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Understanding Cubic Functions and Their Turning
Points

Cubic functions, represented by equations of the form \(Y = ax™3 + bx"2 + cx
+ d\), are fundamental in algebra and calculus due to their complex behavior
and diverse graph shapes. These functions can have up to two turning
points—points where the function changes direction from increasing to
decreasing (maximum) or decreasing to increasing (minimum). Recognizing and
analyzing these turning points are crucial in understanding the overall
behavior of the function, optimizing problems, and graphing accurately.

In this article, we explore the specific cubic function \(Y = ax”3 + bx"2 +
cx + d\) which has a maximum at \((-2, 27)\) and a minimum elsewhere. We will
examine the steps to determine the coefficients \(a, b, c, d\), analyze the
derivatives, and understand the implications of these turning points.

Key Concepts in Analyzing Cubic Functions

1. Turning Points and Critical Points

- Critical points occur where the first derivative \(Y'\) equals zero: \(Y' =
0\).

- Maximum and Minimum points are specific critical points where the second
derivative indicates concavity change:

- If \(Y'' < 0\) at the critical point, it is a maximum.

- If \(Y'" > 0\) at the critical point, it is a minimum.



2. Derivatives of Cubic Functions

- The first derivative \(Y'\) gives the slope of the tangent at any point:

\ [
Y' = 3ax™2 + 2bx + C
\]

- The second derivative \(Y''\) provides the concavity:

\ [
Y'' = 6ax + 2b
\]

Understanding these derivatives allows us to locate and classify the turning
points.

Given Conditions and Their Implications

The problem states:
- The cubic function has a maximum at \((-2, 27)\).
- The function also has a minimum (location not specified, but we will

determine it).

From these, we derive the following:

- The critical point at \(x = -2\) corresponds to the maximum, where:
\ [

Y(-2) = 27

\1]

- Since \(-2\) is a critical point:

\ [
Y'(-2) =0
\]

- The second derivative at \(x = -2\) should be negative for a maximum:

\ [
Y''(-2) <0
\]

The minimum point occurs at some other \(x\)-coordinate, say \(x = x m\),



where:

\ [

Y'(xm) =0
\1

and

\ [
Y''(x m) >0
\1

Step-by-Step Solution to Find the Coefficients

To find the coefficients \(a, b, c, d\), we will use the conditions provided:
1. Function value at the maximum point:

\ [
Y(-2) = 27
\]

2. Derivative at the maximum point:

\ [
Y'(-2) =0
\]

3. The second derivative at the maximum point:
\ [

Y''(-2) <0
\]

4., The location and value of the minimum (which we will determine).

Let's proceed step by step.

Step 1: Write Down the Derivatives

Given:

\ [
Y = ax™3 + bx™2 + cx + d



\]

Then:

\ [

Y' = 3ax™2 + 2bx + cC
\1

\ [

Y'' = 6ax + 2b

\1]

Step 2: Apply Conditions at the Maximum Point \((-2,
27)\)

- Function value:

\ [
Y(-2) = a(-2)"3 + b(-2)"2 + c(-2) + d = 27
\]

which simplifies to:

\ [
-8a + 4b - 2c + d = 27 \quad \text{(Equation 1)}
\1

- Derivative zero at \(x = -2\):

\ [
Y'(-2) = 3a(-2)"2 + 2b(-2) + c =0
\]

which simplifies to:
\ [

3a(4) - 4b + ¢ = 0 \Rightarrow 12a - 4b + ¢ = 0 \quad \text{(Equation 2)}
\1]

- Second derivative at \(x = -2\):
\ [
Y''(-2) = 6a(-2) + 2b = -12a + 2b
\]

Since it's a maximum, \(Y''(-2) < 0O\):

\[



-12a + 2b < 0
\1]

or

\ [
2b < 12a \Rightarrow b < 6a

\1

Step 3: Find the Other Critical Point (Minimum)

The minimum occurs where \(Y' = 0\) at some \(x = x m\).
- The derivative:

\ [
Y' = 3ax™2 + 2bx + C

\1

- The critical points are solutions to:

\ [
3ax™2 + 2bx + c =0

\1]
which is a quadratic in \(x\).

The sum and product of roots:

\ [
x {1,2} = \frac{-2b \pm \sqrt{(2b)”~2 - 4 \times 3a \times c}}{2 \times 3a}
\1]

Note that the roots correspond to critical points, one at \(x = -2\), the
maximum, and the other at some \(x = x m\), the minimum.

Since one root is at \(x = -2\), plug this into the quadratic:

\ [

3a(-2)"2 + 2b(-2) + c =0

\1]

which is exactly Equation 2, confirming that \(x = -2\) is a critical point.

Now, the quadratic can be factored as:

\[



3a(x + 2)(x - xm) =0
\1

Expanding:

\ [

3a(x™2 + (xm - 2)x - 2x m) =0
\]

Matching coefficients with the quadratic:

\ [
33 Xx™2 + 3a (xm- 2) x - 6a x_m
\]

which must equal:

\ [
3a X2 + 2b x + C

\1]

Matching coefficients:

- For \(x\):

\ [

3a (xm - 2) =2b

\]

- For the constant term:
\ [

-6a x m = ¢

\]

This gives us relationships among the coefficients:

\ [
C = -6a x_m
\]

\ [

2b = 3a (x_m - 2) \Rightarrow b = \frac{3a}{2} (x m - 2)
\1

Step 4: Use the Function Value at the Maximum to



Find \(d\)

Recall Equation 1:

\ [
-8a + 4b - 2c + d = 27
\1]

Substitute \(b\) and \(c\):

\ [
b = \frac{3a}{2}(x m - 2)

Plug into Equation 1:

\ [
-8a + 4 \times \frac{3a}{2}(x m - 2) - 2 \times (-6a x m) + d = 27
\1

Simplify:

\ [
-8a + 2 \times 3a (x m - 2) + 12a x m + d = 27

\1]

\[
-8a +6a (xm-2) + 12a xm+d =27
\1]

Distribute:

\ [
-8a + 6a x m - 12a + 12a x m + d

\]

27

Combine like terms:

\ [
(-8a - 12a) + (ba x m + 12a x m) +d
\1]

27

\ [
-20a + 18a x m + d = 27

\]

Solve for \(d\):



\ [
d =27 + 20a - 18a x m

\1]

Summary of Coefficients in Terms of \(a\) and
\ (x_m\)

- \(b = \frac{3a}{2}(x m - 2)\)
- \(c = -6a x m\)

- \(d = 27 + 20a - 18a x m\)
Now, to

’

Frequently Asked Questions

What is the general form of the cubic function
discussed?

The cubic function is of the form Y = ax™3 + bx™2 + cx + d.

How do you identify the maximum and minimum turning
points of a cubic function?

Turning points occur where the first derivative equals zero; the maximum
corresponds to a local maximum, and the minimum corresponds to a local
minimum.

Given the maximum point at (-2, 27), how can we find
the coefficients of the cubic function?

By substituting x = -2 and y = 27 into the function and its derivative, we
can set up equations to solve for the coefficients a, b, c, and d.

What is the significance of the point (-2, 27) in
the context of the cubic function?

It represents a local maximum point where the function attains the value 27
at x = -2.



How do the derivative conditions help determine the
coefficients of the cubic function?

Since the derivative is zero at the turning points, setting the first
derivative equal to zero at x = -2 provides an equation to help find the
coefficients.

What additional information is needed to fully
determine the cubic function with the given turning
point?

We need either the value of the function at another point or the exact value
of the minimum point to solve for all coefficients.

Can the same cubic function have both a maximum and
a minimum at different points?

Yes, a cubic function can have both a local maximum and a local minimum at
different points, which correspond to the turning points where the derivative
equals zero.

How does knowing the turning points assist in
graphing the cubic function?

Knowing the turning points helps identify key features of the graph, such as
peaks and valleys, enabling accurate plotting of the cubic's shape.

What steps are involved in finding the full cubic
function given a maximum point at (-2, 27)?

First, substitute the point into the original function to get one equation;
then, differentiate to find the derivative, set it to zero at x = -2, and
solve the resulting system for the coefficients.

Additional Resources
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Understanding the behavior of cubic functions is fundamental in calculus and
algebra, especially when analyzing their turning points and overall graph
shape. Given the function \( Y = ax™3 + bx®2 + ¢cx + d \), the problem
specifies that it has a maximum at \((-2, 27)\) and a minimum at another
point, which indicates that the function's derivative has specific roots and
properties. In this article, we will explore how to determine the
coefficients \(a, b, c, d\), analyze the nature of the turning points, and



understand the features of such a function in detail.

Understanding the Basic Structure of Cubic
Functions

A cubic function is a polynomial of degree three, generally expressed as:
\[ Y = ax™3 + bx™2 + cx + d \]

where:

- \(a \neq 0\), ensuring the degree is three.

- \(b, ¢, d\) are real numbers that influence the shape and position of the

graph.

Key features of cubic functions:

They can have up to two turning points—one maximum and one minimum.

The end behavior depends on the sign of \(a\):

As \(x \to \infty\), \(Y \to \infty\) if \(a > 0\)

As \(x \to -\infty\), \(Y \to -\infty\) if \(a > 0\), and vice versa if \(a
O\).

The graph can be decreasing, increasing, or inflecting depending on the
coefficients.

A

Determining the Coefficients Based on the Given
Conditions

The problem states that the function has a maximum at \((-2, 27)\), meaning:
1. The point \((-2, 27)\) lies on the curve:

\[ 27 = a(-2)"3 + b(-2)"2 + c(-2) + d \]

2. The derivative at \(x = -2\) is zero (since it'’s a turning point):

\[ Y' = 3ax™2 + 2bx + ¢ \]
\[ Y'(-2) =0 \]

Similarly, the function has a minimum at another point, say \((x m, y m)\),
where:



- \(Y'(x_m) = 0\)
- The second derivative at \(x m\) is positive (indicating a minimum).

However, the problem as stated seems to be incomplete regarding the minimum
point's coordinates. Assuming the key information is that the maximum is at
\((-2, 27)\), and the function has a turning point there, we can proceed to
find the coefficients based on these conditions.

Step 1: Write the Conditions for the Maximum at
\((-2, 27)\)
- Function value at \(-2\):

\[ 27
\[ 27

a(-2)"3 + b(-2)"2 + c(-2) + d \]
-8a + 4b - 2c + d \quad ...(1) \]

- Derivative at \(-2\):

\[ Y'(-2) = 3a(-2)"2 + 2b(-2) + c = 0 \]
\[ 3a(4) + 2b(-2) + c = 0 \]
\[ 12a - 4b + ¢ = 0 \quad ...(2) \]

Step 2: Additional Conditions for the Minimum

Since the minimum point's coordinates are not specified explicitly, we can
assume that the minimum occurs at some \(x = x _m\), with \(Y(x m) =y m\). To
proceed, we would need either the \(x\)-coordinate or the \(y\)-coordinate of
this minimum.

However, if the problem is to find the coefficients assuming the maximum at
\((-2, 27)\) and the general shape of the cubic, then the key is to determine
\(a, b, ¢, d\) that satisfy the maximum condition and exhibit a minimum at
some point.

Solving for the Coefficients

Given just the maximum point and its nature, and assuming the cubic function
is well-behaved with only these critical points, we can try to express the
function with a known form.



Suppose the cubic function has a standard form where:
\[ Y =a(x - r1)2 (x - r 2)\]
or similar factorization, but this may complicate the problem unnecessarily.

Alternatively, following the given conditions, we can express \(b, ¢, d\) in
terms of \(a\) using equations (1) and (2):

From (2):

\[ ¢ = -12a + 4b \]

Substitute into (1):

\[ 27 -8a + 4b - 2(-12a + 4b) + d \]

\[ 27 = -8a + 4b + 24a - 8b + d \]

\[ 27 = ( -8a +24a ) + ( 4b - 8 ) + d \]

\[ 27 = 16a - 4b + d \]
\[ d =27 - 16a + 4b \]

At this point, the coefficients depend on two parameters \(a\) and \(b\).
Additional information about the minimum point or the second derivative would
allow us to solve for specific values.

Analyzing the Nature of the Turning Points

The presence of a maximum at \((-2, 27)\) implies:

- The first derivative \(
- The second derivative \
maximum) .

Y'\) is zero at \(x = -2\).
(Y""\) at \(-2\) must be negative (since it’s a
Similarly, for the minimum point at \(x_m\):

(Y'(x_m) = 0\).
Y 1

-\
- \(Y'""(x_m) > O\).

The second derivative:

\[ YII

6ax + 2b \]

At \(x

-2\):
\[ Y''(-2) = 6a(-2) + 2b = -12a + 2b \]

For a maximum at \(-2\):



\[Y'"'(-2) <0 \]
\[ -12a + 2b < 0 \]
\[ 2b < 12a \]

\[ b < 6a \]

Similarly, at the minimum point, if it exists at \(x m\):
\[ Y''(xm) =6a xm+ 2b>0\]

Knowing the exact location of the minimum would help determine \(a\) and
\ (b\).

Graphical Interpretation and Features

The cubic function with a maximum at \((-2, 27)\) and a minimum elsewhere
will exhibit an S-shaped curve: increasing before the maximum, decreasing
after, then increasing again after the minimum.

Features:

- Turning points: The maximum at \(-2\) and a minimum at some \(x m\).
- Inflection point: The point where the concavity changes, found where \(Y''
= 0\):

\[ 6ax + 2b = 0 \]
\[ x {inflection} = -\frac{b}{3a} \]

- Shape characteristics: The exact shape depends on the coefficients, but
generally, the cubic will rise to the maximum, dip to the minimum, then rise
again.

Pros and Cons of Analyzing Such a Function

Pros:

- Understanding how coefficients influence the shape helps in modeling real-
world phenomena, such as physics or economics.

- Critical points assist in optimization problems.

- Calculus tools like derivatives and second derivatives provide precise
insights into the function's behavior.

Cons:



- Without explicit values for all critical points, the problem remains
somewhat open-ended.

- Determining coefficients requires multiple conditions; insufficient data
hampers exact solutions.

- Analyzing cubic functions can be complex due to their multiple critical
points and inflection points.

Conclusion and Recommendations

Given the initial data that the cubic function \(Y = ax™3 + bx™2 + cx + d\)
has a maximum at \((-2, 27)\), several steps can be taken to analyze and
determine its coefficients:

1. Use the point's coordinates to form the function value equation.

2. Use the derivative condition at \(x = -2\) to relate \(a, b, c\).

3. Incorporate second derivative conditions to ensure the nature of the
critical point.

4. Seek additional data about the minimum point for a complete solution.

In practical applications, such problems highlight the importance of
comprehensive data for precise modeling. The process demonstrates how
calculus principles—derivatives, critical points, concavity—are instrumental
in understanding the shape and features of cubic functions.

Overall, mastering the analysis of cubic functions with specified turning
points is essential for advanced mathematics, engineering, and science
applications. It emphasizes the symbiotic relationship between algebraic
coefficients and graph behavior, enabling precise control and prediction of
complex functions.
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