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Find A Relationship Between X And Y Such That (x,y) Is Equidistant (the Same
Distance) From The Two Points.

Understanding the relationship between a point and two other fixed points in
a coordinate plane is fundamental in geometry. When we analyze the condition
where a point \((x, y)\) is equidistant from two given points, we are
essentially exploring a locus—a set of all points that satisfy a particular
geometric property. This concept not only deepens our comprehension of
distance and symmetry but also forms the basis for more advanced topics such
as perpendicular bisectors, angle bisectors, and the foundations of
coordinate geometry.

In this article, we will systematically explore how to find the relationship
between \(x\) and \(y\) such that the point \((x, y)\) maintains the same
distance from two fixed points. We will discuss the general method, work
through specific examples, and interpret the geometric significance of the
resulting Llocus.

Understanding the Concept of Equidistance

What Does It Mean for a Point to Be Equidistant?

A point \((x, y)\) is considered equidistant from two fixed points \(A(x 1,
y 1)\) and \(B(x 2, y 2)\) if the distances from \((x, y)\) to each of these
points are equal. Mathematically, this is expressed as:

\ [

\text{Distance} \; (x, y) \; \text{to} \; A = \text{Distance} \; (x, y) \;
\text{to} \; B

\1

which translates into the equation:

\ [
\sqrt{(x - x 1)72 + (y - y 1)72} = \sqgrt{(x - x 2)"2 + (y - y 2)"2}
\1

This equation indicates all points \((x, y)\) that are at the same distance
from points \(A\) and \(B\).



Significance of the Locus of Equidistant Points

The set of all points equidistant from two points is known as the
perpendicular bisector of the segment connecting those points. This line has
the property that it divides the segment into two equal parts and is
perpendicular to it. Recognizing this helps in solving geometric problems
involving symmetry, reflections, and constructing equidistant points.

Deriving the Equation: Step-by-Step Approach

Starting with the Distance Formula

To find the relationship between \(x\) and \(y\), we set the distances equal:

\ [
\sqrt{(x - x 1)7°2 + (y - y 1)72} = \sqgrt{(x - x 2)"2 + (y - y 2)"2}
\1

Squaring both sides to eliminate square roots gives:

\ [
(X - x1)"2+(y -y1)"2=(x-x2)"2+ (y -y2)"2
\1]

Simplifying the Equation

Expanding both sides:

\ [

(X?2 - 2Xx X 1 + x 172) + (y*2 - 2y y 1 +y 17™2) = (X™2 - 2Xx X 2 + X 272) +

(y*2 - 2y y 2 +y 272)
\1]

Subtracting common terms \(x"2\) and \(y~2\) from both sides:

\[
S2X X1+ x 172 -2y y1l+y 172 =-2x X2+ X272 -2y y 2 +y 272
\]

Rearranged as:

\ [
-2x (x 1 - x2) -2y (y1-y2)

X272 - x 172 +y 272 -y 172



\1
Dividing through by \(-2\):

\ [
X (x1-x2)+y (y1l-y2)=\frac{x 172 - x 272 +y 172 -y 272}{2}
\]

This linear equation in \(x\) and \(y\) defines the locus of points
equidistant from \(A\) and \(B\).

Interpreting the Equation: The Perpendicular
Bisector

Equation of the Perpendicular Bisector

The derived linear equation:

\ [
X (x1-x2)+y (y1l-y2)=\text{constant}
\]

represents the perpendicular bisector of segment \(AB\). Its geometric
significance is that any point \((x, y)\) satisfying this equation is equally
distant from points \(A\) and \(B\).

Properties of the Perpendicular Bisector

- It is perpendicular to the segment \(AB\).

- It passes through the midpoint of \(AB\).

- Every point on this line maintains equal distance from the two fixed
points.

Examples Illustrating the Relationship

Example 1: Find the Equation of the Locus for \(A(1,



2)\) and \(B(5, 6)\)

Step 1: Write the general equation:

\ [
x (1 -5)+y (2 -6) =\frac{172 - 572 + 272 - 672}{2}
\]

Step 2: Simplify:

\ [

X (-4) +y (-4) = \frac{1l - 25 + 4 - 36}{2}
\1

\ [

-4x - 4y = \frac{-56}{2} = -28

\1

Step 3: Divide through by \(-4\):
\ [

X+y=7

\1]

Result: The locus of points equidistant from \(A(1, 2)\) and \(B(5, 6)\) is
the line:

\[
X+y=7
\]

which is the perpendicular bisector of segment \(AB\).

Example 2: General Case with Arbitrary Points

Suppose \(A(2, 3)\) and \(B(4, 7)\):

\ [
X (2 -4) +y (3 -7) = \frac{272 - 472 + 372 - 772}{2}
\]

\ [
X (-2) +y (-4) = \frac{4 - 16 + 9 - 49}{2}
\1]

\[



-2x - 4y = \frac{-52}{2} = -26
\1

Dividing by \(-2\):

\ [
X + 2y =13
\1

The locus is the line \(x + 2y = 13\).

Geometric Significance and Applications

Perpendicular Bisectors in Construction and Design

The perpendicular bisector is crucial in geometric constructions, such as
finding the center of a circle passing through two points or constructing
equidistant points from multiple locations. It ensures symmetry and provides
a method for locating centers and midpoints.

Applications in Real-World Problems

- Navigation and Geolocation: Finding equidistant points from two landmarks
helps in triangulation and positioning.

- Computer Graphics: Algorithms often rely on calculating loci of points for
rendering symmetrical objects.

- Engineering: Ensuring components are balanced or equidistant from reference
points for stability.

Extension to Multiple Points

While this discussion centers on two points, similar principles apply when
considering the locus of points equidistant from multiple points, leading to
the concept of Voronoi diagrams and other spatial partitioning tools.

Summary and Key Takeaways

- The set of points \((x, y)\) that are equidistant from two fixed points
\(A(x 1, y 1)\) and \(B(x 2, y 2)\) forms the perpendicular bisector of
segment \ (AB\).

- The algebraic derivation involves setting the distance formulas equal,



expanding, simplifying, and recognizing the resulting linear equation.

- This line has notable properties: it passes through the midpoint of \(AB\),
is perpendicular to \(AB\), and contains all points equidistant from \(A\)
and \(B\).

- Understanding this relationship is fundamental in geometry, aids in
problem-solving, and finds applications across various fields.

Conclusion

Finding the relationship between \(x\) and \(y\) such that the point \((x,
y)\) is equidistant from two points is a foundational problem in coordinate
geometry. Through algebraic manipulation of the distance formula

Frequently Asked Questions

What is the geometric locus of points equidistant
from two given points?

The geometric locus of points equidistant from two given points is the
perpendicular bisector of the segment joining those points.

How can I find the equation of the locus of points
equidistant from points A and B?

Identify the midpoint of AB and then find the perpendicular bisector of AB;
its equation represents all points equidistant from A and B.

What is the significance of the perpendicular
bisector in relation to two points?

The perpendicular bisector is the set of points that are exactly the same
distance from both points, making it the locus of points equidistant from
those points.

Can this concept be extended to find points
equidistant from multiple points?

Yes, for multiple points, the set of points equidistant from pairs of points
can be found by intersecting their respective perpendicular bisectors,
leading to the centroid or other important points depending on the
configuration.



How do I verify if a given point (x, y) 1is
equidistant from two points (x1, yl) and (x2, y2)?

Calculate the distances: sqrt((x - x1)"2 + (y - y1)72) and sqrt((x - x2)"2 +
(y - y2)72). If they are equal, the point is equidistant.

What role does the distance formula play in finding
the locus of points equidistant from two points?

The distance formula is used to set up an equation where the distances from
the point to each of the two points are equal, defining the locus.

Is the set of points equidistant from two points
always a straight line?

Yes, in Euclidean geometry, the locus of points equidistant from two points
is always the straight line, specifically the perpendicular bisector of the
segment joining them.

How can I visualize the locus of points equidistant
from two points in a coordinate plane?

Plot the two points, find their midpoint, and draw the perpendicular
bisector; this line represents all points equidistant from both points.

Can the concept of equidistance be used in real-
world applications?

Yes, it is used in fields like navigation, computer graphics, and facility
location planning to find optimal points that are equally distant from
multiple locations.

Additional Resources

Find A Relationship Between X And Y Such That (x,y) Is Equidistant From Two
Points

Introduction

The quest to understand geometric relationships has been a cornerstone of
mathematical investigation for centuries. Among these, the problem of finding
a locus of points equidistant from two fixed points stands as a fundamental
question with profound implications in various fields including geometry,
physics, engineering, and computer science. This investigative article delves



into the problem of determining the relationship between variables \(X\) and
\(Y\) such that a point \((x, y)\) maintains equal distances from two fixed
points \(A\) and \(B\).

The core of this problem hinges on the concept of equidistance — a property
that underpins many geometric constructs and is central to understanding
mediatrices, bisectors, and symmetry. Our exploration aims to rigorously
analyze the conditions and relationships that define the locus of points
\((x, y)\) satisfying the equidistance condition, provide formal derivations,
and discuss broader implications across disciplines.

The Geometric Foundations
Defining the Fixed Points and Variables

Suppose we have two fixed points in the Cartesian plane:

- \(A
- \(B

(x_1,

x 1,y 1)\)
(x_ 2, y 2)\)

and a variable point:
- \(P = (x, y)\)

The problem asks: What is the relationship between \(X\) and \(Y\) such that
\(P\) is equidistant from \(A\) and \(B\)?

While the variables \(X\) and \(Y\) can be interpreted as parameters,
functions, or coordinates, for clarity, we will assume they correspond to the
coordinates of the point \(P\), i.e.,

\ [
X =x, \quad Y =y
\1

Our goal is to determine the geometric locus of all points \((x, y)\)
satisfying:

\ [
d(P, A) = d(P, B)
\]

where \(d(P, Q)\) denotes the Euclidean distance between points \(P\) and
\ (Q\).

Mathematical Derivation of the Equidistance Relationship



Distance Formula and Equidistance Condition
The Euclidean distance between points \(P = (x, y)\) and \(A = (x 1, y 1)\):

\[
d(P, A) = \sqrt{(x - x 1)"2 + (y - y 1)"2}
\1]

Similarly, the distance between \(P\) and \(B = (x 2, y 2)\):

\[
d(P, B) = \sqrt{(x - x 2)"2 + (y - y 2)"2}
\1

The condition for equidistance:

\ [
\sqrt{(x - x 1)7°2 + (y - y 1)72} = \sqrt{(x - x 2)"2 + (y - y 2)"2}
\1

Squaring both sides to eliminate the square roots:

\ [
(X - x1)"2 +(y -y1)"2=(x-x2)"2+ (y -y 2)"2
\1

Expanding both sides:

\ [

X?2 - 2Xx X 1 +x 172 +y"2 -2y yl+yl1™2=x"2-2XX2+X2"2+y"2 -
2 yy2+y272

\]

Subtract common terms:

\ [
-2XX1+x1%2 -2yyl+y172=-2XX2+Xx2"2-2yy2+y?272
\]

Bring all terms to one side:

+ 2 X X2)+ (x1%2 -x2"2) +(-2yyl+2yy?2)+(y1r2 -

Group similar terms:

\ [
2 X (x2-x1)+ (x1"2 -x2"2)+2y (y2-y1l) +(y172 -y 272) =0
\1]



Recall the difference of squares:

\ [
X 172 - x 272
\]
\[
y 172 -y 272
\]
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Substitute back:

\ [

2 x (x2-x1)+ (x1-x2)(x1+x2)+2y(y2-y1) +(yl-y2)(yl1l
+y2)=20

\1

Notice that:

\ [
X2 - x1
\1]
\ [
y 2 -yl
\1]

- (x 1 - x2)

- (y_1-y2)

Rearranged:

\ [

2 X (x2-x1)+ (x1-x2)(x1+x2)+2y(y2-y1) +(yl-y2)(yl
+y2)=20

\1

Expressed as:

\ [

2 X (x2-x1) - (x2-x1)(x1+x2)+2y(y2-y1l) -(y2-yl(yl1l
+y2)=20

\1]

Factor out common terms:

\ [
(x 2 - x1)(2x - (x1+x2)+(y2-y1((2y-(yl+y?2)=20
\1

This is a linear equation in \(x\) and \(y\):

\ [
(x 2 - x1)(2x-x1-x2)+(y2-y1)(2y-y1l-y2)=020
\1



Or equivalently,

X2 -x1)x+2(y2-yl)y=(x2-x1)(x1+x2)+(y2-y1)(yl
)

The Equation of the Perpendicular Bisector

The derived equation represents the locus of all points \((x, y)\)
equidistant from \(A\) and \(B\). Geometrically, this is the perpendicular
bisector of the segment \(AB\).

Expressed succinctly:

\ [

\boxed{

(x 2 - x1) x+(y2-y1l)y=\frac{(x 2 - x 1)(x 1 +x 2) + (y 2 -
y D)(y 1 +y 2)}{2}

}

\1]

This linear equation describes a straight line in the plane, the
perpendicular bisector of segment \(AB\).

Interpretation and Significance
The Perpendicular Bisector as the Locus of Equidistant Points

The key insight is that the set of points equidistant from two fixed points
\(A\) and \(B\) lies along the perpendicular bisector of the segment \(AB\).
This has several implications:

- The perpendicular bisector is uniquely determined by the fixed points \(A\)
and \(B\).

- Any point lying on this line maintains equal distance to \(A\) and \(B\).

- The line is symmetric with respect to the segment \(AB\).

Geometric Properties
- The perpendicular bisector passes through the midpoint of \(AB\).

- It is perpendicular to \(AB\).
- It acts as an axis of symmetry for the segment \(AB\).

Broader Context and Applications



In Geometry

The perpendicular bisector plays a crucial role in classical constructions,
such as:

- Finding the circumcenter of a triangle (the point equidistant from all
three vertices).

- Constructing equidistant points for bisectors and medians.

- Analyzing symmetry properties within geometric figures.

In Physics

Equidistance relationships are fundamental in fields such as:

- Electromagnetism, where equipotential lines are defined by distances from
charge distributions.

- Signal triangulation and positioning systems, where the locus of points
equidistant from two beacons is essential for localization.

In Computer Science

In algorithms involving Voronoi diagrams or spatial partitioning:

- The perpendicular bisectors define Voronoi edges.

- Critical for geographic information systems (GIS), robotics, and
navigation.

Extending the Relationship: From Two Points to Multiple Points

While the focus here is on two fixed points, the concept extends naturally
to:

Find A Relationship Between X And Y Such That X Y Is
Equidistant The Same Distance From The Two Points

Find A Relationship Between X And Y Such That X Y Is Equidistant The Same Distance From The
Two Points
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