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True/False :- In Order To Evaluate A Triple Integral In Cylindrical
Coordinates, The Region Of Integration is a statement that prompts an in-
depth discussion about the fundamental aspects of triple integrals and how
the region of integration influences their evaluation in cylindrical
coordinates. Understanding this concept is essential for students and
professionals working in multivariable calculus, physics, engineering, and
related fields. This article explores the principles underlying triple
integrals in cylindrical coordinates, the significance of the region of
integration, and practical methods for setting up and evaluating such
integrals effectively.

Understanding Triple Integrals in Multivariable
Calculus

What Is a Triple Integral?

A triple integral extends the concept of single and double integrals to
three-dimensional space, allowing the calculation of volumetric quantities
such as mass, charge, or probability within a specified region.
Mathematically, a triple integral over a region \( V \) in \(\mathbb{R}"3\)
is expressed as:

\ [

\iiint {V} f(x, y, z) \, dV

\1]

where \(f(x, y, z)\) is a function representing the quantity of interest, and
\(dV\) is the volume element.

Coordinate Systems for Triple Integrals

Triple integrals can be evaluated using various coordinate systems:
- Cartesian coordinates \((x, y, z)\)

- Cylindrical coordinates \((r, \theta, z)\)

- Spherical coordinates \((\rho, \phi, \theta)\)

Each system offers advantages depending on the symmetry and shape of the
region \(V\). Cylindrical coordinates are particularly useful when the region
exhibits rotational symmetry around a fixed axis, typically the \(z\)-axis.



Introduction to Cylindrical Coordinates

Definition and Transformation

Cylindrical coordinates \((r, \theta, z)\) relate to Cartesian coordinates
via the transformations:

\ [

x = r \cos \theta, \quad y = r \sin \theta, \quad z = z
\1]

where:

- \(r \geq 0\) is the radial distance from the \(z\)-axis.
- \(\theta \in [0, 2\pi)\) is the azimuthal angle around the \(z\)-axis.
- \(z\) remains the same as in Cartesian coordinates.

Volume Element in Cylindrical Coordinates

The differential volume element \(dV\) in cylindrical coordinates is:
\ [

dv = r \, dr \, d\theta \, dz

\1]

This accounts for the Jacobian determinant arising from the coordinate
transformation, which introduces the factor \(r\).

Evaluating a Triple Integral in Cylindrical
Coordinates

Setting Up the Integral

To evaluate a triple integral in cylindrical coordinates, it is vital to:

1. Understand the shape of the region \(V\).

2. Express the limits of integration for \(r, \theta,\) and \(z\) based on
the geometry.

3. Rewrite the integrand \(f(x, y, z)\) in terms of \(r, \theta,\) and \(z\).

The general form of the triple integral becomes:

\ [

\iiint {V} f(x, y, z) \, dV = \int {\theta {1}}"{\theta {2}}

\int {r {1} (\theta)}"{r {2}(\theta)} \int {z {1}(r, \theta)}"{z {2}(r,
\theta)} f(r, \theta, z) \, r\, dz \, dr \, d\theta

\1



Importance of the Region of Integration

The region of integration \(V\) determines the limits for each variable:

- \(\theta\): Typically varies between fixed angles, often \(0\) to \(2\pi\)
for full rotations.

- \(r\): Varies from a minimum (often zero) to a maximum radius, depending on
the shape.

- \(z\): Varies between two surfaces or boundaries, which may depend on \(r\)
and \(\theta\).

The key to correctly evaluating the integral is accurately describing this
region in cylindrical coordinates.

Understanding the Region of Integration in
Cylindrical Coordinates

Why the Region Matters

The region of integration is fundamental because it defines the scope over
which the volume integral is computed. Misidentifying the limits can lead to
incorrect results. When the region exhibits symmetry about an axis,
cylindrical coordinates simplify the description, often turning complex
boundary surfaces into straightforward bounds.

Common Geometries in Cylindrical Coordinates

Some typical regions suited for cylindrical coordinates include:
- Cylindrical shells

- Cones and cylinders

- Spheres and spherical caps (when aligned along the axis)

- Regions bounded by surfaces expressed in \(r, \theta, z\)

Examples of Regions of Integration

e Solid Cylinder: For a cylinder of radius \(R\) and height \(H\), the
region is described by:
\ [
0 \leq r \leqg R, \quad 0 \leg \theta \leqg 2\pi, \quad 0 \leq z \leq H
\1

* Solid Cone: For a cone opening along the \(z\)-axis, the region might
be:
\ [
0 \leq r \leqg z \tan \alpha, \quad 0 \leq \theta \leq 2\pi, \quad 0 \leq
z \leq Z {max}



\1
where \(\alpha\) is the cone's half-angle.

e Spherical Cap: For a spherical cap aligned along the \(z\)-axis, the
bounds depend on the sphere's radius and the cap's height.

Steps to Properly Define the Region of
Integration

1. Visualize the Geometry

Drawing the region helps in understanding the boundaries and in determining
the limits of integration. Use sketches to identify how the surfaces
intersect and how the region extends in space.

2. Express Boundaries in Cylindrical Coordinates

Convert the equations of boundary surfaces from Cartesian to cylindrical
form. For example:

- A plane \(z = c\) remains the same.

- A sphere \(x"2 + y*2 + z"2 = R™2\) becomes \(r*2 + z"2 = R™2\).

3. Determine Variable Limits

Based on the boundary equations, derive the limits:
- For \(r\), typically from 0 to an expression involving \(z\) or \(\theta\).
- For \(\theta\), from 0 to \(2\pi\) if the region is rotationally symmetric.
- For \(z\), between two surfaces or bounds depending on \(r\) and
\ (\theta\).

4. Write the Integral with Correct Limits

Combine the limits into the integral expression, ensuring they correspond to
the physical boundaries of the region.

Practical Examples and Applications



Example 1: Evaluating a Volume of a Cylindrical
Shell

Suppose we want to find the volume of a cylindrical shell of radius \(R\) and
height \(H\). The region in cylindrical coordinates is:

\ [

0 \leq r \leqg R, \quad 0 \leg \theta \leqg 2\pi, \quad 0 \leq z \leq H

\1]

The volume integral becomes:

\ [

V = \int {0}"{2\pi} \int {0}~{R} \int {0}~{H} r \, dz \, dr \, d\theta

\1]

Evaluating step by step:

\ [

V = \int {0}"~{2\pi} \int {0}~{R} H r \, dr \, d\theta = H \int {0}"{2\pi}
\left( \frac{r"2}{2} \bigg| {0}"{R} \right) d\theta = H \int {0}"{2\pi}
\frac{R"2}{2} \, d\theta = \frac{H R"2}{2} \times 2\pi = \pi R"2 H

\1]

which confirms the known volume of a cylinder.

Example 2: Computing Mass of a Solid with Density
Function

Let’s consider a solid of revolution generated by rotating a region around
the \(z\)-axis, with a density function \(f(r, \theta, z) = r\). The limits
depend on the specific shape, such as a cone or a spherical segment.

Key Takeaways and Best Practices

e Always visualize the region: Sketching the region helps clarify the
boundaries and variable limits.

* Convert boundary equations carefully: Express all boundaries in
cylindrical coordinates to correctly determine limits.

e Order of integration matters: Choose

Frequently Asked Questions

True/False: When evaluating a triple integral in



cylindrical coordinates, the region of
integration must be expressed in terms of r, 0,
and z.

True

True/False: The limits for r and 6 in a
cylindrical coordinate triple integral depend on
the shape of the region of integration.

True

True/False: The region of integration in
cylindrical coordinates always extends over the
entire angular range from 0 to 2m.

False

True/False: To evaluate a triple integral in
cylindrical coordinates, understanding the region
of integration helps determine the proper limits
for r, 0, and z.

True

True/False: In cylindrical coordinates, the
region of integration is irrelevant to the
process of setting up the triple integral.

False



Additional Resources

True/False :- In Order To Evaluate A Triple Integral In Cylindrical
Coordinates, The Region Of Integration is a statement that invites
careful consideration of the principles underlying multivariable
calculus, particularly the techniques used to evaluate triple integrals
in different coordinate systems. This statement is often used as a test
of understanding in calculus courses, as it touches on the fundamental
concept that the region of integration plays a critical role in setting
up and evaluating multiple integrals. In this guide, we will explore the
nuances of this statement, clarify when it is true or false, and provide
a comprehensive understanding of the process involved in evaluating
triple integrals in cylindrical coordinates.

Understanding the Importance of the Region of Integration
What is a Triple Integral?

A triple integral is a mathematical tool used to compute the volume,
mass, or other quantities over a three-dimensional region. It extends
the idea of double integrals into three dimensions, allowing us to
integrate functions over complex volumes.

The Role of Coordinate Systems

While Cartesian coordinates (x, y, z) are the most straightforward,
other coordinate systems—such as cylindrical and spherical
coordinates—are often more convenient depending on the symmetry of the
region or the integrand.

- Cartesian Coordinates: (x, y, z)

- Cylindrical Coordinates: (r, 6, z)

- Spherical Coordinates: (p, ¢, 6)

Using the coordinate system that aligns well with the symmetry of the
region simplifies the limits of integration and the integrand itself.

Why Is the Region of Integration Critical?
The region of integration defines the bounds over which the integral is
evaluated. It essentially shapes the volume or area you're measuring.

When changing coordinate systems, accurately describing this region in
the new coordinates is essential for correct calculation.

The Core Statement: Is It True or False?

"In order to evaluate a triple integral in cylindrical coordinates, the



region of integration must be known or properly described."

This statement is true. To understand why, let’s delve deeper.

Detailed Explanation
The Setup of a Triple Integral in Cylindrical Coordinates

When transitioning from Cartesian to cylindrical coordinates, the triple
integral of a function \(f(x, y, z)\) over a region \(V\) becomes:

\ [

\iiint V f(x, y, z) \, dV = \iiint {V'} f(r, \theta, z) \, r \, dr \,
d\theta \, dz

\1]

Here:

- \(V'\) 1is the region described in cylindrical coordinates.

- \(r\), \(\theta\), and \(z\) are the cylindrical variables.

- The Jacobian determinant (the "scaling factor") for the transformation
is \(r\), which accounts for the change in volume element from Cartesian
to cylindrical coordinates.

The Importance of the Region \(V'\)
To evaluate this integral:

1. Identify the region \(V\) in Cartesian coordinates.

2. Express this region in cylindrical coordinates to define the bounds
in terms of \(r\), \(\theta\), and \(z\).

3. Set up the limits of integration based on the region's shape and
position.

Without knowing or being able to describe the region \(V\) in

cylindrical coordinates, it is impossible to correctly set the limits or
compute the integral.

Why Is the Region of Integration Necessary?
1. Determining the Limits of Integration

The limits for \(r\), \(\theta\), and \(z\) depend directly on the shape
of the region:

- Radial bounds \(r {min}\) and \(r {max}\): Typically from the inner to
outer radius of the region.
- Angular bounds \(\theta {min}\) and \(\theta {max}\): Usually from



some initial to final angle, often \(0\) to \(2\pi\) for full circles.
- Vertical bounds \(z {min}\) and \(z {max}\): The limits in the
vertical direction.

2. Ensuring Correct Integration

Incorrect or incomplete description of the region can lead to:

Overestimating or underestimating the volume
Integrating over an improper domain
Errors in the bounds leading to inaccurate results

w

. Simplifying the Integrand

Knowing the region helps identify symmetry or particular features that
can simplify the integrand, especially if it depends only on \(r\) or
\ (\theta\).

How to Describe Regions in Cylindrical Coordinates
Common Regions and Their Descriptions

| Region Type | Cartesian Description | Cylindrical Description |
Example Limits |

| Cylinder | \(x*2 + y*2 \leq R™2\), bounded between \(z {min}\) and
\(z_{max}\) | \(0 \leq r \leqg R\), \(0 \leq \theta \leq 2\pi\),
\(z_{min} \leq z \leq z {max}\) | \(r\) from 0 to \(R\), \(\theta\) from
0 to \(2\pi\) |

| Cone | \(z = k \sqrt{x"2 + y"2}\) | \(z = k r\) | \(r\) from 0 to some
\(r_{max}\), \(z\) from 0 to \(k r\) |

| Sphere | \(x*2 + y*2 + z72 \leq R*2\) | \(0 \leq r \leq R\),

\ (\theta\) from 0 to \(2\pi\), \(z\) from \(-\sqrt{R"2 - r"2}\) to
\(\sqrt{R"2 - r”2}\) | Variable limits depending on the sphere |

Steps to Describe a Region in Cylindrical Coordinates
1. Identify the shape and bounds in Cartesian coordinates.

2. Rewrite inequalities in terms of \(r, \theta, z\).
3. Determine the ranges for \(r, \theta, z\).

Practical Example: Evaluating a Triple Integral
Suppose we need to evaluate:

\ [



\iiint V z \, dV
\]

Where \(V\) is the region bounded by the cylinder \(x"2 + y~2 \leq 4\)
and between \(z=0\) and \(z=\sqrt{4 - x™2 - y"2}\).

Step 1: Describe the Region in Cylindrical Coordinates

- \(x*2 + y*2 \leq 4 \Rightarrow r \leq 2\)
- \(z\) from 0 to \(\sqrt{4 - r"2}\)

Step 2: Set Up the Limits

- \(r\): 0 to 2
- \(\thetal): 0 to \(2\pi\)
- \(z\): 0 to \(\sqrt{4 - r"2}\)

Step 3: Write the Integral

\ [

\int {0}~{2\pi} \int {0}~{2} \int {0}"{\sqrt{4 - r"2}} z \, r \, dz \,
dr \, d\theta

\1]

Note the inclusion of the Jacobian \(r\) in the integrand.

Step 4: Evaluate

- Integrate with respect to \(z\), then \(r\), then \(\theta\).

This process illustrates how understanding and describing the region in

cylindrical coordinates is essential to setting up the integral
correctly.

Common Misconceptions and Pitfalls

- Assuming the region is simple without verification: Some regions
appear simple but are complex in certain coordinate systems.

- Neglecting the Jacobian: Forgetting to include the \(r\) term when
changing to cylindrical coordinates leads to incorrect results.

- Mismatched bounds: Using bounds from Cartesian to cylindrical without
proper translation causes errors.

Summary: Is the Statement True or False?

In conclusion, the statement "In order to evaluate a triple integral in
cylindrical coordinates, the region of integration must be known or



properly described" is true. The region's description is fundamental to:

- Setting correct limits of integration
- Ensuring the accuracy of the integral
- Simplifying calculations using symmetry

Without a clear understanding or description of the region, evaluating
the triple integral accurately becomes impossible. Knowing the shape and
bounds in cylindrical coordinates allows for proper setup and
ultimately, correct computation of the integral.

Final Thoughts

Mastering the process of transforming and describing regions in
different coordinate systems is a vital skill in multivariable calculus.
It allows mathematicians and engineers to evaluate complex integrals
that would be otherwise intractable in Cartesian coordinates. Always
spend adequate time understanding the geometry of the region before
attempting to evaluate the integral, as this step underpins the entire
process.

Remember: The key to success in evaluating triple integrals in
cylindrical coordinates is a thorough understanding of the region of
integration. Without it, the entire setup and calculation risk being
flawed.
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