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Understanding the behavior of plane curves defined by vector equations is fundamental in vector calculus and
differential geometry. These curves describe the motion of a point in the plane as a function of a parameter,
often time \( t \). This article explores the process of sketching such a curve, deriving the position vector \(
r(t) \), and visualizing the motion graphically. The discussion is structured into clear sections to aid
comprehension and application of these concepts.

Introduction to Vector Equations of Plane Curves

What Is a Vector Equation?
A vector equation of a plane curve expresses the position of a point on the curve as a function of a parameter
\( t \). Typically, it takes the form:
\[
r(t) = x(t)\mathbf{i} + y(t)\mathbf{j}
\]
where:
- \( x(t) \) and \( y(t) \) are scalar functions of \( t \),
- \( \mathbf{i} \) and \( \mathbf{j} \) are the unit vectors in the x- and y-directions, respectively.

This compact formulation encapsulates both the x- and y-coordinates of the point at any given \( t \).

Common Types of Plane Curves
Plane curves can be classified based on their equations:
- Parametric curves: defined explicitly via \( r(t) \),
- Cartesian curves: expressed as a relation \( y = f(x) \),
- Polar curves: expressed as \( r = r(\theta) \).

In this discussion, we focus on parametric (vector) equations, which are most flexible for representing complex
motions.

Sketching the Plane Curve From a Given Vector Equation

Step 1: Understand the Given Vector Equation
Suppose the vector equation is:
\[



r(t) = x(t)\mathbf{i} + y(t)\mathbf{j}
\]
For example, consider:
\[
r(t) = (a \cos t) \mathbf{i} + (b \sin t) \mathbf{j}
\]
where \( a \) and \( b \) are constants.

This particular form resembles the parametric equations of an ellipse:
\[
x(t) = a \cos t,\quad y(t) = b \sin t
\]

Step 2: Find the Domain of \( t \)
Determine the range of \( t \) over which the curve is traced:
- Typically, for trigonometric functions, \( t \) varies over \( [0, 2\pi] \),
- For other functions, analyze the behavior to identify the interval.

Step 3: Analyze the Behavior of the Coordinates
In the example:
- \( x(t) = a \cos t \) oscillates between \( -a \) and \( a \),
- \( y(t) = b \sin t \) oscillates between \( -b \) and \( b \).

Plotting these points for various \( t \) values illustrates the shape: an ellipse centered at the origin.

Step 4: Find the Cartesian Equation of the Curve
Eliminate the parameter \( t \) to find a Cartesian relation:
\[
x = a \cos t \Rightarrow \cos t = \frac{x}{a}
\]
\[
y = b \sin t \Rightarrow \sin t = \frac{y}{b}
\]
Using the Pythagorean identity:
\[
\sin^2 t + \cos^2 t = 1
\]
substitute:
\[
\left(\frac{y}{b}\right)^2 + \left(\frac{x}{a}\right)^2 = 1
\]
This is the equation of an ellipse:
\[
\frac{x^2}{a^2} + \frac{y^2}{b^2} = 1
\]

Step 5: Sketch the Curve
- Plot key points, such as \( (a, 0), (-a, 0), (0, b), (0, -b) \),
- Connect these points smoothly to form the ellipse,
- Use symmetry to aid in sketching.



Deriving the Position Vector \( r(t) \)

Step 1: Confirm the Parametric Functions
Given the vector equation, identify \( x(t) \) and \( y(t) \). For example:
\[
r(t) = (a \cos t)\mathbf{i} + (b \sin t)\mathbf{j}
\]
So,
\[
r(t) = \begin{bmatrix} a \cos t \\ b \sin t \end{bmatrix}
\]

Step 2: Write the Position Vector Explicitly
Express the position vector explicitly:
\[
r(t) = \langle x(t), y(t) \rangle
\]
which in the example is:
\[
r(t) = \langle a \cos t,\, b \sin t \rangle
\]

Step 3: Analyze the Range of \( r(t) \)
- The magnitude of \( r(t) \):
\[
|r(t)| = \sqrt{(a \cos t)^2 + (b \sin t)^2}
\]
- The vector traces the ellipse in the plane as \( t \) varies over its domain.

Step 4: Determine the Velocity and Acceleration Vectors
- Velocity:
\[
v(t) = r'(t) = \frac{d}{dt} \langle a \cos t,\, b \sin t \rangle = \langle -a \sin t,\, b \cos t \rangle
\]
- Acceleration:
\[
a(t) = r''(t) = \langle -a \cos t,\, -b \sin t \rangle
\]

These derivatives are useful for understanding the motion's dynamics along the curve.

Sketching the Position Vector \( r(t) \) and the Curve

Visualizing the Curve
- Plot the points corresponding to various \( t \) values,



- Use parametric plots to draw the smooth path,
- Indicate the direction of motion with arrows, if desired.

Visualizing the Position Vector
- Draw the position vector from the origin to the point \( r(t) \),
- For selected \( t \)-values, illustrate the vector to demonstrate how the point moves over time,
- Highlight the initial position \( r(t_0) \) and subsequent positions to show the trajectory.

Additional Elements to Enhance the Sketch
- Show the axes with appropriate scales,
- Mark key points such as vertices and intercepts,
- Include tangent lines at specific points to illustrate the direction of motion,
- Use different colors to distinguish between the curve and the position vectors.

Summary and Practical Tips

Summary of the Process
To sketch a plane curve from a vector equation:
1. Identify \( x(t) \) and \( y(t) \),
2. Determine the domain of \( t \),
3. Find the Cartesian form by eliminating \( t \),
4. Plot key points and symmetry,
5. Draw the curve smoothly,
6. Visualize the position vector at various points,
7. Analyze the behavior of \( r(t) \), \( v(t) \), and \( a(t) \).

Practical Tips for Accurate Sketching
- Use a table of \( t \) values to find corresponding points,
- Pay attention to symmetry and periodicity,
- Sketch the curve lightly, then refine,
- Include direction arrows for better understanding of motion,
- Use software tools like graphing calculators or computer algebra systems for complex curves.

Conclusion

Mastering the process of sketching plane curves from vector equations enhances understanding of parametric
motion and geometric properties. By systematically analyzing the functions \( x(t) \) and \( y(t) \), deriving
the Cartesian form, and visualizing the position vector \( r(t) \), one gains a comprehensive view of the curve's
shape and the dynamics along it. Whether dealing with simple circles or complex ellipses, these techniques form
the foundation for advanced studies in vector calculus, physics, and engineering applications.

Frequently Asked Questions



What is the general approach to sketching a plane curve given its vector
equation r(t)?

To sketch a plane curve from r(t), first find the parametric equations for x(t) and y(t), analyze their behavior
over the domain, identify key points and asymptotes, and then plot the points accordingly to visualize the
curve.

How do you interpret the vector equation r(t) in terms of the curve's
position?

The vector equation r(t) = x(t)i + y(t)j describes the position of a point on the curve at each parameter t,
with x(t) and y(t) giving the coordinates at that instant.

What steps are involved in finding r(t) given a specific vector equation?

To find r(t), identify the component functions x(t) and y(t) from the given vector equation, ensuring they are
expressed explicitly in terms of t, and verify their behavior over the domain.

How can you determine the shape or features of the curve from r(t)?

By analyzing x(t) and y(t), including their derivatives, you can find key features such as maxima, minima, points
of inflection, and asymptotic behavior, which help sketch the overall shape.

What is the significance of plotting r(t) for different values of t?

Plotting r(t) for various t values allows you to visualize the path of the curve, observe its direction of
traversal, and identify important points like intersections or turning points.

How do you handle the sketch if the vector equation involves complex
functions like trigonometric or exponential functions?

For complex functions, analyze their key properties, such as periodicity or asymptotes, evaluate the function
at strategic t values, and plot those points to understand the overall shape.

What tools or techniques can assist in sketching the plane curve from r(t)?

Using graphing calculators, software like Desmos or GeoGebra, and plotting key points derived from x(t) and
y(t) can facilitate accurate sketching and better visualization.

How do you verify that your sketch accurately represents the vector
equation r(t)?

Check a few specific t values by computing r(t) and confirming that the plotted points match the parametric
equations, ensuring the sketch accurately reflects the curve's behavior.

Additional Resources
Sketch The Plane Curve With The Given Vector Equation

---

Introduction



In the realm of vector calculus and analytical geometry, understanding how to visualize and interpret vector
equations is essential for both theoretical insights and practical applications. One fundamental skill involves
sketching plane curves defined by vector equations, which encapsulate the position of a moving point in the
plane as a function of a parameter, typically denoted as \( t \).

This article provides an in-depth exploration of how to analyze, interpret, and sketch plane curves given their
vector equations. Emphasis is placed on the step-by-step process to find the position vector \( \mathbf{r}(t)
\), understand its geometric implications, and produce accurate sketches. We will specifically address the
following tasks:

- Sketch the plane curve with the given vector equation.
- Find the position vector \( \mathbf{r}(t) \).
- Sketch the position vector \( \mathbf{r}(t) \) as a function of \( t \).

This detailed examination aims to serve as a comprehensive guide for students, educators, and practitioners
seeking clarity on the topic.

---

Understanding Vector Equations of Plane Curves

A typical vector equation of a plane curve takes the form:

\[
\mathbf{r}(t) = \mathbf{f}(t) = x(t)\mathbf{i} + y(t)\mathbf{j}
\]

where \( x(t) \) and \( y(t) \) are functions of the parameter \( t \). The curve traced by \( \mathbf{r}(t) \) as
\( t \) varies describes the geometric locus of points in the plane satisfying the given relation.

Key aspects to analyze include:

- The parametric equations \( x(t) \) and \( y(t) \).
- The domain of \( t \).
- The geometric behavior as \( t \) changes.

---

Step 1: Analyzing the Given Vector Equation

Suppose we are given a specific vector equation such as:

\[
\mathbf{r}(t) = (a \cos t)\mathbf{i} + (b \sin t)\mathbf{j}
\]

where \( a, b \) are constants.

Example:

\[
\mathbf{r}(t) = 3 \cos t\, \mathbf{i} + 2 \sin t\, \mathbf{j}
\]

This is a classic parametric form of an ellipse. To sketch this curve, we need to analyze its properties:

- Shape: Ellipse
- Major and Minor Axes: Lengths are related to the coefficients \( a \) and \( b \)
- Orientation: Along the coordinate axes due to the form



- Parameter Range: Usually \( t \in [0, 2\pi] \)

---

Step 2: Finding the Cartesian Equation

Transform the parametric equations into a single Cartesian equation to better understand the locus.

For the example:

\[
x = 3 \cos t \quad \Rightarrow \quad \cos t = \frac{x}{3}
\]
\[
y = 2 \sin t \quad \Rightarrow \quad \sin t = \frac{y}{2}
\]

Using the Pythagorean identity \( \sin^2 t + \cos^2 t = 1 \):

\[
\left(\frac{x}{3}\right)^2 + \left(\frac{y}{2}\right)^2 = 1
\]

which simplifies to:

\[
\frac{x^2}{9} + \frac{y^2}{4} = 1
\]

This is the Cartesian equation of an ellipse with semi-major axis 3 along \( x \)-axis and semi-minor axis 2
along \( y \)-axis.

---

Step 3: Sketching the Plane Curve

Procedure:

1. Identify key points:
- \( t = 0 \): \( \mathbf{r}(0) = (3, 0) \)
- \( t = \frac{\pi}{2} \): \( \mathbf{r}(\frac{\pi}{2}) = (0, 2) \)
- \( t = \pi \): \( \mathbf{r}(\pi) = (-3, 0) \)
- \( t = \frac{3\pi}{2} \): \( \mathbf{r}(\frac{3\pi}{2}) = (0, -2) \)
- \( t = 2\pi \): \( \mathbf{r}(2\pi) = (3, 0) \)

2. Plot the points on the coordinate plane.

3. Connect points smoothly respecting the shape of an ellipse.

4. Indicate the direction of traversal, if relevant, by arrows.

Result:

The curve is an ellipse centered at the origin, with axes aligned with the coordinate axes.

---

Step 4: Finding \( \mathbf{r}(t) \)



In many problems, the vector equation is given, and the goal is to explicitly write down \( \mathbf{r}(t) \). For
the example:

\[
\mathbf{r}(t) = 3 \cos t\, \mathbf{i} + 2 \sin t\, \mathbf{j}
\]

This is already in the standard form. However, in more complex cases, \( \mathbf{r}(t) \) may be given as a
combination of functions, or you may need to derive it from given conditions.

---

Step 5: Sketching the Position Vector \( \mathbf{r}(t) \)

The position vector \( \mathbf{r}(t) \) points from the origin to the point on the curve at parameter \( t \).
To sketch \( \mathbf{r}(t) \):

1. Select specific values of \( t \): e.g., \( 0, \frac{\pi}{2}, \pi, \frac{3\pi}{2} \), and \( 2\pi \).

2. Calculate \( \mathbf{r}(t) \) for these values:

| \( t \) | \( x(t) \) | \( y(t) \) | Point on the plane | Vector from origin |
|---------|------------|------------|---------------------|--------------------|
| 0 | 3 | 0 | (3, 0) | Arrow from (0,0) to (3,0) |
| \( \pi/2 \) | 0 | 2 | (0, 2) | Arrow from (0,0) to (0, 2) |
| \( \pi \) | -3 | 0 | (-3, 0) | Arrow from (0,0) to (-3, 0) |
| \( 3\pi/2 \) | 0 | -2 | (0, -2) | Arrow from (0,0) to (0, -2) |
| \( 2\pi \) | 3 | 0 | (3, 0) | Completes the cycle |

3. Draw the vectors originating from the origin to each point.

4. Sketch the curve passing through the tips of these vectors, illustrating the path traced by \( \mathbf{r}(t)
\).

---

Additional Considerations and Applications

Symmetry and Orientation

- Elliptical curves exhibit symmetry about their axes, which can be verified from the parametric equations.
- The direction of increasing \( t \) indicates the traversal direction along the curve.

Applications in Physics and Engineering

- Path modeling for particles moving in elliptical orbits.
- Designing mechanical linkages with specific motion paths.
- Signal processing involving sinusoidal components.

---

General Approach for Other Vector Equations

For more complex vector equations, such as:

\[
\mathbf{r}(t) = \mathbf{a} t + \mathbf{b}
\]



or

\[
\mathbf{r}(t) = \mathbf{p}(t) + \mathbf{q}(t)
\]

the approach involves:

- Breaking down into component functions.
- Analyzing parametric forms.
- Deriving Cartesian relations.
- Identifying geometric shapes.
- Sketching based on key points and symmetry.

---

Conclusion

Sketching the plane curve defined by a vector equation necessitates a thorough understanding of parametric
equations, geometric interpretation, and the ability to transition between parametric and Cartesian forms. By
systematically analyzing the given vector function, finding key points, deriving the Cartesian equation, and
plotting the curve, one can accurately visualize complex plane curves.

The process of identifying the shape, understanding the role of the parameter, and illustrating the position
vectors enhances comprehension of the underlying geometry. Such skills are fundamental in advanced
mathematics, physics, and engineering, where precise modeling of trajectories and paths is indispensable.

---
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