

\[
V = xyz = \left( \frac{L}{\sqrt{3}} \right)~3 = \frac{L"~3}{3 \sqrt{3}}
\]

This is the maximum volume of the rectangular box with a fixed diagonal length \(L\).

Interpreting and Validating the Result
Key Insights

- Symmetry: The maximum volume occurs when all three dimensions are equal, i.e., the
box is a cube.

- Physical intuition: For a fixed diagonal length, a cube provides the most 'compact' shape,
maximizing internal volume.

Numerical Example
Suppose \(L = 10\):

\[
x =y =2z=\frac{10}{\sqrt{3}} \approx 5.7735
\]

The maximum volume:

\[

V_{max} = \frac{10"3}{3 \sqrt{3}} \approx \frac{1000} {3 \times 1.732} \approx
\frac{1000}{5.196} \approx 192.45

\]

This provides a tangible sense of the optimal dimensions and volume for specific values of
\(L).



Broader Implications and Applications
Engineering and Design

This optimization principle is not purely theoretical. Engineers designing containers, boxes,
or enclosures often need to maximize internal space for a given structural constraint, such
as a fixed diagonal length due to material limitations or spatial restrictions.

Material Science and Packaging

Maximizing volume while maintaining certain dimensional constraints can lead to more
efficient packaging solutions, reducing material costs and increasing utility.

Mathematical Significance

The problem exemplifies the elegance of symmetry and the power of Lagrange multipliers
in solving multidimensional optimization problems. It also demonstrates how geometric
constraints influence the optimal shape of objects.

Conclusion: Harnessing Lagrange Multipliers for Optimal Design

The problem of maximizing the volume of a rectangular box with a fixed diagonal length
exemplifies the intersection of geometry, calculus, and practical problem-solving. By
employing the method of Lagrange multipliers, we uncovered that the optimal shape is a
cube with side length \( \frac{L}{\sqrt{3}} \). This not only highlights the efficiency of
symmetric shapes in optimization but also underscores the utility of constrained calculus
techniques in real-world applications.

In summary, when faced with a fixed diagonal length constraint, the best way to maximize
the volume of a rectangular box is to make it a cube, with each side length determined by
dividing the diagonal by \(\sqrt{3}\). This approach exemplifies how mathematical tools like
Lagrange multipliers serve as invaluable assets in engineering, design, and beyond, turning
complex problems into elegant solutions.
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