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In Exercises 67 And 68, Sketch The Region Of Integration And The Solid Whose Volume Is Given By
The Double integral, understanding how to visualize the region of integration and the resulting solid is
essential for accurately setting up and evaluating double integrals. These exercises often appear in
multivariable calculus courses and serve as foundational problems for mastering the interpretation of
double integrals, especially when transitioning from algebraic expressions to geometric representations.
This article aims to guide you through the process of sketching the regions and solids involved in
these exercises, providing step-by-step instructions, tips, and examples to deepen your comprehension

and improve your problem-solving skills.

Understanding the Context of Double Integrals

Before delving into specific exercises, it's important to review the key concepts related to double

integrals, regions of integration, and the volume they represent.

What Is a Double Integral?

A double integral extends the idea of a single integral to two dimensions, allowing us to compute the

volume under a surface \( z = f(x, y) \) over a specified region \( R\) in the \( xy \)-plane:

\[
V =\iint_R f(x, y) \, dA
\]



where \( R\) is the region of integration in the plane, and \( f(x, y) \) is a non-negative function

representing the height above each point in \( R \).

The Significance of the Region of Integration

The region \( R\) determines the bounds of integration and is typically described by inequalities
involving \( x \) and \( y \). Visualizing \( R \) helps in setting up the integral correctly and

understanding the shape of the solid volume.

Approach to Sketching Regions and Solids in Exercises 67

and 68

The key steps in these exercises involve:

1. Interpreting the description of the region and limits.
2. Plotting the region \( R \) in the \( xy \)-plane.

3. Understanding the corresponding three-dimensional solid bounded by \( z = 0 \) and \( z = f(x, y)

\).

4. Sketching the solid to visualize the volume.

Let's explore these steps in detail.



Step-by-Step Guide to Sketching the Region and Solid

1. Interpreting the Region of Integration

The first step is to carefully read the problem statement, which typically provides inequalities or

equations defining the region. For example, the region might be described by inequalities such as:
- \(y\) between two functions of \( x \): \(y =g_1(x)\) and \(y = g_2(x) \),

- \( x\) between constants or functions of \( y \),

- or a combination of inequalities describing a bounded region.

Example: Suppose the exercise states the region \( R \) is bounded by \( y = x*2\) and \( y = 4x\).

Action: Sketch these curves to identify the region they enclose.

2. Plotting the Region \( R \) in the Plane

Once the boundary curves are identified:

- Plot each boundary curve or line.
- Find the intersection points to determine the limits.

- Shade or highlight the region enclosed by these boundaries.

Tip: For complex regions, consider choosing axes that simplify the boundary equations. For instance, if

boundaries are functions of \( x \), it might be easier to integrate with respect to \( y \) first.

3. Determining the Limits of Integration

Based on the region:



- Decide whether to integrate with respect to \( x \) first or \( y \).

- Express the bounds of the inner integral as functions of the outer variable.

Example: If \( y \) varies between \( x*2 \) and \( 4x \), and \( x \) varies between \( 0 \) and a point

where the curves intersect, then the limits are:
\[
x \in [a, b], \quad y \in [x"2, 4x]

\

Note: The order of integration affects the shape of the slices and the complexity of the integral.

4. Sketching the Solid in Three Dimensions

After understanding the region \( R \):

- Visualize the solid bounded below by \( z=0\) (the \( xy \)-plane).
- The top surface is \( z = f(x, y) \).

Steps:

- Sketch the region \( R \) in the \( xy \)-plane.

- Extend vertically upward to \( z = f(x, y) \) to form the solid.

- Use shading or transparent surfaces to illustrate the three-dimensional shape.

Tip: For a more accurate depiction, consider the shape of the surface \( z = f(x, y) \). For instance:

- A constant \( f(x, y) = ¢ \) results in a “plate” at height \( ¢ \).

- A variable \( f(x, y) \) creates a curved surface over the region.



Common Types of Regions and Their Sketches

Different types of regions appear frequently in these exercises:

Rectangular Regions

Defined by straight bounds:

-\(a\lleg x\leqg b\),
-\(c\leq y \leq d\).

Sketch: A simple rectangle in the plane with corresponding vertical walls in the solid.

Regions Bounded by Curves

Defined by functions such as:

-\My =9_1(x)\) and \(y = g_2(x) \),
—or\(x =h_1(y)\) and \( x = h_2(y) \).

Sketch: Curves intersecting at points, forming enclosed areas with curved boundaries.

More Complex Regions

Regions bounded by conic sections, circles, or other curves, requiring more detailed plotting.

Tip: Use graph paper or software tools (e.g., GeoGebra, Desmos) for precise plotting.



Examples of Exercises 67 and 68

Let's walk through simplified versions inspired by typical exercises.

Example 1: Rectangular Region

Suppose Exercise 67 states: "The region \( R\) is the rectangle with vertices at \( (0,0) \), \( (2,0)\), \(
(2,3) \), and \( (0,3) \). The volume is under the surface \( z = x + y \)."

Sketching Steps:

- Draw the rectangle in the \( xy \)-plane.

- The bounds: \( x \in [0, 2]\), \( y \in [0, 3] \).

- The surface \( z = x + y \) over this region forms a curved sheet.

- The solid is a "slice" of space bounded below by the \( xy \)-plane and above by this surface.

Visualize: Imagine stacking infinitesimal slices of height \( x + y \) over the rectangle.

Example 2: Region Bounded by Curves

Suppose Exercise 68 states: "Region \( R \) is bounded by \( y = x*2\) and \( y = 4x\), with \( x\)

between 0 and 1. The volume is under \( z = y \)."
Sketching Steps:

- Plot\( y = x*2\) and \( y = 4x\).

- Find their intersection points: set \( x*2 = 4x\), which yields \( x (x - 4) = 0\).

- Solutions: \( x=0\) and \( x=4\). Since \( x \) is between 0 and 1, the relevant intersection is at \( x=0

\).



- For \( x\in [0,1]\), the region between the parabola and the line is enclosed.
- Sketch the curves and fill in the region between them.
- The solid extends vertically from \( z=0\) up to \( z = y \) over this region.

Visualize: Think of a "curved" sheet over the region between these two curves.

Tools and Tips for Effective Sketching

Creating accurate sketches enhances understanding of the region and the solid:

Use graphing calculators or software like GeoGebra, Desmos, or WolframAlpha.

Plot boundary curves carefully and find intersection points analytically.

Label axes and key points for clarity.

Identify the order of integration that simplifies the bounds.

Practice sketching different types of regions to build intuition.

Conclusion

Mastering the art of sketching regions and solids in exercises involving double integrals is crucial for
visualizing and solving volume problems in multivariable calculus. By carefully interpreting the given
inequalities, plotting boundary curves, establishing limits of integration, and extending the regions into

three dimensions, you develop a comprehensive understanding of the geometry involved. Whether



dealing with rectangles, curved regions, or more complex shapes, these skills allow for more effective

setup and evaluation of double integrals

Frequently Asked Questions

What is the main goal when sketching the region of integration in

Exercises 67 and 689

The main goal is to visualize the area over which the double integral is taken, helping to understand

the limits and the shape of the region before calculating the volume of the solid.

How do you identify the boundaries of the region of integration in
these exercises?

You identify the boundaries by analyzing the given inequalities or equations that define the limits of x

and y, then sketch these constraints to visualize the region.

What techniques are useful for sketching the region of integration in
double integrals?

Techniques include plotting the boundary curves or lines, shading the feasible region, and checking

the intersection points to accurately depict the region.

In Exercises 67 and 68, how can understanding the region of
integration simplify calculating the volume?

Understanding the region allows you to set appropriate limits for the double integral, possibly enabling

the use of symmetry or substitution to simplify the calculation.



What common mistakes should be avoided when sketching the solid of
volume in these exercises?

Common mistakes include incorrectly identifying the boundary curves, mixing up the order of

integration limits, or misinterpreting the inequalities defining the region.

How does the shape of the region affect the choice of order of
integration in Exercises 67 and 68?

The shape influences whether integrating with respect to x first or y first simplifies the calculation;

choosing the order that leads to simpler limits is often best.

What is the significance of the solid's volume in the context of these
exercises?

The volume represents the three-dimensional space enclosed by the region of integration and the

surface defined by the integrand, providing insights into the physical or geometric problem.

Are there any tips for verifying the correctness of the sketch and the
subsequent volume calculation?

Yes, tips include checking the boundary points, ensuring the sketch matches the inequalities, and

verifying the integral limits before performing the calculation.

Additional Resources

In Exercises 67 And 68, Sketch The Region Of Integration And The Solid Whose Volume Is Given By
The Double

Understanding and visualizing the region of integration and the resulting solid in multiple integrals is



fundamental in multivariable calculus. These exercises provide excellent opportunities to deepen
comprehension of how regions in the xy-plane translate into three-dimensional solids, especially when
calculating volumes via double integrals. This detailed review will explore the process step-by-step,
covering the concepts involved, strategies for sketching regions, analyzing the bounds, and interpreting

the volume of the solids.

Introduction to Double Integrals and Regions of Integration

Before diving into specific exercises, it's crucial to establish a solid foundation on the concepts

involved:

What is a Double Integral?

- A double integral extends the idea of an integral to functions of two variables, typically denoted as
\(f(x, y)\).

- It represents the accumulated quantity over a region \(R\) in the xy-plane, such as area, volume,
mass, or other physical quantities.

- The notation generally appears as \(\iint_R f(x, y) \, dA\), where \(dA\) indicates integration over the

area.

Region of Integration

- The region \(R\) over which the integral is evaluated is a subset of the xy-plane.
- The shape and boundaries of \(R\) are crucial for setting up the integral correctly.

- Regions can be simple (rectangles, circles) or complex (intersecting curves, polygons).



Sketching the Region

- Visualizing the region is often the most challenging and insightful part.
- It involves plotting the bounding curves and understanding the limits for \(x\) and \(y\).

- Proper sketching simplifies setting up the bounds and evaluating the integral.

Step-by-Step Approach to Exercises 67 and 63

The exercises involve two main tasks:

1. Sketch the region of integration \(R\).

2. Identify and sketch the solid volume bounded above and below by functions over \(R\).

Let's analyze these tasks systematically.

Part 1: Sketching the Region of Integration \(R\)

A. Understanding the Boundaries

- Identify the curves or lines that define the region.
- Determine the inequalities these curves satisfy.

- Check for intersections to find common points, which specify the region's vertices or limits.



B. Choosing the Order of Integration

- Decide whether to integrate with respect to \(x\) first or \(y\) first.
- Often, the shape of the region suggests the most straightforward order.
- For example, if the region is bounded by horizontal lines, integrating with respect to \(x\) first may be

easier, and vice versa.

C. Setting Up the Limits

- Vertical slices: \(x\) limits are functions of \(y\), \(x_{min}(y)\) to \(x_{max}(y)\).

- Horizontal slices: \(y\) limits are functions of \(x\), \(y_{min}(x)\) to \(y_{max}(x)\).

D. Sketching the Region

- Plot the bounding curves on the xy-plane.
- Shade or highlight the region \(R\).

- Label the key points, intersection points, and boundary curves.

Part 2: Sketching the Solid Volume

A. Understanding the Surfaces

- The volume is bounded above and below by functions \(z = f(x, y)\) and \(z = g(x, y)\).

- These functions define the "top" and "bottom" surfaces of the solid.



B. Visualizing the Solid

- For each point \((x, y)\) in region \(R\), the height extends from \(g(x, y)\) up to \(f(x, y)\).

- Think of stacking infinitesimal "pillars" at each \((x, y)\), with heights determined by the functions.

C. Sketching the Solid

- Draw the base region \(R\) in the xy-plane.
- For key points, plot the corresponding heights on the z-axis.
- Sketch the surfaces \(z = f(x, y)\) and \(z = g(x, y)\).

- Visualize how the volume is enclosed between these two surfaces over \(R\).

Deep Dive Into Typical Exercises

Let's consider common types of exercises similar to 67 and 68, with illustrative examples and detailed

explanations.

Example 1: Rectangular Region with Simple Boundaries

Suppose the region \(R\) is the rectangle:

\[
0 \leq x \leq 2,\quad 1 \leq y \leq 3
\]



and the volume is bounded above by \(z = x + y\), below by \(z=0\).

Sketching \(R\):

- Draw a rectangle in the xy-plane from \((0,1)\) to \((2,3)\).
- Label the corners: \((0,1)\), \((2,1)\), \((2,3)\), \((0,3)\).

Visualizing the solid:

- The surface \(z = x + y\) is a plane sloping upward as \(x\) and \(y\) increase.

- The volume is the "pyramid" between the xy-plane and this plane over \(R\).
Setting up the integral:

- Since the bounds are constant, the double integral for volume:

\[

V =\iint_ R (x + y)\, dA =\int_{y=1}3} \int_{x=0}2} (x + y) \, dx \, dy

\

Understanding the process:

- The region is straightforward; the main task is to visualize the plane and the base rectangle.

- Sketching helps in confirming the limits and understanding the shape of the volume.

Example 2: Region Bounded by Curves

Suppose \(R\)) is bounded by \(y = x*2\) and \(y=4\), with \(x\) between \(-2\) and \(2\).



The volume is bounded above by \(z = 3x - y\), below by \(z=0\).

Sketching the region:

- Plot \(y = x*2\), a parabola opening upward.

- Plot the line \(y=4\).

- The region \(R\) is between these two curves for \(x\) from \(-2\) to \(2\), and between \(y=x"2\) and

\(y=4\).

Visualizing the solid:

- For each \((x,y)V) in \(R\), the height is \(z = 3x - y\).

- Since \(z\) depends on both \(x\) and \(y\), the surface slopes differently across the region.

Setup:

- To integrate easily, choose the order: integrate with respect to \(y\) first:

\[

V = \int_{x=-2)A{2} \int_{y=x"2)M{4} (3x - y) \, dy \, dx

\

- The limits reflect the shape of \(R\).

Visual insights:

- Sketching the parabola and the line helps in understanding the shape of the base.

- Visualizing the surface \(z=3x - y\) over this region helps in conceptualizing the volume.



Strategies for Effective Sketching and Analysis

To excel in exercises involving regions of integration and solid volumes, consider the following

strategies:

1. Identify the Curves and Boundaries

- Write down the equations of boundary curves.
- Find intersection points by solving equations simultaneously.

- Determine the region shape (rectangular, triangular, circular, etc.).

2. Determine the Most Convenient Order of Integration

- Assess whether integrating with respect to \(x\) or \(y\) simplifies the bounds.

- For complex regions, sketching both orders can reveal which is easier.

3. Sketch in Multiple Dimensions

- First, plot the region in the xy-plane.
- Then, extend the sketch into the z-dimension, drawing the surfaces bounding the volume.

- Use 3D sketches or multiple 2D views for clarity.

4. Use Coordinate Transformations When Necessary

- For regions involving circles, ellipses, or other conic sections, consider substitutions to simplify the



region.

- For example, polar coordinates are often helpful for circular regions.

Interpreting the Volume from the Sketch

- Visualize how the volume is "built" over the base region.
- Recognize whether the volume is a simple prism, a wedge, or a more complex shape.

- Understand how the bounding surfaces influence the total volume.

Conclusion and Final Remarks

Exercises 67 and 68 serve as powerful practice for mastering the geometric interpretation of double

integrals and the associated volumes of solids. The key steps involve:

- Carefully analyzing
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