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When approaching the differentiation of rational functions, students often encounter the quotient rule,
which provides a straightforward method for differentiating functions that are expressed as a quotient
of two functions. However, understanding alternative methods—particularly function rewriting—can
deepen comprehension and enhance problem-solving flexibility. This article explores the process of
completing a table to find derivatives without relying on the quotient rule, focusing instead on
rewriting the function into an more manageable form, such as a product or sum, and then applying
basic differentiation rules. By systematically analyzing the function and its components, learners can
develop a more intuitive grasp of differentiation techniques, which is especially useful in complex or
composite functions.

Understanding the Purpose of the Table

Before delving into the process of rewriting functions and completing the table, it is essential to
understand the purpose of the table itself. Typically, such tables aim to organize data points or
function values that facilitate the calculation of derivatives at specific points. When the task involves
rewriting the function, the table can help visualize how the function behaves and how its components
change, ultimately leading to the derivative.

The primary goal is to:
- Break down the original function into simpler parts.

- Calculate the derivatives of these parts individually.
- Use algebraic manipulation to derive the derivative of the original function without the quotient rule.

Step-by-Step Process for Rewriting and Completing the
Table

1. Identify the Original Function

Begin with the given function, typically expressed as a quotient:



\[

f(x) = \frac{g(x)}{h(x)}
\]

For example, consider:

\[
f(x) = \frac{x™2 + 3x + 2}{x + 1}
\]

The goal is to find \(f'(x)\) without using the quotient rule.

2. Rewrite the Function to Avoid the Quotient Rule

The key step is to algebraically manipulate the function into an alternative form—preferably as a sum,
difference, or product—that simplifies differentiation. Common techniques include:

- Polynomial division when the degree of numerator = degree of denominator.
- Factoring numerator and denominator to cancel common factors.
- Expressing the quotient as a sum or difference of simpler functions.

Example: Polynomial Division
Divide numerator by denominator to rewrite the function as:

\[
f(x) = \frac{x"2 + 3x + 2}{x + 1}
\]

Perform polynomial division:

\[
X2+ 3x+2=(x+1)(x+2)

\]

Thus,

\[
f(x)=x+2
\]

Now, the function is simply \(f(x) = x + 2\), which has a straightforward derivative.
When polynomial division is not applicable, consider rewriting as a product:

\[
f(x) = g(x) \times h(x) \quad \text{or} \quad f(x) = g(x) + h(x)
\]



3. Complete the Table of Values

Construct a table with selected values of \(x\), the original function \(f(x)\), and the rewritten form if
applicable. For each \(x\), compute:

- The original function value.
- The rewritten function value (if the rewriting was successful).
- The approximate derivative at that point (using difference quotient).

Example Table:

[ \(x\) | \(FO)\) (original) | \(f(x)\) (rewritten) | Approximate \(f'(x)\) |

I | I | I

| -2 | \(\frac{4 - 6 + 2}{-2 + 1} =\frac{0}{-1} = 0\) | \(-2 + 2 = 0\) | (compute using difference
quotient) |

| -1 | \(\frac{1 -3+ 2}{-1 + 1} =\frac{0}{0}\) | undefined (removable discontinuity) | — |

| 0| \(\frac{O + 0 + 2}{0 + 1} =\frac{2}{1} = 2\) | \(0 + 2 = 2\) | (compute) |

| 1] \(\frac{1 + 3 + 2}{1 + 1} =\frac{6}{2} =3\) | \(1 + 2 = 3\) | (compute) |

This process helps visualize the function's behavior and verify the correctness of the rewriting.

Applying Basic Differentiation Rules to Rewritten
Functions

Once the function has been rewritten into a simpler form, such as a polynomial or a sum/product,
standard differentiation rules can be applied:

e Power Rule: \(\frac{d}{dx} [x"n] = n x~{n-1}\)

¢ Constant Rule: \(\frac{d}{dx} [c] = 0\)

e Sum and Difference Rules: \(\frac{d}{dx} [u\pm v] = u"\pm Vv'\)

e Product Rule (if applicable): \(\frac{d} {dx} [u \timesv] =u'v + u V')

Important: Since the goal is to avoid the quotient rule, rewriting the function as a sum or product
allows direct application of these rules.



Example: Complete Derivative Calculation Without
Quotient Rule

Original Function

\[
f(x) = \frac{x"3 + 2x}{x"2}
\]

Step 1: Rewrite the Function

Divide numerator and denominator:

\[
f(x) = \frac{x"3}{x"2} + \frac{2x}{x"2} = x + 2 x~{-1}
\]

Now, the function is expressed as:

\[
f(x) =x+ 2 x~{-1}
\]

Step 2: Differentiate Term-by-Term

Apply the power rule:

\[
f'(x) =1+ 2\times (-1) x~{-2} =1-2x~{-2}
\]

or equivalently:

\[
f'(x) = 1 -\frac{2}{x~{2}}
\]

This derivative was found without the quotient rule, solely by rewriting and applying basic
differentiation rules.



Advantages of Rewriting Functions for Differentiation

Rewriting functions to avoid the quotient rule offers several benefits:

1. Simplification: Transforms complex quotients into manageable sums or products.

2. Educational Value: Reinforces understanding of algebraic manipulation and basic
differentiation rules.

3. Applicability: Useful when the quotient rule is not permitted or when functions are not easily
differentiable via quotient rule.

4. Enhanced Intuition: Encourages deeper insight into the structure of functions and their
derivatives.

Limitations and Considerations

While rewriting functions can be powerful, it is important to be aware of potential limitations:

- Not all functions are easily rewritten into simpler forms, especially when they involve complex
compositions or non-polynomial functions.

- Polynomial division may not always be feasible or practical for higher-degree polynomials.

- Rewriting can sometimes introduce extraneous solutions or discontinuities that need to be analyzed
separately.

- For functions with non-rational components, other techniques (like chain rule) may be necessary.

Conclusion

Completing a table to find the derivative of a function without using the quotient rule hinges on
effective algebraic manipulation and strategic rewriting of the original function. By transforming a
quotient into a sum, difference, or product, learners can leverage fundamental differentiation rules to
determine derivatives accurately and efficiently. This approach not only broadens problem-solving
techniques but also fosters a deeper understanding of the underlying principles of calculus. Whether
handling simple rational functions or more complex expressions, the ability to rewrite functions and
analyze their behavior through tables is a vital skill for mastering differentiation and developing
mathematical intuition.



Frequently Asked Questions

How can | find the derivative of a function like f(x) = (3x™2 +
2) / (x + 1) without using the quotient rule?

You can rewrite the function as a sum of two simpler functions by dividing numerator terms
separately, then differentiate each term individually. For example, rewrite as f(x) = 3x~2/(x + 1) + 2
/ (x + 1), then differentiate each part using the chain rule and basic derivatives.

What is the first step to rewrite a function for easier
differentiation without the quotient rule?

The first step is to split the original function into separate terms or express it as a sum or difference of
simpler functions, often by dividing numerator terms individually or rewriting as a product or sum to
simplify the differentiation process.

How do you differentiate a function like f(x) = (x~3 + 4) / (x~2
+ 1) without the quotient rule?

Rewrite the function as f(x) = x~3/(x~2 + 1) + 4/ (x™2 + 1). Then, differentiate each term
separately using the chain rule or basic derivative rules, avoiding the quotient rule altogether.

What are common mistakes to avoid when rewriting functions
to find derivatives without the quotient rule?

Common mistakes include incorrectly splitting the function, forgetting to differentiate each term
properly, or neglecting the chain rule when differentiating composite functions after rewriting. Always
verify the rewritten form before differentiating.

Can you provide an example of rewriting a function to avoid
the quotient rule and find its derivative?

Yes. For f(x) = (2x + 1) / (x - 3), rewrite as f(x) = 2x/(x-3) + 1/ (x - 3). Then differentiate each term
separately: d/dx [2x / (x - 3)] and d/dx [1 / (x - 3)] using the chain rule.

Why is rewriting the function helpful for avoiding the quotient
rule?

Rewriting transforms the original quotient into sums or differences of simpler functions, which can be
differentiated using basic rules and the chain rule, simplifying the process and reducing the risk of
errors associated with the quotient rule.

When rewriting functions, what should you keep in mind to



ensure correct derivatives?

Ensure that the rewritten form is algebraically equivalent to the original function, correctly split or
express the terms, and apply the appropriate differentiation rules carefully to each part, especially
when dealing with composite functions.

Is it always possible to avoid the quotient rule by rewriting
the function?

Not always. While many functions can be rewritten to avoid the quotient rule, some complex functions
may still require it. The key is to look for algebraic simplifications or alternative forms to make
differentiation easier without using the quotient rule.

Additional Resources
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Understanding how to differentiate functions is a fundamental skill in calculus, essential for analyzing
rates of change, slopes of curves, and a wide array of applications across science, engineering, and
economics. While the quotient rule is a powerful tool for differentiating functions expressed as a
quotient of two functions, there are alternative methods that can simplify the process—particularly
when the function can be rewritten to avoid the quotient rule altogether. This article explores the
process of completing a table to find derivatives of such functions through rewriting techniques,
providing a clear, step-by-step approach suitable for students and practitioners alike.

The Importance of Rewriting Functions in Differentiation

Before delving into the specifics of completing the table, it's crucial to understand why rewriting
functions can be advantageous. The quotient rule states that for a function \(f(x) =
\frac{u(x)}{v(x)}\), its derivative is:

\[
f'(x) = \frac{v(x) \cdot u'(x) - u(x) \cdot v'(x)}{[v(x)]"~2}
\]

While effective, it can sometimes be cumbersome, especially when \(u(x)\) and \(v(x)\) are
complicated. Rewriting the function to eliminate the division can simplify differentiation, making the
process more straightforward and less error-prone.

Key benefits of rewriting functions include:

- Simplification of derivatives: Rewritten functions often involve basic algebraic or exponential rules
rather than quotient rules.

- Enhanced understanding: Rewriting encourages deeper insight into the structure of the function.

- Error reduction: Avoiding complex quotient rule derivatives minimizes potential mistakes.

Step-by-Step Approach to Completing the Table



The core idea involves transforming the original function into an equivalent form that is easier to
differentiate and then systematically calculating derivatives at specific points. The process can be
summarized in four main steps:

1. Rewrite the original function into an equivalent form without division.

2. Create a table with the original and rewritten functions, along with their derivatives.
3. Calculate the function values and derivatives at specified points.

4. Fill in the table accordingly, enabling quick interpretation of the derivative behavior.

Let’'s examine each step in depth.

Step 1: Rewriting the Function
Suppose you are given a function like:

\[
f(x) = \frac{g(x)}{h(x)}
\]

The goal is to rewrite \(f(x)\) in a form that does not involve division. Common rewriting strategies
include:

- Algebraic manipulation: Factorization, common denominators, or expanding expressions.
- Reciprocal substitution: Express the function as a product, e.g., \(f(x) = g(x) \times \frac{1}{h(x)}\).
- Exponent rules: Use negative exponents, e.g., \(\frac{g(x)}{h(x)} = g(x) \times h(x)”™ {-1}\).

For example, consider:

\[
f(x) = \frac{2x + 3}{x -1}
\]

This can be rewritten as:

\[
f(x) = (2x + 3) \times \frac{1}{x - 1}
\]

or

\[
f(x) = (2x + 3) \times (x - 1)~ {-1}
\]

This form is more amenable to differentiation via product rule and chain rule, avoiding the quotient
rule.



Step 2: Setting Up the Table
Construct a table with columns for:

- x-value: The points at which derivatives will be evaluated.

- Original Function \(f(x)\): Calculated using the original expression.

- Rewritten Function \(R(x)\): The form obtained after rewriting.

- Derivative \(f'(x)\): Derivative computed directly from the rewritten form.

- Derivative \(R'(x)\): Derivative of the rewritten function, calculated using basic rules.

This structured approach helps in cross-verifying results and understanding the differentiation
process.

Step 3: Calculating Function Values and Derivatives
For each selected \(x\)-value:

- Compute \(f(x)\): Use the original function.

- Compute \(R(x)\): Substitute \(x\) into the rewritten form.

- Differentiate \(R(x)\): Apply differentiation rules appropriate for the rewritten form:

- Product rule: For \(g(x) \times h(x)\), \( (g \times h)' = g' \times h + g \times h"\).

- Chain rule: For compositions like \((x - 1)~ {-1}\), \( \frac{d}{dx} (u(x))~{n} = n\times u(x)”{n-1}
\times u'(x) \).

- Sum rule: For sums or differences.

- Verify \(f'(x)\): Optionally, compare with the derivative obtained using the quotient rule for
confirmation.

Example: Differentiating a Rewritten Function

Let’s revisit \(f(x) = \frac{2x + 3}{x - 1}\). Rewriting:
\[

f(x) = (2x + 3)(x - 1)~ {-1}

\]

The derivative:

\[
f'(x) = \frac{d}{dx} \left[(2x + 3)(x - 1)~ {-1}\right]
\]

Applying the product rule:

\[
f'(x) = (2) \times (x - 1)~ {-1} + (2x + 3) \times \left(-1\right) \times (x - 1)~ {-2}
\]

Simplify:



\[
fi(x) =2(x- 1)~ {-1} - (2x + 3)(x - 1)~ {-2}
\]

Expressed with common denominator:

\[

f'(x) = \frac{2}{x - 1} - \frac{2x + 3}{(x - 1)"2} = \frac{2(x - 1)} {(x - 1)"2} - \frac{2x + 3}{(x -
1)°2}

\]

\[
f'(x) = \frac{2(x - 1) - (2x + 3)}{(x - 1)"2} = \frac{2x - 2 - 2x - 3}{(x - 1)"2} = \frac{-5}{(x - 1)"2}
\]

This confirms the derivative without directly applying the quotient rule.

Step 4: Filling the Table and Interpreting Results
Once derivatives are calculated at various points, the table provides a comprehensive overview:

| x-value [ \(FO)\) [ \(RG) [ \(F(x)\) [ \(R'(X)\) |
| | | | I |
| Example: 1| ... | ... | .o | -or |

| Example: 2 | .. | e | oo | oo |

| Example: 3| ... | oo | oo | o |

This allows for quick comparison and understanding of how the function's rate of change varies with
\(x\).

Practical Applications and Benefits

Rewriting functions to avoid quotient rules is not just an academic exercise; it has practical
implications:

- Simplifies complex derivatives: Especially when functions involve nested or composite expressions.
- Facilitates learning: Helps students grasp differentiation concepts more intuitively.

- Enhances computational efficiency: Reduces mental load and computational errors.

When to Use Function Rewriting

While rewriting is powerful, it's not always feasible or straightforward. Consider rewriting when:

- The quotient involves simple numerator and denominator.

- The function can be expressed as a product, power, or sum.
- The derivative obtained via rewriting is simpler than the quotient rule.



In cases where rewriting becomes cumbersome, reverting to the quotient rule or applying other
differentiation techniques may be more appropriate.

Conclusion: Mastering Rewriting for Effective Differentiation

Differentiation is a cornerstone of calculus, and mastering techniques beyond the quotient rule
enhances mathematical flexibility and problem-solving skills. Completing tables after rewriting
functions allows for structured, transparent calculations, reducing errors and deepening
understanding. Whether working on academic problems or real-world applications, the ability to
transform functions into more manageable forms is an invaluable skill.

By practicing these methods—rewriting functions, setting up comprehensive tables, and
systematically calculating derivatives—students and professionals can develop a robust toolkit for
tackling a wide array of differentiation challenges. The key takeaway is that rewriting functions not
only simplifies the differentiation process but also fosters a deeper appreciation of the underlying
mathematical structures.

Remember: The power of calculus lies not only in applying rules but in understanding when and how
to manipulate functions for more efficient and insightful analysis.
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