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Power Series For The Function, is a fundamental approach in calculus and
mathematical analysis to represent functions as infinite sums. Power series
are invaluable tools in various fields such as engineering, physics, and
computer science, providing a means to approximate complex functions with
polynomial expressions that are easier to manipulate and evaluate.

In this article, we will explore how to derive a power series for the
function \( \frac{1}{1 - x} \) using the geometric series expansion,
understand the conditions for convergence, and discuss applications of power
series in solving differential equations, computing integrals, and more.

Understanding Power Series and Their
Significance

A power series is an infinite sum of the form:

\ [

\sum {n=0}"{\infty} a n (x - ¢)”n
\1]

where:

-\ ( \) are the coefficients,

an
- \( c \) is the center of the series,
- \( x \) is the variable.

Power series allow us to express many functions as infinite polynomials,
which can be used for approximation, analysis, and solving differential
equations. The key advantages include:

- Simplifying complex functions into manageable series,

- Enabling easy differentiation and integration term-by-term,

- Facilitating numerical computations for function evaluation.



The Geometric Series and Its Connection to
Power Series

The geometric series is one of the most fundamental series in mathematics:

\ [
\sum_ {n=0}"{\infty} r~n = \frac{1}{1 - r} \quad \text{for} \quad |r| <1
\1]

This series converges when the absolute value of the common ratio \( r \) is
less than 1.

Key points:

- The sum of a geometric series is valid only within its radius of
convergence \( |r|] < 1\).

- It provides a direct link to power series representations of functions like
\( \frac{1}{1 - x} \).

Deriving the Power Series for \( \frac{l}{1l -
X} \)

Let's focus on expressing \( \frac{1l}{1l - x} \) as a power series.
Recognizing the form of the geometric series:

\ [
\frac{1}{1 - r} = \sum {n=0}"\infty r~n, \quad |r| <1
\1]

we can substitute \( r = x \) (for \( |x] <1\)):

\ [
\frac{1}{1 - x} = \sum {n=0}"\infty x”n
\1]

Therefore, the power series expansion of \( \frac{1}{1 - x} \) is:

\ [

\boxed{

\frac{1}{1 - x} = \sum {n=0}"\infty x*n, \quad |x| <1
}

\]

This series converges for all \( x \) satisfying \( |x]|] < 1 \).



Understanding the Radius of Convergence

The radius of convergence indicates the interval within which the power
series converges to the original function.

- For the geometric series \( \sum x”n \), the radius of convergence is \( R
=11\).
- Outside this radius (i.e., \( |x]| \geq 1 \)), the series diverges.

Implications:

- The power series provides a valid representation of \( \frac{1}{1l - x} \)
only when \( [x| < 1\).

- At the boundary \( |x| = 1 \), the series does not converge everywhere; for
example, it diverges at \( x =1 \).

Applications of the Power Series Expansion

Power series representations serve as powerful tools in various mathematical
contexts:

1. Function Approximation

- Power series allow approximation of functions near a point \( c \) using
partial sums of the series.

- For example, Taylor series expansion around \( c=0 \) (Maclaurin series)
for \( \frac{1}{1 - x} \) is the geometric series itself.

2. Solving Differential Equations

- Power series methods are used to find solutions to differential equations
that cannot be solved algebraically.

- The series expansion simplifies the process of finding particular
solutions.

3. Integration and Differentiation

- Term-by-term differentiation and integration of power series are valid
within the radius of convergence.
- This simplifies calculations involving complex functions.



4. Numerical Computation

- Power series are used in algorithms to evaluate functions with high
precision, especially when direct computation is challenging.

Extending the Power Series to Other Functions

The methodology used for \( \frac{1}{1 - x} \) can be extended to other
functions by recognizing their relation to geometric series or by
differentiating/integrating known series.

Examples include:

- Logarithmic functions:

\ [

-\ln(1 - x) = \sum_{n=1}"\infty \frac{x"n}{n}, \quad |x| <1
\1]

- Arctangent function:

\ [
\arctan x = \sum {n=0}"\infty \frac{(-1)"n x*{2n+1}}{2n+1}, \quad |x| \leq 1
\1

- Exponential functions:

\ [

e™x = \sum {n=0}"\infty \frac{x"n}{n!'}
\1

Each of these series has a specific radius of convergence and applications.

Practical Steps to Find Power Series for a
Given Function

When tasked with finding a power series for a specific function:

Step 1: Identify if the function relates to a known geometric series or other
standard series.

Step 2: Express the function in a form involving a geometric series or



manipulate it algebraically to match a known series.

Step 3: Determine the interval or radius of convergence based on the series
used.

Step 4: Write the series explicitly, specifying the bounds for \( x \).

Step 5: Use differentiation or integration if needed to derive series for
related functions.

Example Problem: Find the power series
expansion of \( \frac{1}{(1 - x)"2} \)

This function is related to the geometric series derivative.
Solution:
The geometric series:

\ [
\frac{1}{1 - x} = \sum {n=0}"\infty x”n, \quad |x| <1
\1]

Differentiate both sides with respect to \( x \):

\ [

\frac{d}{dx} \left( \frac{1}{1 - x} \right) = \frac{d}{dx} \left(
\sum_{n=0}"\infty x”n \right)

\1]

Calculating derivatives:

\ [
\frac{1}{(1 - x)"2} = \sum {n=1}"\infty n x~{n-1}
\1]

Multiply both sides by \( x \):

\ [
\frac{x}{(1 - x)"2} = \sum {n=1}"\infty n x~{n}
\1]

Thus, the power series expansion for \( \frac{1}{(1 - x)"2} \):

\ [
\boxed{



\frac{1}{(1 - x)"2} = \sum {n=1}"\infty n x~{n-1}
}
\1

which converges for \( |x| < 1 \).

Summary and Key Takeaways

- Power series are a fundamental representation of functions, providing
useful approximations and analytical tools.

- The geometric series \( \sum {n=0}"\infty r“n = \frac{1}{1 - r} \) for \(
|r] < 1\) is the foundation for expressing \( \frac{1}{1 - x} \) as a power
series.

- The power series for \( \frac{1}{1 - x} \) is \( \sum {n=0}"\infty x*n \),
valid for \( |x| <1 \).

- Understanding the radius of convergence helps determine where the series
accurately represents the function.

- Power series techniques are widely applicable in solving differential
equations, approximating functions, and performing numerical analysis.

Conclusion

The ability to express functions as power series unlocks numerous analytical
opportunities and enhances computational methods. Recognizing the geometric
series as a key building block allows for straightforward derivation of
series for functions like \( \frac{1l}{1l - x} \). Mastery of power series
expands mathematical understanding and provides essential tools for tackling
complex problems across scientific disciplines.

Meta Note: If you wish to explore more advanced topics like Taylor and
Maclaurin series, radius of convergence analysis, or series acceleration
methods, those can be included to deepen your understanding of power series
applications.

Frequently Asked Questions



What is the main goal when using power series to
find a function's representation?

The main goal is to express the function as an infinite sum of terms
involving powers of x, which can simplify analysis and calculations,
especially near a specific point like x=0.

How is the geometric series used to derive power
series for functions?

The geometric series sum 1/(1 - x) = X {n=0}"w x*n for |[x| < 1 serves as a
fundamental example, and many functions can be expressed as derivatives or
integrals of this series to obtain their power series expansions.

What is the significance of the condition |x| < 1 in
power series expansions?

The condition |x| < 1 ensures the convergence of the power series, making the
infinite sum a valid representation of the function within that radius of
convergence.

How can we find the power series for functions like
1/(1 + x) or e™x?

By manipulating known geometric or exponential series, for example, 1/(1 + x)
= ¥ {n=0}" (-1)"n x*n, and e™x = X {n=0}"w x*n / n!, valid within their
respective radius of convergence.

What role does differentiation and integration play
in generating power series for functions?

Differentiation and integration can be used to derive power series for
related functions, especially when the original series is known, by term-by-
term differentiation or integration within the radius of convergence.

How do you find the power series for a function
given its sum formula?

You expand the sum formula into a power series by expressing it as an
infinite sum of powers of x, often using binomial expansion or known series
expansions, ensuring |x| remains within the radius of convergence.

What is the process to find a power series
representation for a function like arctangent?

Start from a known series, such as arctangent's integral representation or



its Maclaurin series: arctangent(x) = X {n=0}"w (-1)"n x~{2n+1} / (2n+1),
valid for [x| = 1.

Why is it important to determine the radius of
convergence when working with power series?

The radius of convergence indicates the interval within which the power
series converges to the function, ensuring the validity and accuracy of the
series representation in that domain.

Can power series be used to approximate functions
outside their radius of convergence?

Generally, power series do not converge outside their radius of convergence;
however, techniques like analytic continuation can sometimes extend the
domain of the series or approximate the function beyond that interval.

How does the power series for 1/(1 - x) help in
deriving series for other functions?

Since 1/(1 - x) = £ {n=0}"» x™n, it serves as a fundamental building block;
many functions can be expressed in terms of this series or its derivatives
and integrals, facilitating the derivation of their power series expansions.

Additional Resources

Use The Power Series 1 / (1 - x) =% (n=0 to ») n x*n, N =0, |x|] <1 to Find
a Power Series for the Function

Understanding how to derive power series expansions of functions is a
fundamental skill in calculus and mathematical analysis. In particular, the
power series for the function 1 / (1 - x) serves as a cornerstone for many
advanced topics, including Taylor series, generating functions, and solving
differential equations. This article provides a comprehensive guide on using
the power series 1 / (1 - x) = £ (n=0 to ») n x*n, N =0, |x|] <1 to find a
power series representation for a related function. Whether you're a student,
educator, or enthusiast, this step-by-step approach will deepen your
understanding of series expansions and their applications.

Introduction to Power Series and the Geometric Series

Before diving into the specific problem, it's essential to review the basics
of power series and their significance.

What is a Power Series?



A power series is an infinite sum of the form:

\[ \sum {n=0}"{\infty} a n (x - c)™n \]

where:

- \(a_n\) are coefficients,

- \(c\) is the center of the series (often zero),

- \(x\) 1is the variable.

Power series are useful because they allow us to express complex functions as
infinite polynomials within a certain radius of convergence.

The Geometric Series
One of the most fundamental power series is the geometric series:
\[ \frac{1}{1 - x} = \sum {n=0}"{\infty} x”n, \quad |x| < 1 \]

This series converges for all \(x\) with absolute value less than 1 and
provides a basis for many other series expansions.

The Power Series for 1 / (1 - x): The Starting Point
The problem states:

> Use the power series \( \frac{1l}{1l - x} = \sum {n=0}"{\infty} x”n \), with
\( N=0\) and \( |x] <1\), to find a power series for a related function.

This is a classic and well-understood series that converges when \(|x]| < 1\).

It serves as a foundation for deriving series for functions that involve
derivatives, integrals, or algebraic manipulations of \(1/(1 - x)\).

Goal: Find a Power Series for \( \frac{1}{(1 - x)~k} \)

Suppose we want to find a power series expansion for functions of the form:
\[ \frac{1}{(1 - x)7k} \l

where \(k\) is a positive integer (or even a real number).

Why is this important?

- These functions appear frequently in combinatorics, calculus, and physics.

- They generalize the geometric series.
- They can be derived via differentiation or integration of the basic series.



Step-by-Step Methodology

Let's outline a general approach for deriving the power series for \(
\frac{1}{(1 - x)”k} \) using the known series for \( \frac{1}{1l - x} \).

Step 1: Recognize the Base Series
Recall:
\[ \frac{1}{1 - x} = \sum {n=0}"{\infty} x”n, \quad |x]| < 1 \]

This series converges within its radius of convergence and serves as the
starting point.

Step 2: Use Differentiation or Integration

To find the series for powers of \( \frac{1}{1 - x} \), you can differentiate
or integrate the base series.

- Differentiating \( \frac{1}{1 - x} \) with respect to \(x\) introduces
factors of \(n\).

- Integrating can produce series with binomial coefficients or generalized
terms.

Deriving the Power Series for \( \frac{1l}{(1 - x)”k} \)
For Positive Integer \(k\):
The key is to recognize that:

\[ \frac{1}{(1 - x)”k} = \sum {n=0}"\infty \binom{n + k - 1}{k - 1} x”n,
\quad |x| < 1 \]

This is a standard binomial series expansion for negative integer powers,
derived from the generalized binomial theorem.

Explanation:

- The coefficients \( \binom{n + k - 1}{k - 1} \) are known as binomial
coefficients with non-integer upper index.

- They can be computed as:

\[ \binom{n + k - 1}{k - 1} = \frac{(n + k - 1)!'}{n! (k - 1)'} \]
Example:

For \(k=2\):

\[ \frac{1}{(1 - x)"2} = \sum {n=0}"\infty (n + 1) x*n \]



which aligns with the derivative of the geometric series.

Using Differentiation to Find Series for \( \frac{1l}{(1 - x)"k} \)
Step 1: Start with the basic series:

\[ \frac{1}{1 - x} = \sum {n=0}"\infty x"n \]

Step 2: Differentiate both sides \( (k-1) \) times:

\[ \frac{d™{k-1}}{dx"~{k-1}} \left( \frac{1}{1 - x} \right) =
\frac{d™{k-1}}{dx"{k-1}} \left( \sum {n=0}"\infty x”n \right) \]

Step 3: Compute derivatives:
- Left side:

\[ \frac{d"{k-1}}{dx~{k-1}} \left( \frac{1l}{1l - x} \right) = \frac{(k-1)!}{(1
- X)™k} \]

- Right side:

\[ \sum {n=0}"\infty \frac{d"{k-1}}{dx~{k-1}} x*n = \sum_ {n=0}"\infty
\frac{n!}{(n - (k-1))!'} x*{n - (k-1)} \]

which simplifies to a series involving binomial coefficients.
Step 4: Rearrange to get the series:

\[ \frac{1}{(1 - x)"k} =
(k-1)) '} x™{n - (k-1)} \]

\frac{1}{(k-1)'} \sum {n=k-1}"\infty \frac{n!'}{(n -
or, equivalently:
\[ \frac{1}{(1 - x)"k} = \sum {n=0}"\infty \binom{n + k - 1}{k - 1} x"n \]

matching the binomial coefficient approach described earlier.

Practical Applications and Examples

Let's now look at some specific cases and how to compute their power series.
Example 1: Power Series for \( \frac{1}{(1 - x)~3} \)

Using the formula:

\[ \frac{1}{(1 - x)"k} = \sum {n=0}"\infty \binom{n + k - 1}{k - 1} x”n \]



for \(k=3\):

\[ \frac{1}{(1 - x)"3} = \sum_{n=0}"\infty \binom{n + 2}{2} x"n \]
which simplifies to:

\[ \sum {n=0}"\infty \frac{(n+2) (n+1)}{2} x*n \]

Example 2: Deriving a Series for \( \frac{1}{(1 - x)"4} \)
Similarly:

\[ \frac{1}{(1 - x)"~4} = \sum_ {n=0}"\infty \binom{n + 3}{3} x"n \]
with coefficients:

\[ \binom{n+3}{3} = \frac{(n+3) (n+2) (n+1)}{6} \]

Application in Calculus:

- Finding Maclaurin series expansions.

- Approximating functions near \(x=0\).

- Solving differential equations with power series methods.
- Analyzing combinatorial identities.

Summary and Key Takeaways

- The power series expansion for \( \frac{1}{1l - x} \) is a fundamental
building block for deriving series for more complex functions.

- By differentiating or integrating the base series, or applying the binomial
theorem, we can find power series for functions like \( \frac{1}{(1 - x)~k}
\).

- The general form:

\[ \frac{1}{(1 - x)"k} = \sum {n=0}"\infty \binom{n + k - 1}{k - 1} x”"n,
\quad |[x]| < 1 \]

Use The Power Series 1 1 X Infinity 1 Nxn N0 X It 1 To Find A
Power Series For The Function
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