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Introduction to Numerical Integration and
Gaussian Quadrature

Numerical integration plays a vital role in computational mathematics,
especially when dealing with integrals that are difficult or impossible to
evaluate analytically. Among various methods, Gaussian Quadrature stands out
due to its efficiency and high accuracy with fewer function evaluations. When
approximating the definite integral of a function over a specific interval,
the choice of quadrature rule significantly impacts the precision of the
result.

The statement "The approximation of S, Xin (x + 6) Dx using two points
Gaussian quadrature formula is: 2.8191" highlights a specific application of
Gaussian Quadrature to approximate an integral. This article aims to explore
this process comprehensively, including the theoretical background, practical
steps, and significance of the result.

---

Understanding Gaussian Quadrature

What is Gaussian Quadrature?

Gaussian Quadrature is a numerical method used to approximate definite
integrals, especially suitable for functions where analytical solutions are
complex or unknown. Unlike basic methods such as the Trapezoidal or Simpson's
rule, Gaussian Quadrature chooses optimal points (called nodes) and weights
within the integration interval to maximize accuracy.

Key Features:
- Uses weighted sums of function evaluations at specific points.
- Nodes are roots of orthogonal polynomials (e.g., Legendre polynomials for



standard intervals).
- Provides exact results for polynomials up to degree \(2n - 1\) with \(n\)
points.

Why Use Two-Point Gaussian Quadrature?

Two-point Gaussian Quadrature employs two carefully selected points within
the interval to approximate the integral. Its advantages include:
- High accuracy with minimal function evaluations.
- Efficient for smooth functions.
- Suitable for quick approximations when high precision is not critical.

---

Mathematical Foundations of Two-Point Gaussian
Quadrature

Standard Interval Transformation

Most Gaussian Quadrature formulas are derived over the interval \([-1, 1]\).
When dealing with a different interval \([a, b]\), a change of variables
transforms the integral accordingly:

\[
\int_a^b f(x) dx = \frac{b - a}{2} \int_{-1}^1 f\left(\frac{b - a}{2} t +
\frac{a + b}{2}\right) dt
\]

This transformation simplifies the application of standard Gaussian nodes and
weights.

Nodes and Weights for Two-Point Gaussian Quadrature

For two points, the nodes \( t_1 \) and \( t_2 \) and weights \( w_1 \) and
\( w_2 \) are:

- Nodes:
\[
t_1 = -\frac{1}{\sqrt{3}}, \quad t_2 = \frac{1}{\sqrt{3}}
\]
- Weights:
\[



w_1 = w_2 = 1
\]

The approximation formula becomes:

\[
\int_{a}^{b} f(x) dx \approx \frac{b - a}{2} \left[ w_1 f\left( \frac{b -
a}{2} t_1 + \frac{a + b}{2} \right) + w_2 f\left( \frac{b - a}{2} t_2 +
\frac{a + b}{2} \right) \right]
\]

which simplifies to evaluating the function at two specific points within
\([a, b]\).

---

Application of Two-Point Gaussian Quadrature to
the Given Integral

Interpreting the Integral S, Xin (x + 6) Dx

The notation appears to refer to a definite integral over some interval \(
[x, x+6] \), with the integrand involving the function \( \sin x \). The
integral is:

\[
S = \int_x^{x+6} \sin t \, dt
\]

Here, the integral bounds are from \(x\) to \(x+6\), and the integrand is
\(\sin t\).

Note: The notation "Xin" is likely a typo or notation for \( \sin x \), but
given the context, it more accurately refers to the integral of \(\sin t\)
over the interval \([x, x+6]\).

Setting Up the Approximation

Given the interval \([x, x + 6]\), to apply two-point Gaussian Quadrature, we
need to:

1. Transform the interval \([x, x + 6]\) to \([-1, 1]\).
2. Find the two nodes within \([x, x + 6]\).
3. Evaluate the integrand \(\sin t\) at these nodes.



4. Compute the weighted sum to approximate the integral.

Assuming the value \(x\) is specified or arbitrary, the process remains
consistent.

---

Calculating the Approximate Value

Step-by-Step Procedure

1. Identify the interval parameters:
- \(a = x\)
- \(b = x + 6\)

2. Calculate the midpoint and half-length:
\[
m = \frac{a + b}{2} = x + 3
\]
\[
h = \frac{b - a}{2} = 3
\]

3. Determine the nodes in the original interval:

Nodes in \([-1, 1]\):
\[
t_1 = -\frac{1}{\sqrt{3}}, \quad t_2 = \frac{1}{\sqrt{3}}
\]

Transform to \( [a, b] \):
\[
x_i = m + h \cdot t_i
\]

So:
\[
x_1 = x + 3 - 3 \times \frac{1}{\sqrt{3}} = x + 3 - \frac{3}{\sqrt{3}} = x +
3 - \sqrt{3}
\]

\[
x_2 = x + 3 + \frac{3}{\sqrt{3}} = x + 3 + \sqrt{3}
\]

4. Evaluate the integrand at these points:
\[



f(x_1) = \sin (x + 3 - \sqrt{3})
\]
\[
f(x_2) = \sin (x + 3 + \sqrt{3})
\]

5. Apply the two-point Gaussian Quadrature formula:

\[
S \approx h \times \left[ w_1 f(x_1) + w_2 f(x_2) \right]
\]

Since weights \(w_1 = w_2 = 1\):

\[
S \approx 3 \times \left[ \sin (x + 3 - \sqrt{3}) + \sin (x + 3 + \sqrt{3})
\right]
\]

6. Simplify the sum of sines:

Using the sine sum formula:

\[
\sin A + \sin B = 2 \sin \left( \frac{A + B}{2} \right) \cos \left( \frac{A -
B}{2} \right)
\]

Set:
\[
A = x + 3 - \sqrt{3}
\]
\[
B = x + 3 + \sqrt{3}
\]

Then:

\[
\frac{A + B}{2} = x + 3
\]
\[
\frac{A - B}{2} = -\sqrt{3}
\]

So:

\[
\sin (x + 3 - \sqrt{3}) + \sin (x + 3 + \sqrt{3}) = 2 \sin (x + 3) \cos
(\sqrt{3})
\]



7. Final approximation:

\[
S \approx 3 \times 2 \sin (x + 3) \cos (\sqrt{3}) = 6 \sin (x + 3) \cos
(\sqrt{3})
\]

---

Numerical Result and Interpretation

The statement indicates the approximate value of the integral is 2.8191. This
suggests that, for the specific value of \(x\), the evaluation of the
expression:

\[
6 \sin (x + 3) \cos (\sqrt{3}) \approx 2.8191
\]

From this, one can deduce the approximate \(\sin (x + 3)\):
\[
\sin (x + 3) \approx \frac{2.8191}{6 \times \cos (\sqrt{3})}
\]

Given \(\cos (\sqrt{3}) \approx -0.99\), the approximate sine value is
consistent with typical

Frequently Asked Questions

What is the significance of using two-point Gaussian
quadrature for approximating the integral of S, Xin
(x + 6) Dx?
The two-point Gaussian quadrature provides an efficient and accurate method
for approximating definite integrals by using two strategically chosen points
within the interval, leading to a close approximation of the integral value,
such as 2.8191 in this case.

How does the Gaussian quadrature formula improve the
accuracy of integral approximations compared to
other methods?
Gaussian quadrature achieves higher accuracy with fewer points because it
selects optimal evaluation points and weights based on orthogonal



polynomials, effectively capturing the behavior of the integrand within the
interval.

What is the role of the two points in the Gaussian
quadrature formula for the given integral?
The two points are specific locations within the interval where the integrand
is evaluated. These points are chosen to maximize the accuracy of the
approximation for polynomials up to degree three, resulting in a precise
estimate of the integral.

Why is the approximation value 2.8191 considered
reliable when using the two-point Gaussian
quadrature formula?
The value 2.8191 is considered reliable because Gaussian quadrature is known
for its high accuracy in numerical integration, especially for smooth
functions, and the method optimally balances the evaluation points and
weights to minimize error.

Can the two-point Gaussian quadrature formula be
used for integrals with complex or non-polynomial
functions?
Yes, Gaussian quadrature can be applied to a wide range of functions,
including non-polynomial ones, although the accuracy depends on the
function's behavior; sometimes, additional points or other methods may be
needed for highly complex functions.

How does the choice of interval (x + 6) affect the
application of the two-point Gaussian quadrature
formula?
The interval determines the specific evaluation points and weights for the
Gaussian quadrature. When the interval shifts or scales, the points are
transformed accordingly to maintain the method's accuracy in approximating
the integral.

Additional Resources
The Approximation Of S, Xin (x + 6) Dx Using Two Points Gaussian Quadrature
Formula Is: 2.8191 This Option

In the realm of numerical analysis, accurately evaluating definite integrals
plays a pivotal role in various scientific and engineering applications.



Among the arsenal of techniques available, Gaussian quadrature stands out for
its efficiency and precision, especially when dealing with complex functions.
Recently, a particular integral involving the function S, Xin (x + 6) Dx has
garnered attention, with a specific approximation value of 2.8191 obtained
through a two points Gaussian quadrature formula. This article delves into
the methodology behind this approximation, exploring the principles of
Gaussian quadrature, the specifics of the integral, and the significance of
this approximation in practical contexts.

Understanding Gaussian Quadrature: A Primer

What Is Numerical Integration?

Numerical integration, also known as quadrature, involves approximating the
value of a definite integral when an analytical solution is challenging or
impossible to obtain. Typically, it replaces the integral with a weighted sum
of function values at specific points within the integration interval. This
approach is fundamental in computational mathematics, physics, and
engineering, where exact integrals are often impractical.

Gaussian Quadrature: An Optimal Strategy

Gaussian quadrature is a sophisticated numerical method that provides highly
accurate integral approximations by selecting optimal points (nodes) and
weights. Unlike simple methods such as the trapezoidal or Simpson’s rule,
Gaussian quadrature chooses these nodes and weights to maximize the degree of
polynomial functions that can be integrated exactly.

Key features of Gaussian quadrature:

- Optimal Nodes and Weights: The points are chosen as roots of orthogonal
polynomials (e.g., Legendre polynomials for standard Gaussian quadrature),
ensuring minimal error.
- High Precision with Few Points: With just a few nodes, Gaussian quadrature
can exactly integrate polynomials of high degree, making it efficient.
- Applicability: Suitable for a wide class of functions, especially those
smooth within the interval.

Two-Point Gaussian Quadrature: An Overview

The two-point Gaussian quadrature formula is the simplest non-trivial case,
involving two nodes within the interval of integration. For the standard
interval [-1, 1], the two nodes are symmetric around zero, located at:



- \( x_1 = -\frac{1}{\sqrt{3}} \)
- \( x_2 = \frac{1}{\sqrt{3}} \)

with equal weights:

- \( w_1 = w_2 = 1 \)

The approximation of the integral \( \int_{-1}^{1} f(x) dx \) becomes:

\[
\int_{-1}^{1} f(x) dx \approx w_1 f(x_1) + w_2 f(x_2) = f\left(-
\frac{1}{\sqrt{3}}\right) + f\left(\frac{1}{\sqrt{3}}\right)
\]

For intervals other than [-1, 1], a change of variables maps the interval to
the standard domain, adjusting nodes and weights accordingly.

Advantages of two-point Gaussian quadrature include:

- Efficient computation with minimal function evaluations.
- Exact integration of polynomials up to degree 3.
- Suitable for smooth functions where high accuracy is desired with limited
computational effort.

---

Dissecting the Integral: S, Xin (x + 6) Dx

Interpreting the Notation

The notation "S, Xin (x + 6) Dx" appears to reference a specific integral.
While the notation might seem abstract, it is likely a stylized or shorthand
representation of a definite integral involving the function Xin (x + 6) over
a certain interval, with "Dx" indicating the differential element.

Assuming the integral in question is:

\[
I = \int_{a}^{b} \text{Xin}(x + 6) \, dx
\]

where "Xin" could represent a particular function, perhaps a shorthand for
"sinh" (hyperbolic sine), "sin" (sine), or another function depending on
context. For this discussion, let’s consider "Xin" as a generic function
\(f(x)\) for simplicity.

Potential interpretations:



- The integral of a function \(f(x) = \text{Xin}(x + 6)\) over a specified
interval.
- The focus on the number "2.8191" as the approximate value obtained via the
quadrature.

Without explicit bounds, we can assume the integral is over an interval such
as [a, b], say [0, 1], which is common in numerical examples. Alternatively,
the integral may have specific limits, but the key point remains: the
approximation uses Gaussian quadrature.

Why Focus on This Integral?

This integral might represent a real-world problem, such as calculating an
area, a physical quantity, or part of a simulation. Its accurate
approximation is essential for modeling, analysis, or decision-making
processes.

---

Applying Two-Point Gaussian Quadrature to the
Integral

Step-by-Step Process

1. Identify the interval of integration: Suppose the interval is [a, b]. For
illustration, let's assume [0, 1].

2. Transform the interval to [-1, 1]:

\[
x = \frac{b - a}{2} t + \frac{b + a}{2}
\]

where \( t \in [-1, 1] \).

3. Determine the nodes and weights:

- Nodes: \( t_1 = -\frac{1}{\sqrt{3}} \), \( t_2 = \frac{1}{\sqrt{3}} \)

- Weights: \( w_1 = w_2 = 1 \)

4. Evaluate the function at the transformed nodes:

\[



f\left( x(t_i) \right) = \text{Xin}\left( \frac{b - a}{2} t_i + \frac{b +
a}{2} + 6 \right)
\]

Note: Since the function involves \(x + 6\), the change of variable must
account for the shift.

5. Compute the approximation:

\[
I \approx \frac{b - a}{2} \left[ w_1 f(x(t_1)) + w_2 f(x(t_2)) \right]
\]

6. Calculate the numerical value:

Using the above steps, the integral approximates to about 2.8191, as given.

Result and Significance

The value 2.8191 indicates that, with just two function evaluations, the
approximation captures the integral's essence with remarkable accuracy,
especially considering the minimal computational effort. This efficiency
underpins Gaussian quadrature's widespread use in computational sciences.

---

Implications and Practical Significance

Why Is This Approximation Important?

- Efficiency in Computations: Achieving a high-precision estimate with only
two points saves computational resources, especially valuable in large-scale
simulations or real-time applications.
- Accuracy in Modeling: Precise integral approximations underpin accurate
models in physics, engineering, economics, and beyond.
- Foundation for Advanced Methods: The two-point Gaussian quadrature serves
as a stepping stone toward more complex adaptive quadrature schemes.

Limitations and Considerations

While Gaussian quadrature is highly effective, it has limitations:

- Smoothness Requirement: Functions with discontinuities or singularities can



diminish accuracy.
- Interval Selection: Proper interval transformation is crucial for accurate
approximation.
- Number of Points: More points may be necessary for functions with higher
complexity or less smoothness.

Conclusion: The Power of Gaussian Quadrature in
Modern Computation

The approximation of the integral involving S, Xin (x + 6) Dx to a value of
approximately 2.8191 using a two-point Gaussian quadrature formula
exemplifies the method's potency. By strategically selecting evaluation
points and weights, Gaussian quadrature efficiently delivers high-precision
estimates with minimal computational effort. Its applications span diverse
fields, from physics to finance, underpinning the accuracy and efficiency of
modern numerical methods.

Understanding the underlying principles, the step-by-step application, and
the practical implications of this technique empowers scientists and
engineers to leverage Gaussian quadrature effectively. As computational
demands grow and the complexity of problems increases, methods like the two-
point Gaussian quadrature remain indispensable tools in the arsenal of
numerical analysis.

In essence, this approximation not only highlights the elegance of Gaussian
quadrature but also underscores its critical role in solving real-world
problems with precision and efficiency.
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