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Introduction
Understanding how to approximate functions using Taylor series is a fundamental concept in calculus and
mathematical analysis. Taylor series allow us to express complex functions as infinite sums of polynomial
terms centered around a specific point, usually denoted as \( a \). This approach simplifies the analysis of
functions and aids in computations, especially when the function itself is complicated or difficult to evaluate
directly. In this article, we will explore the process of finding the first five terms of the Taylor series for a
given function and then proceed to graph the function to visualize its behavior.

Choosing the Function and Center Point
Before diving into the calculations, it is essential to specify the function and the point about which we will
develop the Taylor series. For illustration purposes, suppose the function is:

\[
f(x) = e^x
\]

and we choose the center point \( a = 0 \). This is a common choice because the exponential function is well-
behaved and has a straightforward Taylor series expansion centered at zero, known as the Maclaurin series.

Part 1: Finding the First Five Terms of the Taylor Series

Step 1: Recall the Taylor Series Formula
The Taylor series of a function \( f(x) \) about \( x = a \) is given by:

\[
f(x) = \sum_{n=0}^{\infty} \frac{f^{(n)}(a)}{n!} (x - a)^n
\]

where:
- \( f^{(n)}(a) \) is the \( n \)-th derivative of \( f \) evaluated at \( a \),
- \( n! \) is the factorial of \( n \).

To find the first five terms, we need to compute the derivatives of \( f(x) \) at \( a \), for \( n = 0, 1, 2, 3, 4
\).



Step 2: Calculate the Derivatives at \( a = 0 \)
For \( f(x) = e^x \), the derivatives are straightforward because:

\[
f^{(n)}(x) = e^x
\]

for all \( n \). Therefore,

\[
f^{(n)}(0) = e^0 = 1
\]

for all \( n \).

Step 3: Write the First Five Terms
Substituting the derivatives into the Taylor series formula:

\[
f(x) = \sum_{n=0}^{\infty} \frac{1}{n!} (x - 0)^n = \sum_{n=0}^{\infty} \frac{x^n}{n!}
\]

The first five terms (from \( n=0 \) to \( n=4 \)) are:

1. When \( n=0 \):
\[
\frac{x^0}{0!} = 1
\]
2. When \( n=1 \):
\[
\frac{x^1}{1!} = x
\]
3. When \( n=2 \):
\[
\frac{x^2}{2!} = \frac{x^2}{2}
\]
4. When \( n=3 \):
\[
\frac{x^3}{3!} = \frac{x^3}{6}
\]
5. When \( n=4 \):
\[
\frac{x^4}{4!} = \frac{x^4}{24}
\]

Therefore, the first five terms of the Taylor series for \( e^x \) centered at 0 are:

\[
\boxed{
f(x) \approx 1 + x + \frac{x^2}{2} + \frac{x^3}{6} + \frac{x^4}{24}
}
\]

This polynomial provides an increasingly accurate approximation of \( e^x \) near \( x=0 \).



Part 2: Graphing the Function

Understanding the Graph of \( e^x \)
The exponential function \( e^x \) is one of the most important functions in mathematics. It is characterized by:

Always being positive for all real \( x \).

Increasing exponentially as \( x \to +\infty \).

Approaching zero as \( x \to -\infty \), but never touching it.

Having a horizontal asymptote at \( y=0 \).

Having a continuous and smooth curve with no breaks or sharp corners.

Understanding these properties helps in visualizing the graph and appreciating how the Taylor polynomial
approximates the function near the center point.

Plotting the Function and Its Taylor Approximation
To visualize the behavior of \( e^x \) and compare it with its Taylor polynomial, follow these steps:

Plot the exact function \( y = e^x \) over a suitable interval, such as \( x \in [-2, 2] \).1.

Plot the Taylor polynomial approximation:2.

\[
P_4(x) = 1 + x + \frac{x^2}{2} + \frac{x^3}{6} + \frac{x^4}{24}
\]

over the same interval.

Observe how well the polynomial matches the true function near the center point \( x=0 \).3.

Note that as \( |x| \) increases, the approximation becomes less accurate, especially for larger \( |x| \),4.
illustrating the local nature of Taylor series.

Graphing Tools and Techniques
To create a clear and informative graph:

Use graphing calculators, software like Desmos, GeoGebra, or graphing features in Python (matplotlib)
or MATLAB.

Plot both the exponential function and the Taylor polynomial on the same axes to facilitate
comparison.

Add labels, a legend, and a title to clarify which curve is which.



Highlight the center point \( a=0 \) and note the interval where the approximation is most accurate.

Expected Visualization Results
When plotted, you should observe:

- The Taylor polynomial closely hugging the exponential curve near \( x=0 \).
- Increasing divergence of the polynomial from the actual function as \( x \) moves further from zero.
- The polynomial providing a good approximation within a certain radius around \( a=0 \), which is
approximately the interval \( [-2, 2] \).

Summary and Conclusions
In this article, we demonstrated how to derive the first five terms of the Taylor series expansion for the
function \( e^x \) centered at \( a=0 \). This process involves calculating derivatives, evaluating them at the
center point, and assembling the polynomial approximation. The resulting Taylor polynomial:

\[
1 + x + \frac{x^2}{2} + \frac{x^3}{6} + \frac{x^4}{24}
\]

serves as a powerful tool for approximating \( e^x \) near \( x=0 \).

Furthermore, we discussed how to graph the function alongside its Taylor polynomial to visualize the
accuracy of the approximation. This graphical comparison highlights the local nature of Taylor series and
their utility in mathematical analysis, numerical methods, and engineering applications.

By mastering the process of deriving Taylor series and visualizing functions, students and practitioners can
better understand the behavior of complex functions, improve computational efficiency, and develop deeper
insights into the nature of mathematical approximations.

Frequently Asked Questions

How do I find the first five terms of the Taylor series for a given function?

To find the first five terms of the Taylor series, evaluate the function and its derivatives up to the fourth
order at the center point (usually x=0), then apply the Taylor series formula: f(x) ≈ f(0) + f'(0)x + f''(0)/2!
x² + f'''(0)/3! x³ + f''''(0)/4! x⁴.

What is the general process to graph a function after finding its Taylor
series expansion?

After deriving the Taylor series approximation, plot the polynomial over the desired interval to visualize the
function's behavior. The accuracy improves near the expansion point, so focus on the region close to that
point for a good approximation.

Why is it useful to find the first five terms of a Taylor series for a
function?

The first five terms provide a polynomial approximation that simplifies complex functions, making calculations



easier, especially for analyzing behavior near the expansion point, solving differential equations, or performing
numerical methods.

How accurate is the Taylor polynomial approximation for graphing the
function?

The approximation's accuracy depends on how close the x-values are to the expansion point; it tends to be
very accurate near that point but may diverge further away. Including more terms generally improves the
approximation over a larger interval.

Can I use the Taylor series to understand the behavior of the function at
points far from the expansion point?

Taylor series approximations are most accurate near the expansion point. To analyze behavior far away,
consider higher-order terms or use other methods like asymptotic expansions, as the polynomial may not
accurately represent the function at distant points.

Additional Resources
Find The First Five Terms Of The Taylor Series For The Function Given Below, And Graph The Function — this is
a common yet essential task in calculus that bridges the gap between theoretical functions and their practical
approximations. Whether you're a student aiming to understand the behavior of functions near specific points
or a professional looking to analyze complex models, mastering the process of finding Taylor series expansions
and graphing functions is fundamental. In this comprehensive guide, we'll walk through the step-by-step process
of deriving the first five terms of a Taylor series for a given function and then explore how to visualize it
effectively through graphing.

---

Understanding the Importance of Taylor Series

Before diving into the calculations, it's crucial to understand why Taylor series matter. The Taylor series
allows us to approximate complicated functions with polynomials that are easier to analyze and compute.
Near a specific point (usually denoted as a), a function f(x) can be expressed as an infinite sum of derivatives
evaluated at a:

\[ f(x) = \sum_{n=0}^{\infty} \frac{f^{(n)}(a)}{n!} (x - a)^n \]

where:
- \( f^{(n)}(a) \) is the n-th derivative of f evaluated at a,
- \( n! \) is factorial of n.

By truncating this series after a finite number of terms (like five terms), we get an approximation that is often
sufficient for practical purposes, especially within a certain interval around a.

---

Step 1: Choosing the Function and Point of Expansion

Suppose we are given a function, for example:

\[ f(x) = e^x \]

and asked to find the first five terms of its Taylor series expanded around \( a = 0 \) (also called Maclaurin
series). This choice simplifies calculations because derivatives of \( e^x \) are straightforward.



Note: The process is similar for other functions, but the derivatives and resulting series may vary.

---

Step 2: Calculating Derivatives

To find the Taylor series, we need the derivatives of the function evaluated at the point \( a \). For \( f(x) =
e^x \):

| \( n \) | Derivative \( f^{(n)}(x) \) | \( f^{(n)}(a) \) at \( a=0 \) |
|---------|------------------------------|------------------------------|
| 0 | \( e^x \) | \( e^0 = 1 \) |
| 1 | \( e^x \) | \( 1 \) |
| 2 | \( e^x \) | \( 1 \) |
| 3 | \( e^x \) | \( 1 \) |
| 4 | \( e^x \) | \( 1 \) |

Since all derivatives are \( e^x \), evaluated at 0, they are all 1.

---

Step 3: Constructing the First Five Terms

Using the derivatives, the Taylor (Maclaurin) series for \( e^x \) up to the 4th degree (five terms) is:

\[
\begin{aligned}
f(x) &\approx f(0) + f'(0) \frac{x}{1!} + f''(0) \frac{x^2}{2!} + f'''(0) \frac{x^3}{3!} + f^{(4)}(0)
\frac{x^4}{4!} \\
&= 1 + \frac{x}{1} + \frac{x^2}{2} + \frac{x^3}{6} + \frac{x^4}{24}
\end{aligned}
\]

Resulting Series:

\[ \boxed{
e^x \approx 1 + x + \frac{x^2}{2} + \frac{x^3}{6} + \frac{x^4}{24}
} \]

This polynomial provides an increasingly accurate approximation of \( e^x \) near \( a=0 \).

---

Applying the Process to Other Functions

The same steps apply to other functions, with attention to their derivatives:

- Sine function \( \sin x \):

- Derivatives cycle every four steps.
- Points of expansion often at \( a=0 \).
- Series begins as \( x - \frac{x^3}{3!} + \frac{x^5}{5!} - \dots \)

- Logarithmic function \( \ln(1+x) \):

- Derivatives involve negative powers.
- Series expansion around \( a=0 \) is \( x - \frac{x^2}{2} + \frac{x^3}{3} - \dots \)

- Other functions:



- Derivatives might be more complex, but the principle remains the same.

---

Step 4: Graphing the Function and Its Taylor Approximation

Visualizing the function alongside its Taylor polynomial helps understand the accuracy of the approximation
and the behavior of the function near the expansion point.

Tools for Graphing

- Graphing calculators
- Software like Desmos, GeoGebra, or WolframAlpha
- Matplotlib or other programming libraries

Graphing Strategy

1. Plot the original function \( f(x) \): Use a sufficiently wide interval around \( a=0 \) (e.g., \(-2\) to \(2\))
for clarity.
2. Plot the Taylor polynomial: Use the derived polynomial expression.
3. Compare the two: Observe where they overlap closely and where the approximation diverges.

Example: Plotting \( e^x \) and its 4th-degree Taylor polynomial

- Use an interval like \(-2\) to \(2\).
- The Taylor polynomial closely approximates \( e^x \) near \( 0 \), but divergence increases as \( x \) moves
away from \( 0 \).

---

Practical Tips for Effective Graphing

- Use multiple colors: Differentiate between the original function and the approximation visually.
- Zoom in near \( a \): The Taylor series provides the best approximation near the expansion point.
- Analyze the error: Calculate the difference between the two functions at various points to quantify the
approximation's accuracy.
- Adjust the degree of the polynomial: Higher-degree Taylor polynomials provide better approximations over
larger intervals.

---

Advanced Considerations

- Radius of convergence: Determines the interval where the Taylor series converges to the actual function.
- Error estimation: Use Taylor remainder theorem to estimate the error between the function and its polynomial.
- Multiple points of expansion: For complex functions, expanding around different points can improve
approximation over various intervals.

---

Conclusion

Finding the first five terms of a Taylor series for a given function and graphing it are foundational skills in
calculus that deepen your understanding of function behavior and approximation. By systematically
calculating derivatives, constructing polynomial approximations, and visualizing both the original function
and its Taylor polynomial, you gain insight into the local behavior of functions and the power of series
expansions. Whether you're tackling academic problems or exploring complex models, mastering this process
enables you to analyze functions more effectively and appreciate the elegance of mathematical approximation.



---

Remember: The key steps are selecting the point of expansion, calculating derivatives, constructing the
polynomial, and then visualizing the results. Practice with different functions to build confidence and intuition!
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