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Understanding complex systems in the realm of signal processing, control engineering,
and systems analysis often involves decomposing them into simpler, well-understood
components. One such approach is analyzing a continuous-time system composed of two
interconnected linear time-invariant (LTI) systems. These systems serve as fundamental
building blocks in engineering, offering predictable behavior, analytical tractability, and
wide applicability. This article explores the nature of such composite systems, their
mathematical representations, properties, and practical implications, providing a
comprehensive guide for engineers, students, and researchers interested in continuous-
time LTI systems.

Fundamentals of Continuous-time LTI Systems

Before delving into systems composed of multiple LTI components, it is essential to
understand the foundational concepts of continuous-time LTI systems themselves.

Definition and Characteristics
A continuous-time LTI system is characterized by two key properties:
- Linearity: The system's response to a weighted sum of inputs is the same as the weighted
sum of the responses to each input individually.
- Time-invariance: The system's properties do not change over time; shifting the input
signal in time results in an equivalent shift in output.

Mathematically, an LTI system can be represented by its impulse response \( h(t) \), which
fully characterizes the system's behavior.

Mathematical Representation
The output \( y(t) \) of an LTI system given an input \( x(t) \) is represented by the
convolution integral:
\[
y(t) = (x h)(t) = \int_{-\infty}^{\infty} x(\tau) h(t - \tau) d\tau
\]
This integral expresses how the system's impulse response shapes the input to produce
the output.



Frequency Domain Representation
Using Fourier transforms, the convolution in the time domain corresponds to
multiplication in the frequency domain:
\[
Y(\omega) = X(\omega) H(\omega)
\]
where \( H(\omega) \) is the system's transfer function, a key concept for analyzing system
behavior in the frequency domain.

System Composition: Cascading Two LTI Systems

When two LTI systems are connected in series (cascade), the overall system can be viewed
as a single equivalent system. Consider two systems, \( H_1(s) \) and \( H_2(s) \),
connected such that the output of \( H_1 \) becomes the input to \( H_2 \).

Mathematical Representation of Cascade Systems
The overall transfer function \( H_{total}(s) \) of the cascade is the product of the
individual transfer functions:
\[
H_{total}(s) = H_1(s) \times H_2(s)
\]
This property simplifies analysis since the complex system's behavior can be understood
through the properties of its components.

Time-Domain Response
The overall impulse response \( h_{total}(t) \) of the cascade system is the convolution of
the individual impulse responses:
\[
h_{total}(t) = h_1(t) h_2(t) = \int_{-\infty}^{\infty} h_1(\tau) h_2(t - \tau) d\tau
\]
This convolution reflects how the systems' individual responses combine to shape the
overall output.

Properties and Implications of Cascading LTI
Systems

Understanding the properties of cascaded LTI systems is crucial for designing and
analyzing complex control and signal processing systems.



Linearity and Time-Invariance Preservation
- The cascade of two LTI systems remains LTI, preserving linearity and time-invariance.
- This facilitates modular analysis and design, where individual system components can be
developed and tested separately.

Stability Considerations
- An important aspect is the stability of the combined system.
- If both \( H_1(s) \) and \( H_2(s) \) are stable (all poles in the left half-plane), then the
cascade system is also stable.
- Conversely, instability in any component can compromise the entire system.

Frequency Response and Bandwidth
- The overall frequency response is the product of the individual responses.
- This impacts the system's bandwidth and filtering characteristics, which are critical in
applications like communications and audio processing.

Parallel Connection of Two LTI Systems

Apart from cascading, two LTI systems can be connected in parallel, where both systems
receive the same input and their outputs are summed.

Mathematical Representation
The overall transfer function in the parallel configuration is:
\[
H_{parallel}(s) = H_1(s) + H_2(s)
\]
The output is the sum of the individual outputs:
\[
y(t) = y_1(t) + y_2(t)
\]
where \( y_1(t) \) and \( y_2(t) \) are responses of \( H_1 \) and \( H_2 \), respectively.

Implications in System Design
- Parallel configurations are useful for combining filtering characteristics, such as creating
bandpass or notch filters.
- They allow for flexible design, as individual system responses can be tailored and then
combined.



Series-Parallel Combinations and Complex System
Architectures

Most practical systems involve complex arrangements that combine series and parallel
connections. Understanding how to analyze such systems is vital for engineering
applications.

Example: Series-Parallel System
- The overall transfer function may be expressed as:
\[
H_{complex}(s) = (H_{1}(s) \times H_{2}(s)) + H_{3}(s)
\]
- Analyzing such configurations involves simplifying each section step-by-step, often
utilizing block diagram reduction techniques.

Analysis and Design Considerations for Systems
Composed of Two LTI Systems

When designing or analyzing such composite systems, several factors should be
considered:

Stability Analysis
- Use pole-zero analysis and Routh-Hurwitz criteria to ensure the stability of individual
systems and the overall system.
- Ensure that the combined system's poles lie in the left half-plane for stability.

Frequency Response and Filtering
- Understand how the individual responses combine to produce desired filtering effects.
- Use Bode plots, Nyquist plots, or Nichols charts for visual analysis.

Transient and Steady-State Behavior
- Analyze how the system responds to step, impulse, or sinusoidal inputs.
- Determine rise time, settling time, overshoot, and steady-state error.

Implementation and Practical Constraints
- Consider physical realizability, such as causality and realizability of transfer functions.
- Account for non-idealities like noise, component tolerances, and nonlinearities.



Applications of Two-LTI-System Configurations

The concept of connecting two LTI systems is foundational across diverse engineering
domains:

Control Systems: Designing controllers and filters to achieve desired system
dynamics.

Signal Processing: Building complex filters by cascading simpler filters for
improved selectivity.

Communication Systems: Channel equalization and noise filtering through
combined filtering stages.

Biomedical Engineering: Signal enhancement and noise reduction in medical
imaging and diagnostics.

Conclusion

A continuous-time system composed of two LTI systems exemplifies the modular and
predictable nature of linear systems theory. Whether connected in series or parallel, these
configurations allow engineers to design, analyze, and optimize complex systems with
confidence. The key takeaway is that the properties of the individual systems—such as
stability, frequency response, and impulse response—directly influence the overall system
behavior. By leveraging the mathematical tools of convolution, transfer functions, and
frequency domain analysis, practitioners can develop sophisticated systems suited to their
specific application needs. Mastery of these concepts not only simplifies complex system
analysis but also empowers innovative design solutions across numerous technological
fields.

Frequently Asked Questions

How do you analyze the combined response of two
cascaded continuous-time LTI systems?
The overall response is found by convolving the impulse responses of the two systems or
by multiplying their transfer functions in the frequency domain, leveraging the linearity
and time-invariance properties.

What are the stability considerations when cascading



two continuous-time LTI systems?
The combined system is stable if and only if both individual systems are stable, meaning
their poles lie in the left-half of the s-plane. The overall stability can be assessed by
examining the poles of the combined transfer function.

Can the overall transfer function of two cascaded LTI
systems be obtained by simply multiplying their
individual transfer functions?
Yes, for cascaded LTI systems, the overall transfer function is the product of the individual
transfer functions, i.e., H_total(s) = H_1(s) H_2(s), assuming no feedback or other
complexities.

How does the superposition principle apply when
analyzing two combined continuous-time LTI systems?
Superposition allows us to analyze the response of each system separately to a given input
and then sum the responses, which is valid due to the linearity of the systems. This
simplifies the analysis of complex cascaded systems.

What are the practical applications of combining two
continuous-time LTI systems in engineering?
Cascading LTI systems is common in signal processing, control systems, and
communication systems to design filters, equalizers, or controllers, enabling complex
system behavior to be achieved through simpler, modular components.

Additional Resources
Consider A Continuous-time System That Consists Of Two Continuous-time, Linear Time-
invariant (LTI) Systems

---

Introduction to Continuous-Time LTI Systems

In the realm of systems and signals, continuous-time Linear Time-Invariant (LTI) systems
hold a foundational position due to their analytical tractability and practical relevance.
These systems are characterized by their linearity, time-invariance, and continuous-time
operation, making them ideal models for physical systems such as electrical circuits,
mechanical systems, and communication channels.

When analyzing a combined system that consists of two continuous-time LTI subsystems, it
is essential to understand their individual properties, how they interact, and the resultant



system behavior. This review aims to explore the theoretical underpinnings, mathematical
framework, and practical implications of such composite systems.

---

Fundamentals of Continuous-Time LTI Systems

Linearity
- A system \( H \) is linear if, for any two inputs \( x_1(t) \) and \( x_2(t) \), and scalars \( a, b
\):

\[
H[a x_1(t) + b x_2(t)] = a H[x_1(t)] + b H[x_2(t)]
\]

- Linearity allows superposition, simplifying analysis and design.

Time-Invariance
- A system \( H \) is time-invariant if a time shift in the input results in an identical shift in
the output:

\[
H[x(t - t_0)] = y(t - t_0)
\]

- Time invariance ensures consistent behavior regardless of when the input is applied.

Mathematical Representation
- Continuous-time LTI systems can be characterized via:
- Differential equations
- Impulse response \( h(t) \)
- Frequency response \( H(j \omega) \)
- State-space models

- The output \( y(t) \) for an input \( x(t) \) can be expressed as the convolution:

\[
y(t) = (h x)(t) = \int_{-\infty}^{\infty} h(\tau) x(t - \tau) d\tau
\]

- In the frequency domain, this corresponds to multiplication:

\[



Y(j\omega) = H(j\omega) X(j\omega)
\]

---

Composite Systems: Series and Parallel
Configurations

When two LTI systems are combined, the configuration significantly influences the overall
system behavior. The two primary configurations are series (cascaded) and parallel
connections.

Series (Cascaded) Connection
- The output of the first system becomes the input to the second:

\[
y(t) = (h_2 (h_1 x))(t)
\]

- Due to the convolution property:

\[
y(t) = (h_2 h_1 x)(t)
\]

- The overall impulse response is the convolution of the individual impulse responses:

\[
h_{total}(t) = (h_2 h_1)(t)
\]

- In the frequency domain:

\[
H_{total}(j\omega) = H_2(j\omega) \times H_1(j\omega)
\]

- Implication: Cascading LTI systems results in a system whose frequency response is the
product of the individual responses, simplifying analysis and design.

Parallel Connection
- Both systems process the same input \( x(t) \), and their outputs are summed:

\[



y(t) = y_1(t) + y_2(t) = (h_1 x)(t) + (h_2 x)(t)
\]

- The overall impulse response:

\[
h_{total}(t) = h_1(t) + h_2(t)
\]

- In the frequency domain:

\[
H_{total}(j\omega) = H_1(j\omega) + H_2(j\omega)
\]

- Implication: Parallel configuration allows combining systems to achieve desired
magnitude and phase characteristics through addition.

---

Mathematical Analysis of Two LTI Systems in
Series

Impulse Response and Convolution
- The combined system's impulse response:

\[
h_{total}(t) = (h_2 h_1)(t) = \int_{-\infty}^{\infty} h_2(\tau) h_1(t - \tau) d \tau
\]

- This convolution reflects how the system's memory and response characteristics
combine.

Frequency Response and System Behavior
- The multiplication of frequency responses:

\[
H_{total}(j\omega) = H_2(j\omega) H_1(j\omega)
\]

- This offers insights into the combined system's magnitude and phase response, enabling
the design of filters and controllers with tailored characteristics.



Stability Considerations
- For the overall system to be BIBO stable:

- Both \( h_1(t) \) and \( h_2(t) \) must be absolutely integrable:

\[
\int_{-\infty}^{\infty} |h_i(t)| dt < \infty
\]

- The convolution of two absolutely integrable functions is also absolutely integrable,
ensuring the combined system remains stable.

Time-Domain and Frequency-Domain Correspondence
- The duality between convolution in time and multiplication in frequency domains
simplifies analysis:

- Time domain: \( y(t) = (h_2 h_1 x)(t) \)
- Frequency domain: \( Y(j\omega) = H_2(j\omega) H_1(j\omega) X(j\omega) \)

---

Practical Implications and System Design

Filter Design and Signal Processing
- Combining LTI systems allows engineers to craft filters with precise magnitude and
phase responses.

- Cascaded filters can be used to sharpen cutoff characteristics or create complex
frequency responses.

- Parallel arrangements facilitate multi-band filtering or equalization.

Stability and Causality
- Ensuring the combined system remains causal and stable is critical in practical
applications, especially in control systems and communication.

- Causality requires that the impulse response \( h(t) \) be zero for \( t < 0 \).

- Stability demands finite energy in the impulse response.



System Identification and Modeling
- When modeling complex physical systems, representing them as cascades or parallel
combinations of simpler LTI subsystems simplifies analysis and control.

- Approximate models are constructed by cascading basic filters or systems, enabling
easier implementation.

Computational Aspects
- In digital signal processing, the continuous convolution is often approximated via
discretization, and the properties of LTI systems facilitate efficient computation using Fast
Fourier Transform (FFT) algorithms.

---

Advanced Topics and Extensions

Feedback Interconnections
- When two LTI systems are interconnected in feedback loops, the analysis becomes more
intricate.

- The overall transfer function:

\[
H_{closed}(j\omega) = \frac{H_1(j\omega)}{1 + H_1(j\omega) H_2(j\omega)}
\]

- Stability analysis involves assessing the pole locations in the complex plane.

Multi-Stage and Multi-Path Systems
- Complex systems often involve multiple cascaded and parallel stages, necessitating a
systematic approach to analyze overall behavior.

Time-Variant Extensions
- While the focus here is on LTI systems, real-world systems may exhibit time-varying
characteristics, requiring more general models such as Linear Time-Variant (LTV)
systems.

---



Conclusion

Analyzing a continuous-time system composed of two LTI subsystems offers deep insights
into the fundamental principles of system theory, signal processing, and control
engineering. The properties of convolution, frequency response multiplication, and
superposition are central to understanding how such systems behave when combined.

Cascading LTI systems results in a straightforward multiplication of their frequency
responses and convolution of their impulse responses, making system design and analysis
elegant and manageable. Parallel configurations, on the other hand, provide flexibility in
shaping system responses via addition.

The stability, causality, and performance of the composite system depend critically on the
properties of the individual subsystems. Engineers leverage these principles to design
filters, controllers, and signal processing algorithms that meet specific performance
criteria.

In advanced applications, feedback and complex interconnections extend these concepts,
but the foundational understanding of two LTI systems in series or parallel remains
essential. As technology progresses, the theoretical insights from these basic
configurations continue to underpin innovations across communication, control, and signal
processing domains.

---

In summary, considering a continuous-time system that consists of two LTI subsystems
involves a comprehensive understanding of their individual properties, how their
connections influence the overall behavior, and the mathematical tools to analyze and
design such systems. The principles of convolution, frequency response, and stability form
the backbone of this analysis, making LTI systems
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