8.57 Find The Transfer Function For The
Circuit Shown In Figure 8.19 By
Characterizing The Passive Elements

8.57 Find The Transfer Function For The Circuit Shown In Figure 8.19 By
Characterizing The Passive Elements

Understanding how to determine the transfer function of a circuit is fundamental in
electrical engineering, especially when analyzing the behavior of various passive
components like resistors, capacitors, and inductors. In this article, we will walk through the
process of deriving the transfer function for a given circuit as illustrated in Figure 8.19,
focusing on characterizing the passive elements involved. This comprehensive guide aims
to clarify the methodology, provide step-by-step calculations, and enhance your grasp of
circuit analysis techniques.

Introduction to Transfer Function and Passive
Elements

Before diving into the specifics of the circuit in Figure 8.19, it's essential to understand the
core concepts:

What is a Transfer Function?

- The transfer function, usually denoted as \( H(s) = \frac{V_{out}(s)}{V _{in}(s)} \),
describes the relationship between the output and input in the Laplace domain.

- It encapsulates the frequency response and dynamic characteristics of a circuit.

- Transfer functions are crucial for analyzing system stability, filtering behavior, and
transient response.

Passive Elements and Their Significance

- Passive components include resistors (R), capacitors (C), and inductors (L).

- They do not generate energy; instead, they store or dissipate it.

- Characterizing their behavior in the s-domain is vital for transfer function derivation:
- Resistor: \( R \)

- Capacitor: \( \frac{1}{sC} )

- Inductor: \( sL\)

Analyzing the Circuit in Figure 8.19

Although the specific figure isn't provided here, we will consider a typical configuration



often encountered in such problems, involving a series-parallel combination of resistors,
capacitors, and inductors.

Assumed Circuit Description

- The input voltage \( V_{in} \) is applied across a network of passive elements.

- The output voltage \( V_{out} \) is taken across a particular passive component or
combination.

- The circuit includes:

- Aresistor \( R 1)

- A capacitor\(C_1)

- An inductor \(L_1\)

- Possibly other passive elements depending on the figure.

Note: For precise calculations, always refer to the specific circuit diagram.

Step-by-Step Methodology to Find the Transfer
Function

The process involves several key steps:

1. Identify Input and Output Nodes

- Determine which node voltages are involved.
- Label the output node voltage \( V_{out}\).

2. Replace Passive Elements with Their s-Domain
Impedances

- Resistor: \( R \)
- Capacitor: \( \frac{1}{sC} )
- Inductor: \( sL )

3. Write the Circuit Equations Using Impedances

- Use Kirchhoff’'s Voltage Law (KVL) and Kirchhoff’'s Current Law (KCL) to formulate
equations.
- Express the relationships in terms of \( V_{in} \) and \( V_{out} \).

4. Solve for \( V_{out}(s)\) in Terms of \( V_{in}(s) \)

- Use algebraic manipulation to isolate \( V_{out}(s) \).
- Derive an expression for \( H(s) = \frac{V_{out}(s)}{V_{in}(s)} \).



5. Simplify the Transfer Function

- Factor and reduce the expression to a standard form.
- Identify poles and zeros for frequency response analysis.

Example Calculation: Deriving the Transfer
Function

Let’s consider an example to demonstrate the process:

Assumed Circuit:
-\(V_{in}\) applied across a series combination of \( R_1\) and \( C_1).
-\(V_{out} ) is measured across \( C_1\).

Step 1: Impedances in s-Domain
- Resistor: \( R_1)
- Capacitor: \( \frac{1}{s C 1} )

Step 2: Write KVL Equation

- Total impedance in series: \( Z_{total} = R 1 + \frac{1}{sC 1})
- The current through the series network:

\[ I(s) = \frac{V_{in}(s)}{Z {total}} \]

- The output voltage across the capacitor:

\[ V_{out}(s) = I(s) \times \frac{1}{s C_1}\]

Step 3: Express \( V_{out}(s)\) in terms of \( V_{in}(s) \)

\[

V_{out}(s) = \frac{V_{in}(s)}{Z {total}} \times \frac{1}{s C 1} =V _{in}(s) \times
\frac{\frac{1}{s C_1}}{R_1 + \frac{1}{sC 1}}

\]

Step 4: Simplify the Expression

\[

H(s) = \frac{V_{out}(s)}{V_{in}(s)} = \frac{\frac{1}{s C 1}}{R 1 + \frac{1}{sC 1}} =
\frac{1}{sC 1R 1+ 1}

\]

This is a standard first-order transfer function with a pole at\( s = -\frac{1}{R 1 C 1} ).

General Transfer Function Form and
Interpretation

The derived transfer function often takes a standard form:

\[



H(s) = \frac{\text{Numerator polynomial}} {\text{Denominator polynomial}}
\]

For simple RC or RL circuits, these are first-order, while more complex circuits may result in
higher-order functions.

Key features include:

- Poles: Frequencies where the denominator becomes zero, indicating system resonances or
cut-off points.

- Zeros: Frequencies where the numerator becomes zero, indicating frequencies that are
attenuated or canceled.

Practical Tips for Circuit Analysis and Transfer
Function Derivation

- Always verify passive element values and their s-domain equivalents.

- Use node-voltage or mesh-current analysis depending on the circuit topology.
- Simplify complex impedance combinations prior to writing equations.

- Factor common terms to identify system characteristics clearly.

- Cross-check units and dimensions to ensure consistency.

Applications of Transfer Function Analysis

Understanding the transfer function allows engineers to:

- Design filters with desired frequency responses.

- Analyze system stability.

- Predict transient and steady-state behaviors.

- Develop control systems with precise dynamic characteristics.

Conclusion

Deriving the transfer function for a circuit, as outlined in Figure 8.19, involves
characterizing the passive elements in the s-domain, applying fundamental circuit laws,
and algebraic manipulation to express the output/input ratio. Mastery of this process
enables engineers to analyze complex circuits efficiently and design systems that meet
specific performance criteria. Whether dealing with simple RC filters or complex multi-
component networks, the core principles remain consistent, making transfer function
analysis a vital skill in electrical engineering.

Remember: Always start with a clear understanding of the circuit, identify passive



elements, replace them with their s-domain impedances, and systematically solve the
circuit equations to find the transfer function.

Frequently Asked Questions

What is the primary goal when finding the transfer
function in the given circuit in Figure 8.19?

The main goal is to derive the mathematical relationship between the output and input
voltages or currents by characterizing the passive elements (resistors, capacitors, and
inductors) in the circuit.

How do passive elements like resistors, capacitors, and
inductors influence the transfer function of a circuit?

Passive elements determine the frequency-dependent behavior of the circuit, affecting the
poles and zeros of the transfer function, which in turn shape the amplitude and phase
response at different frequencies.

What is the step-by-step approach to derive the
transfer function from the circuit shown in Figure 8.19?

First, assign node voltages and branch currents, then write the impedance expressions for
each passive element, formulate the circuit equations (using techniques like nodal or mesh
analysis), and finally, solve for the ratio of output to input to obtain the transfer function.

Why is it important to accurately model the passive
elements when characterizing the transfer function?

Accurate modeling of passive elements ensures that the derived transfer function correctly
predicts the circuit's behavior across frequencies, which is essential for analysis, design,
and stability considerations.

How does the frequency dependence of capacitors and
inductors affect the transfer function obtained from the
circuit?

Capacitors and inductors introduce frequency-dependent impedance, causing the transfer

function to vary with frequency, leading to features like filtering, resonance, and phase shift
in the circuit's response.

Can the transfer function derived from the passive



elements be used to analyze the stability of the circuit?
If so, how?

Yes, by examining the poles and zeros of the transfer function, especially their locations in
the complex plane, engineers can assess the stability and dynamic response of the circuit,
predicting potential oscillations or instability.

Additional Resources
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In the realm of electrical engineering, understanding how circuits respond to various inputs
is fundamental. One of the most vital tools for this analysis is the transfer function, which
provides a comprehensive relationship between the input and output of a system in the
frequency domain. In particular, when dealing with passive elements such as resistors,
capacitors, and inductors, accurately characterizing these components is essential to derive
the transfer function. The problem labeled 8.57 prompts engineers and students alike to
determine the transfer function of a specific circuit—referred to as Figure 8.19—by carefully
analyzing and characterizing its passive elements. This task not only reinforces
foundational concepts but also exemplifies practical methodologies for circuit analysis.

This article offers an in-depth review and analytical approach to deriving the transfer
function for such a circuit, emphasizing passive element characterization, systematic
analysis, and the application of circuit theory principles. From understanding the circuit
configuration to translating passive elements into their impedance forms and solving the
resulting equations, each step is meticulously examined to equip readers with the skills
necessary for complex circuit analysis.

Understanding the Concept of Transfer Function

Definition and Importance

The transfer function, typically denoted as \( H(s) \), is a mathematical representation that
describes the relationship between the output and input of a linear, time-invariant (LTI)
system in the complex frequency domain. It is defined as:

\[
H(s) = \frac{V_{out}(s)}{V _{in}(s)}
\]

where \( V_{out}(s) \) and \( V_{in}(s) \) are the Laplace transforms of the output and input
voltages, respectively.



Understanding the transfer function is crucial because it encapsulates the entire dynamic
behavior of the circuit, including poles, zeros, stability, and frequency response. It allows
engineers to predict how the circuit will respond to various input signals, design filters, and
analyze system stability.

Relevance to Passive Elements

Passive elements—resistors, capacitors, and inductors—are fundamental components that
influence the circuit's transfer function. Their impedance characteristics vary with
frequency:

- Resistor \( R\): Impedance \( Z_R = R) (frequency-independent)

- Capacitor \( C\): Impedance \( Z_C = \frac{1}{j\omega C} )

- Inductor \( L \): Impedance \( Z_L = j\omega L)

By characterizing these elements in the complex frequency domain, engineers can derive
the overall transfer function, which inherently reflects the passive components' effects.

Analyzing the Circuit: Step-by-Step Approach

1. Identifying Circuit Configuration and Components

The first step involves examining the circuit diagram (Figure 8.19) to understand the
arrangement of passive elements, sources, and output points. Typically, such circuits
feature a combination of series and parallel passive components, potentially forming filters
or network sections.

Key aspects include:

- The location of the input source \( V_{in}\)

- The points where the output \( V_{out} \) is measured

- The series and parallel connections of resistors, capacitors, and inductors

Understanding the configuration helps in defining the network equations and choosing
appropriate analysis techniques.

2. Assighing Reference Directions and Labels

To facilitate systematic analysis:

- Assign currents through each branch



- Label node voltages and branch currents
- Note the polarity of voltage sources and the directions of currents

Clear labeling is essential for applying circuit analysis methods accurately.

3. Characterizing Passive Elements as Impedances

Convert all passive elements into their complex impedance forms:

- Resistor: \( Z_R = R\\)
- Capacitor: \( Z_C = \frac{1}{j\omega C}\)
- Inductor: \( Z_L = j\omega L)

where \( \omega = 2\pi f\) is the angular frequency. For the transfer function derivation,
the Laplace variable \( s = j\omega\) is used, so:

-\(Z_C =\frac{1}{sC} )
-\(Z_L=sL)\)

This step transforms the circuit from the time domain to the complex frequency domain,
enabling algebraic solutions.

Deriving the Transfer Function: Methodologies
and Techniques

1. Applying Circuit Theories

The primary analytical methods include:

- Voltage division: When the output is across a series or parallel element, the voltage
division rule helps relate input and output voltages.

- Current division: Useful when analyzing parallel branches.

- Node-voltage method: Involves writing node equations based on Kirchhoff's Current Law
(KCL).

- Mesh-current method: Involves writing loop equations based on Kirchhoff's Voltage Law
(KVL).

Choosing the appropriate method depends on the circuit's complexity and configuration.



2. Formulating the Equations

Using the selected method, formulate algebraic equations that relate the input voltage to
the node voltages or branch currents. For instance, if the output is measured across a
capacitor, express the voltage in terms of branch currents and impedances.

Example:

\[
V_{out}(s) = Z {passive element} \times | {passive}
\]

or, via voltage division:

\[
V_{out}(s) = V_{in}(s) \times \frac{Z_{passive element}}{Z {total}}
\]

where \( Z_{total} \) is the total impedance seen from the input to the output.

3. Solving for the Transfer Function

After establishing the equations, algebraically manipulate them to express \( V_{out}(s)\)
in terms of \( V_{in}(s) \). The transfer function \( H(s) \) is then obtained as:

\[
H(s) = \frac{V_{out}(s)}{V {in}(s)} = \text{(ratio of algebraic expressions involving s)}
\]

This expression often involves polynomial numerator and denominator terms, with roots
indicating the poles and zeros of the system.

Practical lllustration: Hypothetical Example

Since the exact circuit diagram (Figure 8.19) is not provided, consider a typical passive RC
circuit as an illustrative example:

- Input voltage \( V_{in} \) applied across a series resistor \( R\) and capacitor \( C\)
- The output \( V_{out} \) measured across the capacitor

Step 1: Characterize passive elements

\[
Z R =R,\quad Z_C = \frac{1}{sC}



\]

Step 2: Write the voltage divider equation

\[

V_{out}(s) =V _{in}(s) \times \frac{Z C}{Z R + Z C} =V _{in}(s) \times
\frac{\frac{1}{sC}}{R + \frac{1}{sC}} =V _{in}(s) \times \frac{1}{sC} \times
\frac{sC}{1 + sCR} =V _{in}(s) \times \frac{1}{1 + sCR}

\]

Step 3: Derive the transfer function

\[
H(s) = \frac{V_{out}(s)}{V _{in}(s)} = \frac{1}{1 + sCR}
\]

This classic low-pass filter transfer function characterizes how the circuit responds to
different frequencies.

Analytical Insights and Interpretation

Poles and Zeros

The transfer function's roots determine system stability and frequency response:
- Pole at \( s = -\frac{1}{CR} ), indicating a cutoff frequency
- Zeros (if any) would be roots of the numerator polynomial and can define the filter's type

(e.qg., high-pass, band-pass)

In the illustrative example, a single pole at \( s = -\frac{1}{CR} \) signifies a simple first-
order low-pass filter.

Frequency Response Characteristics

Evaluating the transfer function at \( s = j\omega\) yields the frequency response:

\[
H(j\omega) = \frac{1}{1 + j\omega R C}
\]

- At low frequencies (\( \omega \to 0)), \( |[H(j\omega)| \to 1)
- At high frequencies (\( \omega \to \infty \)), \( |H(j\omega)| \to 0 )



This behavior confirms the circuit's filtering characteristics—allowing low frequencies to
pass while attenuating high frequencies.

Conclusion and Practical Implications

The process of deriving the transfer function for a circuit based on passive element
characterization is a cornerstone of electrical engineering analysis. It involves a systematic
approach: understanding the circuit configuration, translating passive elements into
impedance forms, applying circuit analysis techniques, and algebraically solving for the
relationship between input and output signals.

In the context of problem 8.57, the key task is to analyze the specific configuration in
Figure 8.19—presumably involving resistors, capacitors, and possibly inductors—to
formulate an expression for the transfer function
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