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Introduction to Discrete Time Low Pass Filters and the
Impulse Invariance Method

A Discrete Time Low Pass Filter Is To Be Designed By Applying The Impulse Invariance
Method To A Continuous system, a process that bridges the gap between continuous-time and
discrete-time signal processing. This approach is fundamental in digital filter design, especially when
aiming to replicate the analog filter's behavior in the digital domain. The impulse invariance method
ensures that the impulse response of the continuous-time filter is accurately mapped into the
discrete-time domain, preserving essential characteristics like the frequency response within the
passband. Understanding this process requires a solid grasp of both continuous and discrete systems,
their respective transfer functions, and the techniques used to convert between them.

Fundamentals of Low Pass Filters

What Is a Low Pass Filter?

A low pass filter (LPF) is a system that allows signals with frequencies lower than a certain cutoff
frequency to pass through while attenuating signals with higher frequencies. These filters are
ubiquitous in signal processing applications, including audio processing, communications, and control
systems.

Key Characteristics of Low Pass Filters

- Cutoff Frequency (fc): The frequency at which the filter's output drops to 70.7% of its maximum
value.

- Passband: The frequency range below the cutoff where the filter allows signals to pass with minimal
attenuation.

- Stopband: Frequencies above the cutoff where the filter significantly attenuates signals.

- Ripple: Variations in the passband or stopband, depending on the filter design.

Continuous-Time vs. Discrete-Time Systems



Continuous-Time Systems

These systems process signals that vary continuously over time, represented mathematically using
differential equations and transfer functions in the Laplace domain.

Discrete-Time Systems

Discrete systems operate on signals sampled at specific intervals, represented through difference
equations and transfer functions in the Z-domain.

Why Convert Continuous to Discrete?

Digital systems require discrete-time filters, but many real-world signals are inherently continuous.
Designing a digital filter that mimics a well-understood analog filter involves conversion techniques
like the impulse invariance method.

The Impulse Invariance Method

Overview

The impulse invariance method is a technique for converting a continuous-time filter into a discrete-
time filter by matching their impulse responses. It ensures that the discrete filter's impulse response
is @ sampled version of the continuous-time filter's impulse response.

Advantages and Limitations

- Advantages:

- Preserves the time-domain response structure.

- Simple to implement for certain filters.

- Limitations:

- Can cause aliasing in the frequency response, especially near the Nyquist frequency.

- Not suitable for filters with sharp cutoff characteristics unless special considerations are made.

Process Outline

1. Obtain the continuous-time transfer function \( H(s) \).

2. Compute the impulse response \( h(t) \) via inverse Laplace transform.

3. Sample \( h(t) \) at intervals \( T\) to obtain \( h[n] = h(nT) \).

4. Derive the discrete-time transfer function \( H(z) \) via Z-transform of \( h[n]\).

Designing a Low Pass Filter Using Impulse Invariance



Step 1: Define Analog Filter Specifications

Begin with a continuous-time low pass filter with desired specifications such as cutoff frequency \(
\omega_c), filter type (Butterworth, Chebyshev, etc.), and ripple characteristics.

Step 2: Derive the Continuous-Time Transfer Function \( H(s)
\)

Based on the specifications, obtain the transfer function. For example, a normalized Butterworth filter
of order\( n\):

\[
H(s) = \frac{1}{(s™2 + \sqrt{2}s + 1)"n}
\]

or a simple RC low pass filter:

\[
H(s) = \frac{\omega_c}{s + \omega_c}
\]

Step 3: Calculate the Impulse Response \( h(t) \)

Perform an inverse Laplace transform of \( H(s) \):

\[
h(t) = \mathcal{L} "~ {-1}\{H(s)\}
\]

For the simple RC filter:

\[

h(t) = \omega_c e~ {-\omega_c t} u(t)
\]

where \( u(t) \) is the unit step function.

Step 4: Sample the Impulse Response at Intervals \( T )

Choose an appropriate sampling period \( T'\), often related to the Nyquist criterion:

\[
T\leq \frac{\pi}{\omega c}
\]

Sample \( h(t) \) at\(t = nT)\):

\[
h[n] = h(nT) =\omega_c e”{-\omega_cn T}



\]

Step 5: Obtain the Discrete-Time Transfer Function \( H(z) \)

Calculate the Z-transform of the sampled impulse response:

\[
H(z) = \sum_{n=0}"~{\infty} h[n] z~{-n}
\]

For the exponential impulse response:

\[
H(z) = \frac{1 - e”~{-\omega ¢ T} z™{-1}}{1-e~{-\omega c T} z"~{-1}}
\]

which simplifies to:

\[
H(z) = \frac{1 - e~ {-\omega ¢ T} z™{-1}}{1-e~{-\omega c T} z"~{-1}}
\]

or, more generally, to a rational function suitable for implementation.

Handling Aliasing and Frequency Warping

Understanding Aliasing in Impulse Invariance

Since sampling is involved, frequencies above the Nyquist frequency \( \frac{\pi}{T} \) can fold back
into the passband, causing distortion.

Mitigation Strategies

- Limit the filter order to avoid sharp transitions near Nyquist frequency.

- Use pre-warping techniques to compensate for frequency warping caused by the discretization
process.

- Consider alternative methods like bilinear transformation if aliasing is problematic.

Comparing Impulse Invariance with Other
Discretization Techniques



Pre-warping and Bilinear Transform

- Bilinear transformation maps the entire analog frequency range onto the digital domain without
aliasing but introduces frequency warping.

- Pre-warping adjusts the analog cutoff frequency to account for this warping, ensuring accurate cutoff
placement.

Choosing the Right Method

- Use impulse invariance when time-domain response preservation is critical, and the filter's
frequency response is within a safe range.

- Use bilinear transformation for filters with sharp cutoff requirements or where aliasing must be
minimized.

Practical Implementation and Examples

Example: Designing a First-Order RC Low Pass Filter

Suppose we want a cutoff frequency \( \omega_c = 2\pi \times 1\, \text{kHz} \).
- Continuous-time transfer function:

\[
H(s) = \frac{\omega c}{s + \omega c}
\]

- Impulse response:

\[
h(t) = \omega_c e”™{-\omega_c t} u(t)
\]

- Select sampling period \( T\), say \( T = 1\, \text{ms} \):

\[

h[n] = \omega_c e”~{-\omega_cn T}

\]

- Compute \( H(z2) \):

\[

H(z) = \frac{1 - e~ {-\omega c T} z™{-1}}{1-e~{-\omega c T} z~{-1}}
\]

which can be implemented as a difference equation.



Conclusion and Key Takeaways

Designing a discrete-time low pass filter via the impulse invariance method involves transforming an
analog filter's impulse response into a sampled version suitable for digital implementation. This
method preserves the time-domain behavior of the filter and is straightforward for simple filter
structures. However, designers must be cautious of aliasing effects, especially for filters with sharp
cutoff characteristics. Proper choice of sampling rate, pre-warping, and understanding the limitations
of the impulse invariance method are essential for effective digital filter design.

Summary of Steps in Designing a Discrete Low Pass
Filter Using Impulse Invariance

1. Define the analog filter specifications.

. Derive the continuous-time transfer function \( H(s) \).

. Calculate the impulse response \( h(t) \) via inverse Laplace transform.
. Select an appropriate sampling period \( T\).

. Sample \( h(t) \) at intervals \( nT\) to get \( h[n] ).

. Compute the Z-transform of \( h[n]\) to obtain \( H(z) \).

. Implement and test the discrete filter, adjusting parameters as needed.
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By following these steps, engineers can effectively translate analog filter characteristics into digital
implementations, enabling advanced digital signal processing applications across various industries.

Frequently Asked Questions

What is the primary purpose of designing a discrete-time low
pass filter using the impulse invariance method?

The primary purpose is to accurately convert a continuous-time low pass filter into a discrete-time
filter while preserving its frequency response characteristics within a specified range, enabling digital
implementation of analog filters.

How does the impulse invariance method work in designing
digital filters from continuous-time counterparts?

The impulse invariance method involves sampling the impulse response of the continuous-time filter
and then taking the discrete-time Fourier transform of these samples to obtain the digital filter's
transfer function, thus ensuring the discrete filter's impulse response closely matches the continuous
one at sampled points.

What are common challenges or limitations when applying the
impulse invariance method for low pass filter design?

A key challenge is aliasing, which occurs because the method samples the impulse response,



potentially overlapping frequency components and distorting the desired frequency response,
especially for filters with high cutoff frequencies or steep roll-offs.

In the context of discrete-time low pass filters, what is the
significance of the cutoff frequency when applying impulse
invariance?

The cutoff frequency determines the frequency range within which the digital filter accurately
replicates the analog filter's response; it must be chosen carefully to avoid aliasing and ensure faithful
reproduction of the analog filter’s characteristics in the digital domain.

How can designers mitigate aliasing effects when using the
impulse invariance method for low pass filter design?

Designers can mitigate aliasing by limiting the cutoff frequency to a value well below half the
sampling rate (Nyquist frequency) and by employing pre-warping techniques or alternative methods
like bilinear transform if higher fidelity at specific frequencies is required.

Additional Resources

A Discrete Time Low Pass Filter Is To Be Designed By Applying The Impulse Invariance
Method To A Continuous

Designing digital filters that accurately replicate the behavior of their analog counterparts is a
fundamental challenge in signal processing. Among the various methods, the impulse invariance
technique stands out as a prominent approach for transforming continuous-time systems into
discrete-time equivalents. When the goal is to develop a discrete-time low-pass filter based on a
continuous-time prototype, the impulse invariance method offers a systematic pathway to preserve
the frequency response characteristics, especially in the low-frequency domain. This article provides
an in-depth exploration of the impulse invariance method, its application to low-pass filter design, the
theoretical foundations, advantages, limitations, and practical considerations involved in this process.

Understanding the Foundations: Continuous-Time vs.
Discrete-Time Filters

Continuous-Time Filters

Continuous-time filters are systems described by differential equations that process analog signals.
They are characterized by their transfer functions in the Laplace domain, usually denoted as H(s),
where 's' is the complex frequency variable. Low-pass filters in this domain allow signals with
frequencies below a certain cutoff frequency to pass with minimal attenuation while attenuating
higher frequencies.



Discrete-Time Filters

Discrete-time filters process signals sampled at discrete intervals. Their behavior is characterized by
difference equations and transfer functions in the Z-domain, denoted as H(z). Digital filters are
essential in modern applications for their flexibility, stability, and ease of implementation using digital
signal processors or microcontrollers.

The Need for Transformation

Bridging the gap between continuous and discrete systems is critical when designing digital filters
that emulate analog prototypes. The primary challenge is to discretize the continuous-time transfer
function in a way that preserves the desired frequency response, especially in the passband and
stopband regions.

The Impulse Invariance Method: Concept and Theory

Fundamental Idea

The impulse invariance method hinges on the principle of matching the impulse responses of the
analog and digital systems. Since the impulse response uniquely characterizes a linear time-invariant
(LTI) system, ensuring the sampled impulse response of the digital system corresponds to the
sampled analog impulse response results in similar frequency characteristics.

Mathematical Foundation

Suppose we have an analog low-pass filter with transfer function H(s). Its impulse response h(t) is
obtained via inverse Laplace transform. To design a digital filter, the impulse response is sampled at
discrete intervals T (sampling period), producing h(nT). The digital filter's transfer function H(z) is then
constructed such that its impulse response matches the sampled analog impulse response: h[n] =
h(nT).

Mathematically:

\[

H(z) = \sum_{n=0}"{\infty} h(nT) z~{-n}

\]

This z-transform of the sampled impulse response forms the basis of the digital filter.

Frequency Response Preservation

The impulse invariance method preserves the low-frequency characteristics of the analog filter
because the sampling process maintains the shape of the impulse response in the time domain, which
translates into a similar frequency response in the passband. However, an inherent consequence is
the introduction of frequency domain aliasing, which must be carefully managed.



Design Procedure for a Low Pass Filter Using Impulse
Invariance

Designing a discrete-time low-pass filter via impulse invariance involves several structured steps:

Step 1: Specify Analog Filter Specifications

Define the desired analog low-pass filter characteristics, including:
- Cutoff frequency \(\omega _c\)

- Filter type (Butterworth, Chebyshev, Bessel, etc.)

- Passband ripple and stopband attenuation

- Filter order (determined by specifications)

Step 2: Derive the Continuous-Time Transfer Function H(s)

Based on the specifications, select and derive the analog prototype transfer function, such as a
Butterworth filter:

\[

H(s) = \frac{\omega c”n}{(s™2 + \sqrt{2} \omega cs + \omega c"2)"~{n/2}}

\]
for an nth order Butterworth filter, or other forms for Chebyshev, Bessel, etc.

Step 3: Find the Impulse Response h(t)

Compute the inverse Laplace transform of H(s) to find h(t). For standard filters, these expressions are
well-documented, or they can be calculated analytically or numerically.

Step 4: Sample the Impulse Response

Sample h(t) at intervals T to obtain h[n]:

\[

h[n] = h(nT)

\]

where T is the sampling period chosen based on the Nyquist criterion:
\[

T\leq \frac{\pi}{\omega_{max}}

\]

with \(\omega_{max}\) being the maximum frequency of interest.



Step 5: Compute the Z-Transform of the Sampled Impulse
Response

Calculate:

\[

H(z) = \sum_{n=0}"{\infty} h[n] z~{-n}

\]

which provides the digital filter transfer function.

Step 6: Formulate the Digital Filter Transfer Function

Express H(z) as a rational function:

\[

H(z) = \frac{B(z2)}{A(z)}

\]

where B(z) and A(z) are polynomials in z, representing zeros and poles respectively.

Step 7: Implement and Validate

Implement the filter in software or hardware and validate its frequency response through simulation
or practical measurements, comparing the digital filter's response with the original analog prototype.

Advantages of the Impulse Invariance Method

- Preserves Time Domain Characteristics: By matching impulse responses, the method maintains the
shape and timing of the analog system's response.

- Intuitive Approach: The method directly relates continuous and discrete systems through their
fundamental responses.

- Simplicity for Certain Filters: For prototypes with known impulse responses, the method simplifies
the transformation process.

Limitations and Challenges

Despite its benefits, the impulse invariance method has notable limitations:

- Frequency Aliasing: Since sampling in the time domain corresponds to periodic repetition in the
frequency domain, high-frequency components in the analog filter can fold back into the passband,
causing distortion.

- Limited to Low-Frequency Designs: The method is most effective when the analog filter's frequency
range is well below the Nyquist frequency, minimizing aliasing.



- Complexity for Higher-Order Filters: As filter order increases, the impulse response becomes more
complex, complicating sampling and realization.

- Approximate Nature: Perfect replication of the analog response over the entire frequency spectrum
is impossible; the design must prioritize critical frequency bands.

Practical Considerations in Filter Design

When applying the impulse invariance method to low-pass filter design in real-world scenarios,
several practical aspects warrant attention:

- Sampling Rate Selection: Choosing T (sampling period) involves a trade-off—smaller T improves
frequency response accuracy but increases computational load.

- Aliasing Mitigation: Implement pre-filtering or select filter specifications that limit high-frequency
components to reduce aliasing effects.

- Filter Order Determination: Higher-order filters offer sharper cutoff characteristics but increase
complexity and potential stability issues.

- Numerical Accuracy: During sampling and transformation, numerical errors can accumulate. Using
high-precision calculations and verified algorithms helps ensure fidelity.

- Hardware Limitations: Digital implementation constraints, such as finite word length and processing
speed, influence the feasible complexity and performance.

Comparison with Other Transformation Methods

The impulse invariance method is one among several techniques for analog-to-digital filter
transformation:

- Bilinear Transform: Maps the s-plane to the z-plane via a conformal transformation, effectively
avoiding aliasing but introducing frequency warping that can be compensated through pre-warping.

- Frequency Sampling Method: Converts the analog filter directly in the frequency domain, often used
for FIR filter design.

- Approximate Methods: Techniques like the matched z-transform or Padé approximation serve
specific design contexts.

Compared to the bilinear transform, impulse invariance offers a more straightforward time-domain
matching but at the cost of aliasing. The choice depends on the specific application, desired
frequency response, and computational resources.



Conclusion: The Role of Impulse Invariance in Digital
Filter Design

The impulse invariance method remains a foundational approach in the digital filter design toolkit,
especially for low-pass filters derived from analog prototypes. Its core strength lies in its intuitive,
time-domain-oriented process that facilitates the preservation of time response characteristics. While
it is not without limitations—particularly aliasing—it offers valuable insights and practical solutions for
applications where the passband frequencies are well below the Nyquist limit.

In modern signal processing, the impulse invariance method complements other transformation
techniques, providing engineers with versatile options to meet diverse system requirements. As
digital systems continue to evolve, understanding the theoretical underpinnings, practical
implementation considerations, and inherent trade-offs of impulse invariance will remain essential for
designing efficient, accurate digital filters that serve the myriad of applications in communications,
control systems, audio processing, and beyond.
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