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Understanding how to calculate the volume of a solid generated by rotating a
region bounded by curves is a fundamental concept in calculus. This method
involves using the disk or washer method, which provides a systematic
approach to determine volumes of revolution. Whether you're a student
preparing for calculus exams or a professional applying these techniques in
engineering or physical sciences, mastering this method is essential. In this
article, we'll explore the principles behind using disks and washers to find
the volume of solids obtained by rotating bounded regions, including step-by-
step procedures, examples, and tips for effective application.

Fundamentals of Volumes of Revolution

What is a Region Bounded by Curves?

A region bounded by curves is an area on the xy-plane limited by one or more

functions. For example, the region between y = f(x) and y = g(x), between x =
a and x = b, forms the basis for many volume calculations when this region is
revolved around an axis.

Revolution About an Axis

Rotating a bounded region about an axis—such as the x-axis or y-axis—creates
a three-dimensional solid. The goal is to find the volume of this solid using
calculus techniques.

Why Use Disks and Washers?

The disk and washer methods simplify the complex shape of a solid into
manageable slices. Each slice's volume can be approximated and summed using
integration, providing an exact volume when the limit is taken as the slice
thickness approaches zero.



Understanding the Disk Method

Concept of the Disk Method

The disk method applies when the solid is formed by revolving a region around
an axis and the cross-sections perpendicular to the axis are circles with no
holes (i.e., solid disks).

When to Use the Disk Method

- When the region is revolved around the x-axis, and the cross-sections
perpendicular to the x-axis are disks.
- When the region is revolved around the y-axis, and the cross-sections
perpendicular to the y-axis are disks.

Formula for the Disk Method

If rotating around the x-axis:

\ [

V = \pi \int {a}"~{b} [f(x)]"2 dx

\1]

where \(f(x)\) is the radius of the disk at point x.

If rotating around the y-axis:

\ [

V = \pi \int_{c}"{d} [g(y)]"2 dy

\1]

where \(g(y)\) is the radius at point y.

Understanding the Washer Method

Concept of the Washer Method

The washer method extends the disk method to situations where the solid has a
hollow center—like a donut shape. Each cross-section is a washer—a disk with
a hole-rather than a solid disk.

When to Use the Washer Method

- When the region is revolved around an axis and the area between two curves
is being rotated.
- When the solid has an inner radius (hole) and an outer radius.



Formula for the Washer Method

Revolving around the x-axis:

\ [

V = \pi \int {a}"{b} \left( [R {\text{outer}}(x)172 - [R {\text{inner}}(x)]"2
\right) dx

\1

where:

- \(R {\text{outer}}(x)\) is the distance from the axis of rotation to the
outer curve.

- \(R_{\text{inner}}(x)\) is the distance to the inner curve.

Similarly, for revolutions around the y-axis:

\ [

V = \pi \int {c}"~{d} \left( [R {\text{outer}}(y)172 - [R {\text{inner}}(y)]"2
\right) dy

\1

Step-by-Step Procedure for Finding Volume Using
Disks and Washers

1. Identify the Region and the Axis of Rotation

- Sketch the curves and the bounded region.
- Determine around which axis the region will be rotated.

2. Find the Limits of Integration

- Determine the points of intersection of the curves to find the bounds \(a,
b\) (or \(c, d\)).

3. Express the Radii in Terms of the Variable

- For disks: find the function that gives the radius at any point.
- For washers: find the outer and inner radii functions.

4. Set Up the Integral

- Use the appropriate formula based on the method (disk or washer).
- Write the integral with proper limits and integrand.



5. Compute the Integral

- Use calculus techniques to evaluate the definite integral.
- Simplify to find the exact volume.

6. Interpret the Result

- Verify the units.
- Confirm the physical reasonableness of the volume.

Practical Examples of Using Disks and Washers

Example 1: Volume of a Solid of Revolution Using
Disks

Problem: Find the volume of the solid obtained by rotating the region bounded
by \( 'y = x*2 \) and \( y = 4 \) about the x-axis.

Solution:

- Region bounded between \( x = 0 \) and \( x = 2 \) (since \( y =4 \) and
\(y =x"2\) intersect at \( x = \pm 2 \), take \( x =0 \) to \( \)).

- Radius at any \( x \) is \( f(x) =y = x*2 \).

- Volume:

\ [

= \pi \int {0}7{2} [x"2]72 dx = \pi \int {0}"{2} x™4 dx = \pi \left]
\frac{x”5}{5} \right] 072 = \pi \frac{32}{5} = \frac{32 \pi}{5}
\1]

Example 2: Volume of a Solid Using Washers

Problem: Find the volume of the solid formed by revolving the region between
\(y =x\)and \(y=x"21\) from \( x=0 \) to \( x=1 \), about the x-axis.

Solution:
- Quter radius \( R {\text{outer}} =y = x \).
- Inner radius \( R {\text{inner}} =y = x"2 \).
- Volume:
\ [
= \pi \int 071 \left( x"2 - (x"2)7"2 \right) dx = \pi \int 071 (x™2 - x™4)
dx
\1
- Evaluate:
\ [

= \pi \left[ \frac{x"3}{3} - \frac{x"5}{5} \right] 071 = \pi \left(
\frac{1}{3} - \frac{1}{5} \right) = \pi \left( \frac{5 - 3}{15} \right) =
\frac{2 \pi}{15}



\]

Tips and Common Mistakes

e Always sketch the region: Visualizing the region and axes helps in
setting up correct radii and limits.

e Check the bounds carefully: Intersections of curves determine the limits
of integration.

e Identify the correct axis of revolution: Distinguishing whether we're
revolving around x or y axis influences the formula and variables used.

* Use symmetry when possible: Symmetric regions can simplify calculations.

e Be cautious with inner and outer radii: Mistakes here lead to incorrect
volumes, especially with washers.

Conclusion

Using disks and washers to find the volume of solids obtained by rotating
bounded regions is a powerful method in integral calculus. By carefully
analyzing the region, choosing the appropriate method, and setting up the
integral correctly, you can evaluate complex volume problems with confidence.
Practice with various functions and rotation axes to strengthen your
understanding. Remember, visualization and accurate identification of radii
and bounds are key to solving these problems effectively. Whether for
academic purposes or practical applications, mastering the disk and washer
methods enhances your calculus toolkit and deepens your understanding of
three-dimensional geometry.

Frequently Asked Questions

How do I determine whether to use the disk method or
the washer method when finding the volume of a
rotated region?

Use the disk method when the region is bounded by a curve and rotates around
an axis with no inner radius (solid of revolution without holes). Use the
washer method when the region is bounded between two curves and rotates
around an axis, creating a hollow (with an inner and outer radius).



What is the step-by-step process to set up an
integral using the washer method for a given region?

First, identify the curves bounding the region and the axis of rotation. Find
the outer radius (distance from axis to outer curve) and inner radius
(distance from axis to inner curve). Express these as functions of the
variable (x or y). Then, set up the integral of m times the difference of the
squares of the outer and inner radii, integrated over the relevant interval.

How do I determine the limits of integration when
using disks or washers?

Identify the points where the region intersects the axis of rotation or where
the bounding curves meet. These intersection points define the limits of
integration, typically in terms of x or y, depending on the axis of rotation
and the orientation of the region.

Can you give an example of setting up a volume
integral using the washer method?

Suppose the region between y = x*2 and y = 4 is rotated around the x-axis.
The outer radius is R outer = 2 (from y=4), and the inner radius is R inner =
Vx (from y=x"2). The limits are from x=0 to x=4. The volume is V = mfe* [

(R outer)”2 - (R inner)”2 ] dx = mJoe?* [4 - x] dx.

What are common mistakes to avoid when using disks
or washers to find volume?

Common mistakes include mixing up the inner and outer radii, incorrect limits
of integration, forgetting to square the radii inside the integral, and not
correctly identifying the region or axis of rotation. Always double-check the
bounds and radii expressions.

How does the choice of axis of rotation affect the
setup of the integral using disks or washers?

The axis of rotation determines whether you integrate with respect to x or y
and affects how you express the radii. For rotation around the x-axis,
typically use slices perpendicular to the x-axis; for the y-axis, slices are
perpendicular to the y-axis. The radii are measured from the axis of rotation
to the curves.

Are there any techniques to simplify the integral
when using washers or disks?

Yes, techniques include substitution to handle complicated radii expressions,
symmetry to reduce the limits, and recognizing geometric shapes to evaluate



the integral more easily. Sometimes, splitting the region into parts
simplifies the setup.

Additional Resources
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Understanding how to find the volume of a solid obtained by rotating a region
bounded by curves is a fundamental aspect of integral calculus, especially in
applications involving volume calculations. The methods involving disks and
washers are powerful techniques that allow mathematicians and students alike
to evaluate these volumes with precision. These methods are particularly
useful when dealing with regions that are symmetric or have simple geometric
boundaries, providing a straightforward approach to complex three-dimensional
problems.

Introduction to the Concept

The process of determining the volume of a solid obtained by rotating a
region around an axis is known as the method of disks and washers. It
involves slicing the solid into thin, manageable pieces (disks or washers),
calculating the volume of each slice, and then summing these slices using
integration. This approach transforms a seemingly complex three-dimensional
problem into a series of simpler, one-dimensional integrals.

The choice between disks and washers depends on the geometry of the region
and the axis of rotation. Disks are used when the solid has a uniform cross-
section perpendicular to the axis of rotation, while washers are applied when
there is a hollow or hollowed-out section, creating an annular cross-section.

Understanding the Region and Axis of Rotation

Before applying the disk or washer method, it is crucial to understand the
bounded region and the axis of rotation.

Identifying the Region

- Bounded by Curves: The region is typically defined by two or more curves,
such as \(y = f(x) \) and \( y = g(x) \), or \( x = h(y) \) and \( x = k(y)



\).

- Intersections: Determining the points of intersection helps establish the
bounds for integration.

- Shape and Symmetry: Recognizing symmetry can simplify calculations,
especially when rotating around axes that pass through symmetric points.

Choosing the Axis of Rotation

- The axis could be the x-axis, y-axis, or any line parallel or perpendicular
to the coordinate axes.

- The choice influences whether the slices are horizontal or vertical and
determines the variable of integration.

Method 1: Using Disks

The disk method is suitable when the region is revolved around an axis such
that the cross-sectional slices are solid disks with no hollow center.

Formula for the Disk Method

- When rotating around the x-axis:

Ni
V = \pi \int {a}*{b} [R(x)1"2 \, dx
\]

- When rotating around the y-axis:

\[
V = \pi \int_{c}"{d} [R(y)]"2 \, dy
\]

where \( R(x) \) or \( R(y) \) is the radius of a typical disk at a given
point.

Steps to Apply the Disk Method

Identify the bounded region and the axis of rotation.

Express the radius of the disk in terms of the variable of integration.
Determine the bounds of integration based on the intersection points.
Set up the integral using the formula above.

Compute the integral to find the volume.

U s~ WN R



Example

Suppose the region between \( y = \sqrt{x} \) and \( y=0 \), from \( x=0 \)
to \( x=4 \), is rotated about the x-axis.

) = \sqrt{x} \).

- Radius \( R(x
=0 \), \( b=4 \).

- Bounds \( a

Applying the formula:

\ [

V = \pi \int {0}~{4} (\sqrt{x})"2 \, dx = \pi \int {0}"{4} x \, dx = \pi
\left[\frac{x"2}{2}\right] 074 = \pi \left(\frac{16}{2}\right) = 8\pi

\1]

The volume of the solid is \( 8\pi \) cubic units.

Method 2: Using Washers

When the solid has a hollowed-out center, such as when rotating a region
bounded by two curves around an axis, the washer method is appropriate. It
accounts for the "hole" by subtracting the volume of the inner disk from the
outer disk.

Formula for the Washer Method

- When revolving around the x-axis:

\ [
V = \pi \int {a}"{b} \left( [R {outer}(x)172 - [R {inner}(x)]"2 \right) dx
\1

- When revolving around the y-axis:

\ [
V = \pi \int {c}"™{d} \left( [R {outer}(y)172 - [R {inner}(y)]”2 \right) dy
\1

Steps to Apply the Washer Method

1. Identify the outer and inner radii based on the curves defining the
region.

2. Express these radii in terms of the variable of integration.

3. Determine the bounds of integration.

4. Set up and evaluate the integral.



Example

Consider the region bounded by \( y = x*2 \) and \( y=4 \), rotated around
the y-axis.

- The outer radius \( R {outer}(y) \) corresponds to \( x = \sqrt{y} \).
- The inner radius \( R {inner}(y) \) is zero, as the region extends from \(
x=0 \).

- The bounds are from \( y=0 \) to \( y=4 \).

Applying the formula:

\ [

V = \pi \int_{0}~{4} (\sqrt{y})"2 - 072 \, dy = \pi \int_{0}"{4} y \, dy =
\pi \left[\frac{y"2}{2}\right] 074 = \pi \left(\frac{16}{2}\right) = 8 \pi
\1]

Again, the volume is \( 8\pi \) cubic units.

Choosing Between Disks and Washers

Selecting the appropriate method depends on the shape of the region:

- Use the Disk Method when the cross-section perpendicular to the axis of
rotation is a full disk (no hole).

- Use the Washer Method when the cross-section is an annulus (ring-shaped),
typically when the region is bounded by two curves and rotated around an
axis.

Features & Pros/Cons:

| Aspect | Disks | Washers |

|- REREREEEE EEREEEERE |

| Suitable for | Regions with no hollow center | Regions with a hollow center
(annular cross-section) |

| Complexity | Slightly simpler to set up | Slightly more complex, but more
versatile |

| Calculation | Straightforward when region is simple | Requires calculating
inner and outer radii |

| Pros | Easy to visualize and set up | Accommodates complex regions with
holes |

| Cons | Limited to regions without holes | Slightly more involved setup |



Common Challenges and Tips

1. Correctly identifying the bounds of integration:
Ensure the limits correspond to the intersection points of the curves
defining the region.

2. Expressing radii accurately:
Double-check whether the radii are measured from the axis of rotation to the
curve or between curves.

3. Handling different axes of rotation:
If rotating around a line other than the x- or y-axis, shift the coordinate
system or adjust radii accordingly.

4. Symmetry considerations:
Leverage symmetry to simplify calculations, especially when the region or the
axis of rotation is symmetric.

5. Visualizing the slices:
Sketch the region and the slices to understand the shape of the cross-
sections clearly.

Advanced Applications and Variations

- Rotations around arbitrary lines:
More complex problems involve rotating around lines not aligned with the
axes, requiring coordinate transformations.

- Using cylindrical shells:

An alternative method, especially when the shell method simplifies the
integral, involves integrating the volume of cylindrical shells instead of
disks or washers.

- Numerical methods:

For complicated functions, numerical integration methods can approximate the
volume when an explicit integral is difficult to evaluate analytically.

Conclusion

Using disks or washers to find the volume of a solid obtained by rotating a
bounded region is a cornerstone technique in integral calculus, enabling



precise computation of volumes in a variety of geometric contexts. Mastery of
these methods entails understanding the geometry of the region, choosing the
correct method based on the shape of cross-sections, and accurately setting
up the integral expressions. While straightforward in many cases, complex
regions and axes of rotation can present challenges that require careful
analysis and visualization. Nonetheless, these techniques form a fundamental
toolkit for students and professionals dealing with volume calculations in
mathematics, physics, engineering, and related fields. Their flexibility and
power make them indispensable for analyzing the three-dimensional
implications of two-dimensional regions bounded by curves.

In summary:

- Disks are ideal for regions without holes, leading to simpler integrals.
- Washers handle hollow regions, requiring subtracting inner from outer
volumes.

- Proper identification of radii, bounds, and the
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