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Understanding the intersection of two surfaces in three-dimensional space is a
fundamental topic in multivariable calculus and vector calculus. When dealing with
complex shapes such as paraboloids, finding the parametric equations that describe their
intersection curves provides insight into the geometry of the surfaces and helps in
applications like computer graphics, engineering, and physics. This article explores a
systematic approach to finding a vector function, R(t), that parametrizes the curve formed
by the intersection of a paraboloid and another surface.

Introduction to Surfaces and Their Intersections

Before diving into the specific problem, it is essential to understand the basic concepts
involved:

What Is a Surface in 3D Space?

A surface in three-dimensional space is a two-dimensional manifold that can be described
mathematically by an equation involving x, y, and z coordinates. Examples include planes,
spheres, cylinders, and paraboloids.

What Is an Intersection Curve?

When two surfaces intersect, their common points form a curve. Describing this curve
parametrically allows us to analyze its properties, length, and shape.

Understanding the Paraboloid and Its Equation

A paraboloid is a quadratic surface that resembles a parabola extended into three
dimensions. Its standard form is:

- Elliptic Paraboloid: \( z = ax™2 + by”~2\), where \(a, b > 0\).

Example:
\[z=x"2+y"2\]



This paraboloid opens upward with its vertex at the origin.

The Other Surface: Choosing a Second Surface

To find the intersection, we need a second surface. Typical choices include planes,
cylinders, or other quadratic surfaces. For simplicity, consider the plane:

\[z=rc\]

where \( ¢ ) is a constant. The intersection of the paraboloid \( z = x"~2 + y~2\) with this
plane yields a circle:

\[x™2 +y"2=c\]
Alternatively, we can consider a more complex surface, such as a cone:
\[ z=Kk\sqrt{x"2 + y~2}\]

or another paraboloid with a different orientation.

Step-by-Step Method to Find the Intersection
Curve

The process involves substituting the equation of one surface into the other or solving the
system of equations simultaneously.

Step 1: Write Down the Equations

Suppose we have:

- Paraboloid: \(z =x"2 + y™~2)
- Second surface: \( z = c\) (a horizontal plane)

The intersection occurs where:

\[x™2 +y"2=c\]

Step 2: Express Variables Using a Parameter

To parametrize the circle \( x~2 + y~2 = c ), we can use polar coordinates:

\[ x =r\cos t\]



\[y=r\sint\]
where \( r = \sqrt{c} \) (assuming \( ¢ > 0)) and \( t \in [0, 2\pi) \).

Since \( z = c\), the parametric equations are:

\[ R(t) = \left\lbrace x(t), y(t), z(t) \right\rbrace = \left\lbrace \sqrt{c} \cos t, \sqrt{c} \sin t,
c \right\rbrace \]

This is a simple example. For more complex surfaces, the process involves solving the
system of equations and choosing suitable parameters.

General Approach to Finding R(t) for Complex
Surfaces

When the second surface is more complicated (e.g., another paraboloid), the steps include:
1. Set up the equations of both surfaces.
2. Solve for one variable in terms of the others or substitute one into the other.

3. Identify a convenient parameter to express the solution (commonly \( t)).
4. Express all coordinates \( x(t), y(t), z(t) \) in terms of \( t ).

Example: Intersection of Two Paraboloids

Suppose:

-\N(z=x"2+y"2))
-\(z=2x"2+y"2)\)

Set equal:

\[ X2 +y72 =2x"2 +y"2\]

\[x72=0\]

\[x=0\]

Substitute \( x=0\) into either surface:
\[z=0"2+4+y"2=y"2\]

Thus, the intersection occurs along the line:
\[x=0,\quad z =y"~2\]

Parametrize:

\[y=t\]
\[x=0\]



\[z=t"2\]
The vector function:
\[ R(t) = \lbrace O, t, t~2 \rbrace \]

describes the intersection curve.

Handling More Complex Intersections: An
Example

Let’s consider the intersection of:

- Paraboloid: \(z =x"2 + y~2)
- Elliptic Cylinder: \( \frac{x"2}{a"2} + \frac{y"2}{b"2} =1)

Step 1: Express the cylinder parametrically:

\[ x =a\cost\]
\[y =Db\sin t\]

Step 2: Find \( z \):

\[z=(a\cost)™2 + (b\sint)"2 =a”2\cos™2t+ b"2\sin"2 t\]

Step 3: Write the vector function:

\[ R(t) = \left\lbrace a \cos t,\, b\sin t,\, a~2 \cos™2 t + b"~2 \sin”2 t \right\rbrace \]

This parametrization describes the intersection curve of the paraboloid and the elliptic
cylinder.

Applications of Finding the Intersection Curve

Determining the parametric equations of intersection curves has numerous practical
applications:

- Computer Graphics: Rendering complex surfaces and their intersections for visualization.
- Engineering: Analyzing stress points where surfaces meet.

- Physics: Understanding the trajectories constrained by multiple surfaces.

- Mathematics: Studying properties like curvature, length, and surface area of intersection
curves.



Key Tips for Finding R(t)

- Always start with clear equations of the surfaces involved.

- Choose the most convenient coordinate system or parameters, such as polar or
cylindrical coordinates.

- Simplify equations as much as possible before parametrizing.

- For complex systems, consider using substitution or numerical methods if an explicit
solution is difficult.

- Verify the parametrization by substituting back into the original equations.

Conclusion

Finding a vector function \( R(t) \) that represents the intersection of two surfaces, such as
a paraboloid and another surface, requires a systematic approach involving understanding
the geometry, solving equations simultaneously, and choosing suitable parameters.
Whether dealing with simple intersections like a paraboloid and a plane or more complex
curves arising from the intersection of multiple quadratic surfaces, the principles remain
consistent. Mastery of parametrization techniques enhances our ability to analyze and
visualize three-dimensional shapes and their intersections, a skill invaluable in many
scientific and engineering disciplines.

Meta Description:

Learn how to find the vector function R(t) that describes the intersection curve of a
paraboloid with another surface. This comprehensive guide covers methods, examples,
and applications in 3D geometry.

Frequently Asked Questions

How do you find the vector function R(t) that represents
the intersection curve of a paraboloid and another
surface?

To find R(t), parameterize one surface or variable, express the intersection conditions
between the surfaces, and then eliminate parameters to derive a parametric vector
function that traces the intersection curve.

What is the general approach for solving the
intersection of a paraboloid with another surface?

Begin by expressing both surfaces in parametric form or implicit equations, set up the
intersection conditions, solve for the parameters, and then combine the solutions into a
vector function R(t).



How do you parameterize a paraboloid for intersection
purposes?

A common parameterization of a paraboloid z = x™~2 + y”~2 is using polar coordinates: x =
rcost,y=rsint, z=r"2, with t as the angular parameter and r as the radial parameter.

What steps are involved in deriving the vector function
R(t) for the intersection curve?

Identify the parameterization of the paraboloid, set up the equation of the second surface,
solve for one parameter in terms of t, and substitute back to obtain R(t) as a function of t.

Can you give an example of finding R(t) for the
intersection of a paraboloid z = x~2 + y™2 and a plane?

Yes. For instance, intersecting z = x~2 + y~2 with the plane z = 4, you set x™2 + y™2 =
4, parameterized asx =2 cost,y = 2sint, z = 4. So, R(t) = (2 cos t, 2 sin t, 4).

What challenges might arise when finding the vector
function R(1) for intersection curves involving
paraboloids?

Challenges include solving nonlinear equations, eliminating parameters, and ensuring the
parameterization covers the entire intersection curve without redundancy or gaps.

How does understanding the symmetry of a paraboloid
assist in finding the intersection curve?

Symmetry can simplify parameterization and equations, allowing easier identification of
the intersection curve by focusing on symmetric sections or exploiting known geometric
properties.

What role does eliminating parameters play in deriving
R(t) for the intersection curve?

Eliminating parameters helps to express the intersection as a single parametric equation
R(t) without extraneous variables, making it easier to analyze and graph the curve.

Are there common formulas or techniques used to
parametrize the intersection of paraboloids with other
surfaces?

Yes. Techniques include using cylindrical or spherical coordinates, setting one surface's
parameter, solving for the other variables, and employing substitution to derive a concise
R(t).



Additional Resources
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In the realm of multivariable calculus and three-dimensional geometry, understanding the
intersection of surfaces is fundamental to grasping how complex shapes and forms relate
within space. Among these, paraboloids hold a special place due to their elegant quadratic
shape and numerous applications in physics, engineering, and computer graphics. This
article delves into the process of determining a vector function, R(t), that precisely
describes the curve of intersection between a paraboloid and another surface, illuminating
the techniques, concepts, and significance behind such an endeavor.

Understanding Surfaces and Their Intersections

The Nature of Surfaces in Space

In three-dimensional space, a surface can be described mathematically by an equation
involving three variables: x, y, and z. These surfaces can take many forms—planes,
spheres, cylinders, paraboloids—and are defined by equations such as:

- Plane: Ax + By + Cz+ D=0
- Sphere: (x - x0)? + (y - yo)? + (z - Zo0)? = r?
- Paraboloid: z = ax? + by? + ¢

The paraboloid, in particular, is a quadratic surface that opens upward or downward
depending on the sign of the quadratic coefficient.

Standard Equation of a Paraboloid:

- Elliptic paraboloid: z = Ax? + By?, where A and B are constants.
- Hyperbolic paraboloid: z = x2 / a2 - y? / b2.

Understanding these forms allows us to analyze how different surfaces intersect, forming
curves that are key to many applications.

The Significance of Surface Intersections

Surface intersections are not just mathematical curiosities; they are critical in various
fields:

- Engineering: Designing components where different surfaces meet.
- Physics: Finding the trajectory or boundary conditions in systems involving multiple



constraints.

- Computer Graphics: Rendering complex shapes by understanding their intersection
curves.

- Mathematics: Studying properties of surfaces and their relationships.

The intersection curve between two surfaces is typically a one-dimensional locus of points

satisfying both surface equations simultaneously. Representing this curve parametrically
via a vector function R(t) is crucial for analysis, visualization, and further computation.

Mathematical Foundations for Finding R(t)

Parametric Representation of Curves

A curve in three-dimensional space can be described parametrically as:

\[ R(t) = \langle x(t), y(t), z(t) \rangle \]

where each component is a function of the parameter t, which varies over an interval.
Objective: To find functions x(t), y(t), and z(t) such that for all t:

1. The point \((x(t), y(t), z(t))\) lies on the first surface.
2. The same point lies on the second surface.

This simultaneous satisfaction of two surface equations defines the intersection curve,
which the vector function R(t) traces out as t varies.

Approach to Deriving R(t)

The process typically involves:

- Step 1: Express one variable in terms of the others using one of the equations.

- Step 2: Substitute this expression into the second surface equation.

- Step 3: Solve the resulting equation for a parameter or parameters.

- Step 4: Express the remaining variables in terms of t using the solutions obtained.
- Step 5: Assemble the parametric functions into the vector function R(t).

This approach hinges on the ability to manipulate the equations algebraically and
sometimes involves choosing a convenient parameterization, especially if the intersection
curve is a closed loop or has a particular geometric nature.



Case Study: Intersection of a Paraboloid and a
Plane

To make the process concrete, consider the classic example: finding the intersection of an
elliptic paraboloid with a plane.

Surface Equations:

- Paraboloid: \(z =x"2 + y~2)
- Plane: \(z = 4x + 2y \)

Goal: Find a vector function R(t) that traces the curve where these two surfaces meet.

Step-by-Step Solution

Step 1: Equate the two surface equations
Since both equal z:

\[ X2 +y™2 =4x + 2y \]

Rearranged as:
\[x72-4x+y™2-2y=01\]

Step 2: Complete the square

- For x:

\[x™2-4x = (x-2)"2-4\]
- Fory:

\[y™2-2y=(y-1)"2-1\]
Now substitute back:

Mx-2)72-4+(y-1)"2-1=0\]
Mx-2)"2+(y-1)"2=51\]

This is a circle in the xy-plane with center at (2, 1) and radius \(\sqrt{5}\).
Step 3: Parameterize the circle
Using a standard parametric form:

\[ x(t) = 2 + \sqrt{5} \cos t \]
\[ y(t) =1 + \sqrt{5} \sin t\]



where \( t \in [0, 2\pi) \).
Step 4: Find z(t)

Recall:
\[z=x"2+y"2\]
Substitute x(t) and y(t):

\[

\begin{aligned}

Z(t) &=[2 + \sqrt{5} \cos t]~2 + [1 + \sqrt{5} \sin t]~2 \\

&= (4 + 4 \sqrt{5} \cost + 5\cos™2 t) + (1 + 2 \sqrt{5} \sint + 5\sin™2 t) \\
&=4 + 4 \sqrt{5} \cost + 5\cos™2t+ 1+ 2 \sqrt{5} \sint + 5\sin™2 t\\
&=5+ 4 \sqrt{5} \cost + 2 \sqrt{5} \sint + 5 (\cos™2 t + \sin™2 t) \\

&= 5+ 4 \sqrt{5} \cos t + 2 \sqrt{5} \sint + 5 \times 1 \\

&= 10 + 4 \sqrt{5} \cos t + 2 \sqrt{5} \sin t

\end {aligned}

\]

Step 5: Construct the vector function R(t)
\[ R(t) = \langle x(t), y(t), z(t) \rangle \]

\[ R(t) = \left\langle 2 + \sqrt{5} \cos t, \quad 1 + \sqrt{5} \sin t, \quad 10 + 4 \sqrt{5}
\cos t + 2 \sqrt{5} \sin t \right\rangle \]

This parametric vector function describes the intersection curve of the paraboloid and the
plane.

Generalization to Other Surface Intersections

While the previous example involves a paraboloid and a plane, the methodology extends to
other surface combinations, including:

- Paraboloid and Cylinder: For instance, \(z=x"2 +y™2\) and \( x"2 + y~2 =1r"2)),
leading to circle intersections.

- Two Paraboloids: Equating two quadratic forms to find their intersection.

- Paraboloid and Hyperboloid: Requiring solving simultaneous quadratic equations, often
leading to more complex curves such as hyperbolas or ellipses.

In each case, the key steps involve:
1. Expressing one variable or surface in terms of others.

2. Substituting into the second surface's equation.
3. Simplifying to identify a familiar geometric shape (circle, ellipse, hyperbola).



4. Choosing a suitable parameterization based on the identified shape.
5. Computing the third coordinate or dependent variable using the original equations.

The Importance of Parameterization Choices

Choosing an appropriate parameterization is crucial. It can simplify calculations, clarify
the geometric nature of the intersection, and facilitate visualization.

- Circular intersections: Use \(\cos t\) and \(\sin t\).

- Elliptic or hyperbolic intersections: Use standard parametrizations for ellipses or
hyperbolas.

- Complex or irregular curves: May require more advanced techniques, such as
substitution, numerical methods, or implicit differentiation.

The goal is to produce a smooth, continuous, and meaningful parametrization that
accurately traces the intersection curve for all relevant t.

Applications and Significance in Real-World
Contexts

Understanding how to find the vector function R(t) for an intersection curve has profound
implications:

- Design and Manufacturing: In CAD (Computer-Aided Design), engineers often need to
model
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