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Introduction to Harmonic Functions and Their
Significance

Understanding harmonic functions is fundamental in fields such as mathematics, physics, and
engineering, especially in potential theory, fluid dynamics, and electrostatics. A function is considered
harmonic if it satisfies Laplace’s equation, which describes steady-state solutions in various physical
systems. The problem at hand involves analyzing the function U(x, Y) = E' Sin X, demonstrating its
harmonic nature, and deriving an associated analytic function. This comprehensive guide aims to
elucidate these concepts step-by-step, providing clarity and depth for readers seeking a thorough
understanding.

Defining the Function U(x, Y) and Its Context

Understanding the given function U(x, Y) = E' Sin X

- Function Components:

- Xand Y are variables representing coordinates in a two-dimensional plane.

- E' is a constant coefficient, often representing an amplitude or scaling factor.
- Sin X is the sine function evaluated at X.

- Assumptions:

- The variable Y does not explicitly appear in U(x, Y), implying that U depends only on X.

- The notation suggests a potential context where U is considered as a harmonic function in two
variables, possibly extending in the Y-direction.

Relevance of Harmonicity in the Context

- The goal is to verify whether U(x, Y) satisfies Laplace’s equation:

\[
\nabla”~2 U = \frac{\partial~2 U} {\partial x~2} + \frac{\partial~2 U} {\partial y*2} =0

\]

- Establishing harmonicity confirms that U models a physical potential or steady-state solution.



Part A: Demonstrating That U(x, Y) Is Harmonic

Step 1: Clarify the Form of U(x, Y)

- Since the problem states U(x, Y) = E' Sin X, and Y is present, consider the possibility that U is a
function extending into the Y-dimension, possibly via harmonic extension.

- Common approach: Assume U(x, Y) = E' Sin X f(Y), where f(Y) is a function to be determined.

- Alternatively, if the function is independent of Y, then U(x, Y) = E' Sin X, which is a function of X
alone.

Step 2: Compute Partial Derivatives

- To verify harmonicity, compute the second partial derivatives:

&rac{\partial"Z U} {\partial x~2} \quad \text{and} \quad \frac{\partial~2 U} {\partial y~2}
\]

- For the simplest case, consider U(x, Y) = E' Sin X, independent of Y.

Calculations:

- \(\displaystyle \frac{\partial U} {\partial x} = E' \cos X\)

-\(\displaystyle \frac{\partial~2 U} {\partial x~2} = -E' \sin X\)

-\(\displaystyle \frac{\partial~2 U} {\partial y~2} = 0\) (since U does not depend on Y)

Result:

\[
\nabla”2 U =-E'\sin X+ 0 = -E' \sin X
\]

- Since \(\nabla”2 U \neq 0\), U(x, Y) in this form is not harmonic unless E' Sin X is zero or the function
includes Y-dependence.

Step 3: Extending U(x, Y) to Include Y-Dependence

- To ensure harmonicity, consider a more general form:

\[
U(x, Y) = E'\sin X \cdot \cosh Y

\]



- This form satisfies Laplace’s equation, as shown below.

Step 4: Verify Harmonicity of the Extended Function
- Compute the second derivatives:
\

\frac{\partial~2 U} {\partial x~2} = -E' \sin X \cdot \cosh Y
\]

\[
\frac{\partial~2 U} {\partial y*2} = E' \sin X \cdot \cosh Y
\]

- Summing:

\[
\nabla”~2 U = -E'\sin X \cdot \cosh Y + E' \sin X \cdot \coshY =0
\]

- Conclusion: The function \(U(x, Y) = E'\sin X \cdot \cosh Y\) is harmonic.

Part B: Finding an Analytic Function Corresponding to
U(x, Y)

Understanding the Link Between Harmonic and Analytic
Functions

- In complex analysis, harmonic functions are the real or imaginary parts of analytic functions.
- If\(U(x, y)\) is harmonic, there exists an analytic function \(f(z) = u(x, y) + i v(x, y)\), where:

\[
u(x, y) = U(x, y)
\]

- The harmonic conjugate \(v(x, y)\) can be found such that \(f(z)\) is analytic in a domain.

Step 1: Expressing the Harmonic Function as the Real Part of
an Analytic Function

- Given \(U(x, Y) = E'\sin X \cdot \cosh Y\), identify \(f(z)\) such that:

\l

\text{Re}(f(z)) = U(x, y)
\]



- Recognize that:

\[
\sin X \cdot \cosh Y =\Im (e”™{i z})
\]

- Recall the exponential form:

\[
e{iz} =e~{ilx+iy)} =e{ix} e {-y}
\]

- Alternatively, consider the complex function:

\[
f(z) = E' e™{i z}
\]

- The real part:

\[
\Re (E' e™{i z}) = E'\cos x\cos y - E' \sin x \siny
\]

- The imaginary part:

\[
\Im (E' e~{i z}) = E'\sin x\cos y + E'\cos x \siny
\]

- To match \(U(x, y) = E"\sin x \cosh y\), observe that:

\[
\sin x \cosh y = \Im (e~ {i x} e~{y})
\]

- Since \(\cosh y = \frac{e™~{y} + e~ {- y}}{2}\), the function:

\[
f(z) = E'e~{iz}
\]

has real and imaginary parts involving combinations of \(\sin x\), \(\cos x\), \(\sinh y\), and \(\cosh y\).

Step 2: Constructing the Analytic Function

- Consider the complex function:

\[
f(z) = E'\sin z



\]

- Using Euler’s formula:

\[
\sin z = \frac{e~{i z} - e~ {-iz}}{2i}
\]

- The real part:

\[
\Re (\sin z) = \sin x \cos y
\]

- The imaginary part:

\[
\Im (\sin z) = \cos x \sinh y

\]
- Since \(U(x, y) = E'\sin x \cosh y\), and noting the identities:

\[
\cosh y =\sinh y + \text{additional terms}

\]

- To directly generate \(U\), consider the analytic function:

\[
f(z) = E'\sin z
\]

- Its imaginary part:

\[

v(x, y) = E'\cos x \sinh y
\]

- Its real part:

\[

u(x, y) = E'\sin x \cos y
\]

- To match the original \(U\), which involves \(\sin x \cosh y\), note that:

\[
\coshy =\sinhy + e~ {y}
\]

- Alternatively, a more suitable analytic function is:



\[
f(z) = E'e~{iz}
\]

- Its real part:

\[
E'\cos x e™{-y}
\]

- Its imaginary part:

\[
E'\sinxe~{-y}
\]

- To match \(U(x, y) = E' \sin x \cosh y\), consider the following:

\[
f(z) = E' \sin z \cdot \cosh y
\]

- But since \(\sin z\) is analytic, and the harmonic conjugate can be derived accordingly, the key is
recognizing the harmonic function as either the real or imaginary part of an exponential function.

Final Analytic Function

- Based on the above, a suitable analytic function with real part matching \(U\) is:

\

Frequently Asked Questions

What is the function U(x, y) = E[sin X], and how is it defined in
the context of harmonic functions?

U(x, y) = E[sin X] represents the expected value of sin X, where X is a random variable associated
with the point (x, y). In the context of harmonic functions, it is often defined as the expected value of
a harmonic measure, and such functions satisfy Laplace's equation.

How do we show that the function U(x, y) = E[sin X] is
harmonic?

To show U(x, y) is harmonic, we verify that it satisfies Laplace's equation, i.e., AU = 0, meaning the
second partial derivatives sum to zero. This often involves expressing U as an integral or expectation
over harmonic measures and using properties of harmonic functions.



What is the significance of harmonicity in the function U(x, y)?

Harmonic functions have important properties such as mean value property and maximum principle,
which imply that U(x, y) is infinitely differentiable and satisfies Laplace's equation, making it crucial in
potential theory and related fields.

How can the expectation E[sin X] be explicitly computed or
characterized in this context?

The expectation E[sin X] can often be expressed as an integral over the boundary of a domain
weighted by harmonic measure, or through the Poisson integral formula if X is related to boundary
values, leading to an explicit representation of U(x, y).

What is an analytic function associated with the harmonic
function U(x, y)?

An analytic function F(z) = u(x, y) + iv(x, y) can be constructed such that its real part u(x, y) = U(x,
y), and its harmonic conjugate v(x, y) is determined accordingly, satisfying the Cauchy-Riemann
equations.

How do we find an analytic function corresponding to a
harmonic function U(x, y)?

We find an analytic function by solving the Cauchy-Riemann equations or integrating the harmonic
conjugate, often starting from boundary conditions or known harmonic functions, to obtain a complex
function F(z) = U + iV.

What conditions must an analytic function satisfy to be
related to the harmonic function U(x, y)?

The analytic function must be holomorphic in the domain, with its real part equal to U(x, y), and must
satisfy the Cauchy-Riemann equations, ensuring its harmonic conjugate exists and that F(z) is
differentiable.

Can you provide an example of an explicit analytic function
related to U(x, y) = E[sin X]?

If, for example, U(x, y) = sin x in a domain, then an associated analytic function is F(z) = -cos z, where
the real part of F(z) is sin x. This illustrates how harmonic functions relate to their analytic
counterparts.

What is the importance of showing that U(x, y) is harmonic
and finding its analytic function in potential theory?

Proving harmonicity and identifying the corresponding analytic function allows for the application of
complex analysis techniques, solutions to boundary value problems, and a deeper understanding of
the function's properties and behavior.



Additional Resources
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In the realm of mathematical analysis, harmonic functions occupy a central role due to their profound
applications in physics, engineering, and complex analysis. They are solutions to Laplace's equation
and exhibit properties such as mean value and maximum principles, which make them vital in
potential theory and various boundary value problems. Today, we delve into a specific problem
involving a function defined as an expected value involving the sine function, aiming to demonstrate
its harmonic nature and to find an associated analytic function. This exploration not only underscores
fundamental concepts in harmonic analysis but also illustrates the elegant interplay between
probability, differential equations, and complex functions.

Setting the Stage: Understanding the Function U(x, Y)

Before we embark on proving the harmonicity of the function, it is essential to clarify the notation and
the underlying concepts involved.

The Function Definition
The function under consideration is:
\[ U(x, y) = E'[\sin X]\]

Here, the notation might seem abstract at first glance, but it points towards a probabilistic
interpretation:

- E' denotes the expectation with respect to a certain probability measure or a specific random
variable's distribution.

- X is a random variable, possibly dependent on the variables \( x\) and \( y \) or defined in a
stochastic process context.

In many cases, such functions arise as expected values of harmonic functions of stochastic processes,
especially Brownian motion. The expectation over a random variable linked to a process allows us to
generate solutions to Laplace's equation.

For the purpose of this discussion, suppose that \( X'\) is a random variable with a probability
distribution parameterized by \( x \) and \( y \), and that the expectation is taken accordingly.

Alternatively, in a more classical setting, \( U(x, y) \) could be interpreted as the average value of \(
\sin X'\) over a certain probabilistic structure.

Part (a): Demonstrating that \( U(x,y) \) Is Harmonic
What Does It Mean for a Function to Be Harmonic?

A real-valued function \( U(x, y) \) is harmonic if it satisfies Laplace's equation:



\[ \nabla”~2 U = \frac{\partial~2 U} {\partial x~2} + \frac{\partial~2 U}{\partial y*2} = 0]

This condition indicates that \( U \) is twice continuously differentiable and its Laplacian vanishes
everywhere in its domain. Harmonic functions exhibit several notable properties:

- Mean value property: The value at a point equals the average over any circle centered at that point.
- Maximum principle: The maximum and minimum values occur on the boundary of the domain.
- Analyticity: Harmonic functions are intimately linked with complex analytic functions.

Our goal here is to show that the function \( U(x, y) \), as defined through an expectation, satisfies
Laplace's equation.

Approach to Showing Harmonicity

The classical approach involves leveraging properties of the expectation and the underlying
stochastic or probabilistic structure. Typically, this involves:

1. Expressing \( U(x, y) \) explicitly in terms of known functions or integrals.

2. Interchanging differentiation and expectation, justified under certain regularity conditions (like
dominated convergence theorem).

3. Computing the second derivatives with respect to \( x \) and \( y \).

4. Verifying that the sum of these second derivatives equals zero.

Let’s consider a typical scenario where \( X\) has a distribution depending on \( x\) and \( y \). For

example, suppose \( X\) is a random variable with a probability density function \( p(x, y, t) \), which
evolves with respect to some parameter or process.

Probabilistic Representation and Harmonicity

One common setting involves Brownian motion:

- Let \( (X_t, Y_t) \) be a planar Brownian motion starting at \( (x, y) \).

- The expected value \( U(x, y) = E_{(x,y)}\sin X_t] \) can be shown to be harmonic in the domain

because harmonic functions are invariant under the expectation over Brownian motion.

Key insight: The expected value of a harmonic function of a Brownian motion remains harmonic, as
the process preserves harmonicity.

Therefore:

- If\( U(x, y) \) is defined as an expectation over such a process, it inherently satisfies Laplace’s
equation.

Formal Proof of Harmonicity



Assuming that the expectation is well-defined and differentiable, the proof proceeds as follows:
1. Express \( U(x, y) \) explicitly:

Suppose \( U(x, y) = E[\sin X]\), where \( X\) is a random variable dependent on \( x, y \).

2. Differentiate under the expectation:

\[
\frac{\partial~2 U} {\partial x~2} = E\left[\frac{\partial~2} {\partial x~2} \sin X \right]
\]

Similarly,

\[
\frac{\partial~2 U} {\partial y~2} = E\left[\frac{\partial~2} {\partial y"~2} \sin X \right]
\]

Under suitable conditions, differentiation under the expectation is justified.
3. Compute the derivatives:
If\( X'\)is linearin \( x \) and \( y\) (for simplicity), then:

\[
X=ax+by+c
\]

for some constants \( a, b, c\). Then,

\[
U(x,y) =E[\sinfax+by+c)]=\sinfax+by+c)
\]

The second derivatives are:

\[
\frac{\partial~2 U} {\partial x*2} =-a”~2\sinfax + by + )
\]

\[
\frac{\partial~2 U} {\partial y*2} = -b"2\sinfax + by + ¢)
\]

4. Verify Laplace's Equation:

\[

\frac{\partial~2 U} {\partial x~2} + \frac{\partial~2 U}{\partial y*2} =-(a”2 + b~2) \sinfax+ by
+ )

\]



To ensure this sum is zero, we require:

\[
a™2+b"2=0
\]

which only holds if \(a = 0\) and \( b = 0). But in more general contexts, the expectation's structure
ensures harmonicity via the properties of the underlying process, especially when \( U\) arises as the
solution to the Dirichlet problem or as a Poisson integral.

In conclusion:

-If\( U\) is constructed as the expectation of a harmonic function of a stochastic process (like
Brownian motion), then \( U) itself is harmonic.

- This is a consequence of the mean value property and the invariance of harmonicity under
expectation.

Part (b): Finding an Analytic Function Corresponding to \( U(x, y) \)

Having established that \( U(x, y) \) is harmonic, the next step is to identify an analytic function \( f(z)
\), where \( z = x + iy \), such that the real part of \( f(z) \) is \( U(x, y) \).

The Connection Between Harmonic and Analytic Functions
A fundamental theorem in complex analysis states:

> Every harmonic function \( U(x, y) \) on a simply connected domain can be locally expressed as the
real part of an analytic function \( f(z) \).

This process involves finding the harmonic conjugate \( V(x, y) \) such that:

\[
f(z) = U(x, y) +iV(x,y)
\]

is an analytic function satisfying the Cauchy-Riemann equations:

\[

\frac{\partial U}{\partial x} = \frac{\partial V}{\partial y}, \quad \frac{\partial U}{\partial y} = -
\frac{\partial V}{\partial x}

\]

Constructing the Analytic Function

Suppose the explicit form of \( U(x, y) \) is known or can be derived. For illustration, consider a simple
case where:



\[
U(x, y) = \sin x \cdot e~ {-y}
\]

This function is harmonic because:

\[

\nabla”~2 U = \frac{\partial~2 U} {\partial x~2} + \frac{\partial~2 U}{\partial y~2} = -\sin x \cdot
e”™{-y} +\sin x\cdote”{-y} =0

\]

Now, to find the corresponding analytic function \( f(z) \), we proceed as follows:
1. Identify the harmonic conjugate \( V(x, y) \):
From the Cauchy-Riemann equations:

\[
\frac{\partial U} {\partial x} = \cos x \
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