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Understanding how to find the Taylor series expansion of a function is a
fundamental skill in calculus that allows mathematicians and engineers to
approximate complex functions with polynomials. This technique is especially
useful in situations where the function itself is difficult to evaluate
directly, but its derivatives are manageable. In this article, we will
explore how to apply the definition of a Taylor series to find the first four
nonzero terms of the series for a given function \(f(x)\), centered at a
specific point.

What Is A Taylor Series?

Before diving into the process of finding specific terms, it is essential to
understand what a Taylor series is. Named after the mathematician Brook
Taylor, the Taylor series provides a way to express a smooth function as an
infinite sum of terms calculated from the derivatives of the function at a
single point.

Definition of a Taylor Series

The Taylor series of a function \(f(x)\) centered at \(a\) (also called the
point of expansion) is given by:

\ [
f(x) = \sum {n=0}"{\infty} \frac{f~{(n)}(a)}{n!'} (x - a)”™n
\1]

Where:

- \(f*{(n)}(a)\) is the \(n™"\text{th}\) derivative of \(f(x)\) evaluated at
\(a\),

- \(n!\) is the factorial of \(n\),

- \((x - a)”n\) is the \(n™\text{th}\) power of the difference between \(x\)
and the center point \(a\).

This series provides a polynomial approximation of the function near the
point \(a\). The more terms we include, the more accurate the approximation.



Approach To Finding the First Four Nonzero
Terms

To find the first four nonzero terms of the Taylor series for a function
\(f(x)\) centered at \(a\), follow these steps:

1. Identify the function \(f(x)\) and the center point \(a\).

2. Calculate the derivatives of \(f(x)\) at \(a\) up to the point where the
derivatives become zero or the terms become negligible.

3. Evaluate each derivative at \(a\).

4. Apply the Taylor series formula to find each term.

5. Determine which terms are nonzero and select the first four among them.

Let's delve into each step with detailed explanations and examples.

Step-by-Step Guide to Computing the Terms

1. Choose the Function and Center Point

Suppose we are given a function \(f(x)\), for example, \(f(x) = e”™x\), and
are asked to find the first four nonzero terms of its Taylor series centered
at \(a=0\) (Maclaurin series).

2. Compute Derivatives of \(f(x)\)

Derivatives are the cornerstone of the Taylor series. For \(f(x) = e™x\),
derivatives are straightforward:

\ [
f~{(n)}(x) = e”x
\1

Since the derivatives are identical to the original function, evaluating at
\(a=0\) simplifies the process.

3. Evaluate Derivatives at \(a\)

Calculate \(f*{(n)}(a)\):

\ [
f~{(n)}(0) =e™0 =1



\]

for all \(n\).

4. Apply the Taylor Series Formula

Plugging into the Taylor series:

\ [
f(x) = \sum {n=0}"{\infty} \frac{f~{(n)}(a)}{n!'} (x - a)”n
\1

becomes:

\ [
f(x) = \sum {n=0}"{\infty} \frac{1}{n!} x"n
\1]

since \(a=0\).

5. Find the First Four Nonzero Terms

Calculate individual terms:

- When \(n=0\):

\ [

\frac{f*{(0)}(0)}{0!'} x™0 = \frac{1}{1} \times 1 =1
\1]

- When \(n=1\):

\ [

\frac{f*{(1)}(0)}{1!} x = \frac{1}{1} x = x
\1

- When \(n=2\):

\ [

\frac{f*{(2)}(0)}{2!} x"2
\]

\frac{1}{2} x"2

- When \(n=3\):

\ [
\frac{f*{(3)}(0)}{3!'} x"3
\]

\frac{1}{6} x"3



- When \(n=4\):

\ [
\frac{f*{(4)}(0)}{4'} x*4 = \frac{1}{24} x~4
\]

All these are nonzero terms, so the first four nonzero terms are:

\ [
1 + x + \frac{x"2}{2} + \frac{x"3}{6}
\1]

which is the beginning of the Maclaurin series for \(e”x\).

Examples of Finding the First Four Nonzero
Terms for Different Functions

Example 1: \(f(x) = \sin x\) centered at \(a=0\)

Step 1: Identify derivatives:

\

f(x) = \sin Xx
\1]

\ [
f2{(1) } (x)
\1]

\ [
f~{(2)}(x)
\1]

\ [

f2{(3) }(x)
\1]

\ [
2{(4)}(x)
\1]

and the pattern repeats every 4 derivatives.
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Step 2: Evaluate derivatives at \(a=0\):

\ [
f(0) =0
\]
\ [



]
=

f~{(1)}(0)
\1
\ [
f2{(2)}(0)
\1
\ [
f~{(3)}(0)
\1
\ [
f~{(4)}(0)
\1]
and so on.

]
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Step 3: Find terms:
- \(n=0\):
\ [

\frac{0}{0!}
\1

Il
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- \(n=1\):

\ [
\frac{1}{1!'}
\1

X
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- \(n=2\):

\ [
\frac{0}{2'}
\1]

2 =0

x

- \(n=3\):

\ [
\frac{-1}{3!'} x*3 = -\frac{x*3}{6}
\1]

- \(n=4\):

\ [

\frac{0}{4'} x4 =0
\1

The first four nonzero terms are:

\ [
X - \frac{x"3}{6}
\1]



Example 2: \(f(x) = \ln(1 + x)\) centered at \(a=0\)

Step 1: Derivatives:

\ [

f(x) = \ln(1 + x)

\1

\ [

fA{(n)}(x) = (-1)*{n-1} \frac{(n-1)!}{(1 + x)"n}
\1

Step 2: Evaluate derivatives at \(a=0\):

\ [
7{(n)}(0) = (-1)"{n-1} (n-1)!
\]

Step 3: Find terms:

\ [
f(x) = \sum {n=1}"\infty \frac{f*{(n)}(0)}{n!'} x*n
\1

Plug in the derivatives:

\ [

= \sum {n=1}"\infty \frac{(-1)"{n-1} (n-1)!'}{n!'} x*n = \sum {n=1}"\infty
\frac{(-1)*{n-1}}{n} x"n

\1

Calculate the first four terms:
- \(n=1\):
\ [

\frac{(-1)"{0}}{1} x
\]

]
X

- \(n=2\):

\ [
\frac{(-1)"1}{2} x~2
\]

-\frac{x"2}{2}

- \(n=3\):

\[



\frac{(-1)"2}{3} x*3 = \frac{x"3}{3}
\1

- \(n=4\):

\ [

\frac{(-1)"3}{4} x4 = -\frac{x™4}{4}
\1

The first four nonzero terms are:

\ [
x - \frac{x"2}{2} + \frac{x"3}{3} - \frac{x"4}{4}
\]

Common Pitfalls and Tips

- Zero derivatives: When

Frequently Asked Questions

What is the general definition of a Taylor series
centered at a point a?

A Taylor series centered at a point a for a function f(x) is an infinite sum
of terms calculated from the derivatives of f at a, given by f(x) =%
(f*n(a)/n!') (x - a)™n, where n goes from 0@ to infinity.

How do I find the first four nonzero terms of a
Taylor series for a function centered at a?

To find the first four nonzero terms, compute the derivatives of the function
at the center point, identify the derivatives that are nonzero, and write the
terms as (f*n(a)/n!) (x - a)™n for each nonzero derivative, stopping after
four such terms.

What is the importance of the derivatives in
determining the terms of a Taylor series?

The derivatives at the center point determine the coefficients of each term
in the Taylor series, with the n-th derivative divided by n! and multiplied
by (x - a)”n, so calculating these derivatives accurately is crucial to
constructing the series.



Can you give an example of finding the first four
nonzero terms of a Taylor series for a specific
function?

Yes. For example, for f(x) = e”™x centered at a=0, the derivatives are all
e”0=1. The first four nonzero terms are: 1 + x + x"2/2! + x~3/3!.

What should I do if some derivatives are zero at the
center point?

If derivatives are zero at the center, those terms do not contribute to the
series. You should look for the next derivative that is nonzero and include
its term, proceeding until you identify four nonzero terms.

How does the choice of the center point 'a' affect
the Taylor series?

The center point 'a' determines the expansion point of the series. Different
choices of 'a' can simplify the derivatives or make the series converge more
rapidly in a specific region, affecting the accuracy and usefulness of the
approximation.

What is the significance of the 'first four nonzero
terms' in a Taylor series expansion?

The first four nonzero terms provide an approximation of the function near
the center point, capturing the main behavior of the function with a
polynomial that is easier to work with, especially for small values of (x -
a).

Are there any tips for efficiently finding the
derivatives needed for the Taylor series?

Yes. Use known derivative patterns for common functions, apply
differentiation rules systematically, and consider using symbolic computation
tools for complex derivatives to save time and reduce errors.

Additional Resources

Use The Definition Of A Taylor Series To Find The First Four Nonzero Terms Of
The Series For F(x) Centered

Understanding how to construct Taylor series expansions is a fundamental
skill in calculus, especially when dealing with functions that are difficult
to analyze directly. The phrase "Use The Definition Of A Taylor Series To
Find The First Four Nonzero Terms Of The Series For F(x) Centered"



encapsulates a process that combines theoretical knowledge with practical
application. In this article, we will thoroughly explore this process,
emphasizing the importance of the Taylor series, the step-by-step method of
deriving the terms from the function's derivatives, and how to interpret
these terms for approximation purposes.

Introduction to Taylor Series and Its
Significance

A Taylor series is an infinite sum of terms calculated from the derivatives
of a function at a specific point, known as the center or expansion point. It
allows us to approximate complex functions with polynomials, which are easier
to evaluate and analyze. The general idea is to express a function \(f(x)\)
as an infinite sum:

\ [
f(x) = \sum _{n=0}"\infty \frac{f~{(n)}(a)}{n!} (x - a)”n,
\1

where:
- \(f*{(n)}(a)\) is the \(n\)th derivative of \(f\) evaluated at \(x=a\),
- \(a\) is the center of expansion.

The importance of Taylor series lies in their ability to approximate
functions near the point \(a\), especially when the function itself is
complex or unknown in explicit form. They are used extensively in physics,
engineering, and numerical analysis to simplify calculations and understand
local behavior of functions.

Understanding the Definition of a Taylor Series

The Formal Definition
The Taylor series of a function \(f(x)\) centered at \(a\) is given by:
\ [

f(x) = \sum {n=0}"\infty \frac{f*{(n)}(a)}{n!'} (x - a)”n.
\1

This series converges to \(f(x)\) within its radius of convergence, which
depends on the function's properties.



Key Features

- Center Point \(a\): The point around which the function is expanded.

- Derivatives at \(a\): The coefficients depend on the derivatives evaluated
at \(a\).

- Polynomial Approximation: Truncating the series at a finite number of terms
yields a polynomial approximation.

- Convergence: The series may not converge for all \(x\), but within a
certain radius around \(a\), it provides a good approximation.

Step-by-Step Process to Find the First Four
Nonzero Terms of \(f(x)\)

The goal is to find the first four nonzero terms of the Taylor series for a
given function \(f(x)\), centered at \(a\). The process involves:

Identify the function \(f(x)\) and the point \(a\).

Compute derivatives of \(f(x)\) at \(a\).

Evaluate these derivatives at \(a\).

Use the derivatives to write out the terms of the series.
Determine which terms are nonzero and select the first four.
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Let's illustrate this process with an example.

Example: Find the first four nonzero terms of \(f(x)
= e~{x}\) centered at \(a=0\).
Step 1: Identify \(f(x)\) and \(a\).

- \(f(x) = e™{x}\),
- \(a=0\).

Step 2: Compute derivatives of \(f(x)\).

Since \(f(x) = e™{x}\), all derivatives are the same:
\ [

fA{(n)}(x) = e~{x}

\1

for all \(n\).

Step 3: Evaluate derivatives at \(a=0\).



\ [

f~{(n)}(0) = e~{0} = 1,
\1]

for all \(n\).

Step 4: Write the Taylor series expansion.

\ [

f(x) = \sum {n=0}"\infty \frac{f*{(n)}(0)}{n'} x*n = \sum {n=0}"\infty
\frac{1}{n'} x"n.

\1]

Step 5: Find the first four nonzero terms.

Since all derivatives are nonzero and equal to 1, the first four terms are:

\ [

\boxed{

1 + x + \frac{x™2}{2'} + \frac{x"3}{3!}
}

\1]

which simplifies to:
\ [

1 + x + \frac{x"2}{2} + \frac{x"3}{6}.
\1

Applying the Process to Different Functions

The above example demonstrates a straightforward case with \(f(x) = e™~{x}\).
For more complex functions, the process involves careful computation of
derivatives, which may involve product, quotient, or chain rules.

Example 2: \(f(x) = \sin x\), centered at \(a=0\)

Derivatives:

- \(f(x) = \sin x\),

- \(f*{(1)}(x) = \cos x\),

- \(f~{(2)}(x) = -\sin x\),

- \(f*{(3)}(x) = -\cos x\),

- \(f*{(4)}(x) = \sin x\),
0

Evaluations at \(a=0\):



1\),
= 0\),
= -1\),
0\).
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Series terms:

\ [
f(x) =0+ \frac{1}{1'}x + 0 + \frac{-1}{3!'}x"3 + 0 + \ldots
\]

The first four nonzero terms are:

\ [
x - \frac{x"3}{6}.
\1]

Note that the pattern continues with only odd powers, aligning with the
nature of sine.

Features, Pros, and Cons of Using Taylor Series

Features:

- Local Approximation: Taylor series provide precise local approximations
near the center point \(a\).

- Analytic Functions: For functions that are infinitely differentiable and
equal to their Taylor series, the expansion converges to the function.

- Versatility: Applicable to a wide range of functions, including
exponential, trigonometric, and logarithmic functions.

Pros:

- Simplifies complex functions to polynomials for easier computation.
- Useful for numerical methods, such as Simpson's rule or differential
equations.

- Facilitates understanding of the function's behavior near \(a\).

Cons:

- Limited Radius of Convergence: Series may not converge beyond a certain
interval.

- Slow Convergence: For some functions, many terms are needed for accurate
approximation.

- Computationally Intensive: Derivative calculations can become complex for
complicated functions.

- Non-analytic Functions: Functions that are not infinitely differentiable
cannot be represented by Taylor series globally.



Tips for Efficiently Finding the First Four
Nonzero Terms

- Start with derivatives: Always verify whether derivatives are zero to avoid
unnecessary calculations.

- Look for patterns: For functions with known derivative cycles (like sine
and cosine), use pattern recognition.

- Center carefully: The choice of \(a\) affects convergence; often \(a=0\)
simplifies derivatives.

- Check for zero derivatives: Be aware that some derivatives may vanish at
\(a\), influencing the initial terms.

- Use software tools: For complicated derivatives, software like WolframAlpha
or calculators can assist in derivatives' computation.

Conclusion

Using the definition of a Taylor series to find the first four nonzero terms
of \(f(x)\) centered at a point involves a systematic approach: calculating
derivatives, evaluating them at the center, and constructing the polynomial
terms. This process not only reinforces understanding of derivatives and
function behavior but also provides practical tools for approximation and
analysis. Whether dealing with simple exponential functions or more complex
trigonometric and logarithmic functions, mastering this technique is
essential for students and professionals in mathematics, physics, and
engineering. While limitations exist, such as convergence issues, the Taylor
series remains a powerful method for local analysis and approximation of
functions.

By practicing with various functions and centers, one can develop intuition
and proficiency, enabling effective application of Taylor series in diverse
mathematical contexts.
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