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Introduction

Mathematics often presents students and enthusiasts with challenging problems that require
analytical thinking, understanding of algebraic concepts, and application of polynomial theorems. One
such problem that frequently appears in algebra and calculus coursework involves understanding the
implications of a given polynomial function and how factors influence its properties.

In this article, we will explore the problem: Given the polynomial function F(x) = 3x^3 - 4x + K, and
knowing that x = 1 is a factor of F(x), what can we deduce? This question embodies fundamental
concepts such as polynomial factors, the Remainder Theorem, and the relationships between
coefficients and roots. By delving into this problem, we will understand how to determine the value of
the constant K and analyze the polynomial's behavior with respect to the given factor.

---

Understanding the Problem Statement

Before jumping into calculations, it's essential to interpret the problem correctly.

- Polynomial Function: F(x) = 3x^3 - 4x + K
- Given Condition: x = 1 is a factor of F(x)

This means that when x = 1, F(1) = 0 because factors of a polynomial correspond to its roots or zeros.

---

The Significance of a Factor in Polynomial Functions

What Does it Mean for x = 1 to Be a Factor?

In algebra, if a polynomial function F(x) has (x - a) as a factor, then a is a root of the polynomial,
which means:

\[
F(a) = 0
\]



In our case:

\[
\text{Since } x=1 \text{ is a factor,} \quad F(1) = 0
\]

This is a crucial property that allows us to find the unknown constant K.

---

Applying the Remainder Theorem

Overview of the Remainder Theorem

The Remainder Theorem states:

> When a polynomial F(x) is divided by (x - a), the remainder of this division is equal to F(a).

> Consequently, if (x - a) is a factor of F(x), then the remainder is zero, and F(a) = 0.

Applying to Our Polynomial

Given that (x - 1) is a factor of F(x):

\[
F(1) = 0
\]

Calculating F(1):

\[
F(1) = 3(1)^3 - 4(1) + K = 3 - 4 + K = -1 + K
\]

Since F(1) must be zero:

\[
-1 + K = 0
\]

Solving for K:

\[
K = 1
\]

Thus, the value of K is 1.

---

Verifying the Result



Confirming the factor

Now that we've determined K, the polynomial becomes:

\[
F(x) = 3x^3 - 4x + 1
\]

Let's verify that x = 1 is indeed a factor:

\[
F(1) = 3(1)^3 - 4(1) + 1 = 3 - 4 + 1 = 0
\]

Confirmed. The polynomial evaluates to zero at x = 1, confirming that (x - 1) is a factor.

Polynomial factorization

To further understand the polynomial, we can attempt to factor it completely.

---

Factoring the Polynomial F(x) = 3x^3 - 4x + 1

Step 1: Use Rational Root Theorem

The Rational Root Theorem states:

> Any rational root, in lowest terms p/q, of a polynomial with integer coefficients satisfies that p
divides the constant term and q divides the leading coefficient.

- Constant term: 1
- Leading coefficient: 3

Possible rational roots:

\[
\pm 1, \pm \frac{1}{3}
\]

Step 2: Test possible roots

Test x = 1:

\[
F(1) = 3 - 4 + 1 = 0 \quad \text{(already known)} \Rightarrow \text{x = 1 is a root}
\]

Test x = -1:

\[



F(-1) = 3(-1)^3 - 4(-1) + 1 = -3 + 4 + 1 = 2 \neq 0
\]

Test x = 1/3:

\[
F(1/3) = 3 \times (1/3)^3 - 4 \times (1/3) + 1 = 3 \times (1/27) - \frac{4}{3} + 1 = \frac{3}{27} -
\frac{4}{3} + 1 = \frac{1}{9} - \frac{4}{3} + 1
\]

Convert all to a common denominator (9):

\[
\frac{1}{9} - \frac{12}{9} + \frac{9}{9} = \frac{1 - 12 + 9}{9} = \frac{-2}{9} \neq 0
\]

Test x = -1/3:

\[
3 \times (-1/3)^3 - 4 \times (-1/3) + 1 = 3 \times (-1/27) + \frac{4}{3} + 1 = -\frac{3}{27} +
\frac{4}{3} + 1 = -\frac{1}{9} + \frac{4}{3} + 1
\]

Expressed with denominator 9:

\[
-\frac{1}{9} + \frac{12}{9} + \frac{9}{9} = \frac{-1 + 12 + 9}{9} = \frac{20}{9} \neq 0
\]

Only x = 1 is a root.

Step 3: Polynomial division

Divide F(x) by (x - 1):

Using synthetic division:

Coefficients: 3 | 0 | -4 | 1

Set up synthetic division with root x = 1:

| 1 | 3 | 0 | -4 | 1 |

Bring down 3:

- Multiply 3 by 1: 3; add to 0: 3
- Multiply 3 by 1: 3; add to -4: -1
- Multiply -1 by 1: -1; add to 1: 0

Resulting coefficients of the quotient polynomial:



3 | 3 | -1

Corresponds to:

\[
3x^2 + 3x - 1
\]

Thus,

\[
F(x) = (x - 1)(3x^2 + 3x - 1)
\]

Step 4: Factor quadratic \(3x^2 + 3x - 1\)

Apply quadratic formula:

\[
x = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}
\]
where \(a=3, b=3, c=-1\):

\[
x = \frac{-3 \pm \sqrt{9 - 4 \times 3 \times (-1)}}{2 \times 3} = \frac{-3 \pm \sqrt{9 + 12}}{6} =
\frac{-3 \pm \sqrt{21}}{6}
\]

Therefore, the complete factorization over real numbers:

\[
F(x) = (x - 1)\left(3x^2 + 3x - 1\right)
\]

or over real numbers:

\[
F(x) = (x - 1)\left(3x^2 + 3x - 1\right)
\]

---

Summary of Key Findings

- The constant \(K\) in the polynomial \(F(x) = 3x^3 - 4x + K\) is 1, determined by the fact that \(x=1\)
is a root.
- The polynomial factors as:

\[
F(x) = (x - 1)(3x^2 + 3x - 1)
\]



- The quadratic factor can be further analyzed or factored over real numbers via the quadratic
formula.

---

Additional Insights and Applications

Importance of Polynomial Factorization

Understanding factors of polynomials allows for:

- Simplification of complex expressions.
- Solving polynomial equations efficiently.
- Analyzing polynomial behavior (roots, intercepts).

Application in Calculus

Factoring polynomials is essential in calculus for:

- Finding critical points.
- Analyzing polynomial graphs.
- Calculating limits and derivatives.

Real-World Contexts

Polynomials model various real-world phenomena:

- Physics: Motion equations.
- Economics: Cost and revenue functions.
- Engineering: Signal processing.

Knowing how to manipulate and factor polynomials enhances problem-solving skills in these fields.

---

Conclusion

In this comprehensive exploration, we've addressed the problem:

Given \(F(x) = 3x^3 - 4x + K\), with \(x=1\) being a factor, what is the value

Frequently Asked Questions

Given F(x) = 3x^3 - 4x + K and X1 is a factor of F(x), how can
we find the value of K?
Since X1 is a factor of F(x), F(X1) = 0. Substitute X1 into the function and solve for K: 3X1^3 - 4X1 +
K = 0, so K = - (3X1^3 - 4X1).



If X1 = 1 is a root of F(x) = 3x^3 - 4x + K, what is the value of
K?
Substitute x = 1: 3(1)^3 - 4(1) + K = 0 => 3 - 4 + K = 0 => K = 1.

How does knowing that X1 is a factor of F(x) help in solving
for K?
It allows us to set F(X1) = 0 and directly solve for K, providing a specific value of K that makes X1 a
root of the polynomial.

Can multiple values of K satisfy the condition that X1 is a
factor of F(x)?
Yes, for different potential roots X1, each value of K can be computed separately, resulting in multiple
K values depending on the root chosen.

If X1 is a factor of F(x), what does that imply about the
polynomial?
It implies that (x - X1) is a factor of F(x), meaning X1 is a root of the polynomial and F(X1) = 0.

What is the significance of the constant K in the polynomial
F(x) = 3x^3 - 4x + K with respect to its roots?
K affects the position of the polynomial vertically and determines the specific roots of the polynomial
when combined with the factor condition; setting F(X1) = 0 helps find K for a given root X1.

Additional Resources
Urgent Mathematical Assistance Needed: Analyzing F(x) = 3x^3 - 4x + K with a Given Factor

When faced with a pressing mathematical problem, especially one involving polynomial functions and
factors, clarity and systematic analysis are essential. This detailed review aims to unravel the
problem: Given the cubic polynomial \(F(x) = 3x^3 - 4x + K\), and the fact that \(x=1\) is a factor of
\(F(x)\), what are the implications? We will explore the foundational concepts, step-by-step solution
processes, and deeper insights to fully understand the problem and its solution.

---

Understanding the Problem Statement

Before diving into calculations, it’s crucial to interpret the problem carefully:



- Given Function: \(F(x) = 3x^3 - 4x + K\), where \(K\) is an unknown constant.
- Given Condition: \(x=1\) is a factor of \(F(x)\).

What does this mean?

- If \(x=1\) is a factor of \(F(x)\), then \(F(1) = 0\).
- The problem asks: Given this condition, what can we determine about \(K\) and the nature of the
polynomial?

This is a common scenario in algebra involving polynomial factorization, roots, and parameters. The
key is to translate the factor condition into an equation and then analyze the implications.

---

Fundamental Concepts Involved

To fully understand and solve this problem, several core concepts are relevant:

1. Polynomial Roots and Factors

- A root of a polynomial \(F(x)\) is a value \(x = a\) such that \(F(a) = 0\).
- If \(x = a\) is a root, then \((x - a)\) is a factor of the polynomial.
- Conversely, if \((x - a)\) is a factor, then \(a\) is a root, i.e., \(F(a) = 0\).

2. Polynomial Evaluation

- To verify if \(x = 1\) is a root, substitute \(x=1\) into \(F(x)\):

\[
F(1) = 3(1)^3 - 4(1) + K = 3 - 4 + K = -1 + K
\]

- Since \(x=1\) is a factor, \(F(1) = 0\), so:

\[
-1 + K = 0 \Rightarrow K = 1
\]

3. Polynomial Factorization

- Knowing a root allows us to factor the polynomial:

\[



F(x) = (x - 1) \times Q(x)
\]

where \(Q(x)\) is a quadratic polynomial, since \(F(x)\) is cubic.

- To find \(Q(x)\), polynomial division or synthetic division can be used.

Step-by-Step Solution Process

Let’s proceed systematically.

Step 1: Determine \(K\) using the root condition

- As shown above, substituting \(x=1\) into \(F(x)\):

\[
F(1) = 3(1)^3 - 4(1) + K = 3 - 4 + K = -1 + K
\]

- Since \(x=1\) is a root, \(F(1) = 0\):

\[
-1 + K = 0 \Rightarrow K = 1
\]

Result: \(K = 1\)

Interpretation: The polynomial reduces to

\[
F(x) = 3x^3 - 4x + 1
\]

---

Step 2: Factorization of the polynomial \(F(x) = 3x^3 - 4x + 1\)

Now that \(K\) is known, the polynomial becomes:

\[
F(x) = 3x^3 - 4x + 1
\]

Since \(x=1\) is a root, perform polynomial division or synthetic division to factor out \((x - 1)\).



Method 1: Synthetic Division

Set up synthetic division:

\[
\text{Coefficients of } F(x): \quad 3 \quad 0 \quad -4 \quad 1
\]

- Note: The coefficient for \(x^2\) is 0 because the polynomial is missing the \(x^2\) term.

Perform synthetic division with root \(x=1\):

| 1 | 3 | 0 | -4 | 1 |
|---|---|---|----|---|
| | | 3 | 3 | -1 |
| | 3 | 3 | -1 | 0 |

Step-by-step:

- Bring down 3.
- Multiply 3 by 1: 3; add to 0: 3.
- Multiply 3 by 1: 3; add to -4: -1.
- Multiply -1 by 1: -1; add to 1: 0 (remainder).

Result:

- The quotient polynomial: \(3x^2 + 3x - 1\)
- Remainder: 0 (as expected, since \(x=1\) is a root)

Thus,

\[
F(x) = (x - 1)(3x^2 + 3x - 1)
\]

---

Step 3: Factor the quadratic \(3x^2 + 3x - 1\)

To factor \(3x^2 + 3x - 1\):

- Use the quadratic formula:

\[
x = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}
\]

where \(a=3\), \(b=3\), \(c=-1\).



Calculate discriminant:

\[
\Delta = b^2 - 4ac = 9 - 4 \times 3 \times (-1) = 9 + 12 = 21
\]

Since \(\sqrt{21}\) is irrational, the roots are:

\[
x = \frac{-3 \pm \sqrt{21}}{6}
\]

Result:

- The quadratic factors as:

\[
3x^2 + 3x - 1 = 3 \left( x^2 + x - \frac{1}{3} \right)
\]

or, explicitly,

\[
F(x) = (x - 1) \times 3 \left( x^2 + x - \frac{1}{3} \right)
\]

which can be written as:

\[
F(x) = 3(x - 1)\left( x^2 + x - \frac{1}{3} \right)
\]

---

Summary of the Factorization

Putting it all together, the polynomial \(F(x)\) factors as:

\[
\boxed{
F(x) = 3(x - 1) \left( x^2 + x - \frac{1}{3} \right)
}
\]

And, the roots are:

- \(x=1\) (given as a factor)
- \(x = \frac{-1 \pm \sqrt{21}}{6}\) (roots of the quadratic)



---

Deeper Insights and Implications

Having found \(K=1\), the polynomial's behavior and roots become clearer. Let’s explore what this
means in detail.

1. Nature of Roots

- Real Roots: The quadratic has discriminant \(\Delta=21 > 0\), indicating two real roots.
- Irrational Roots: The roots are irrational, involving \(\sqrt{21}\).
- Complete Roots: The three roots of the cubic are:

\[
\boxed{
x=1,\quad x= \frac{-1 + \sqrt{21}}{6},\quad x= \frac{-1 - \sqrt{21}}{6}
}
\]

Significance:

- The polynomial has one rational root (\(x=1\)) and two irrational roots.
- The roots determine the polynomial's sign changes, critical points, and graph behavior.

2. Graphical Interpretation

- The cubic \(F(x) = 3x^3 - 4x + 1\) crosses the x-axis at three points.
- The factorization shows it crosses at \(x=1\) and at the irrational roots.
- Since the leading coefficient is positive (3), the end behavior:

\[
\lim_{x \to \pm \infty} F(x) = \pm \infty
\]

- The polynomial will decrease from \(+\infty\), cross the x-axis at the root \(x=1\), then continue
decreasing or increasing depending on the critical points.

---

Additional Considerations and Variations

While the primary problem involves setting \(K=1\),
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