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Understanding the concepts of radius of convergence and interval of
convergence is fundamental in the study of power series. These concepts help
determine where a series converges and how it behaves within its domain.
Whether you're a student preparing for exams, a mathematician delving into
analysis, or a teacher explaining these topics, grasping how to find these
values is essential for analyzing power series effectively. This
comprehensive guide will walk you through the definitions, methods, and
examples to find the radius and interval of convergence, ensuring you have a
clear grasp of the process.

What Is a Power Series?

Before diving into convergence, it's important to understand what a power
series is.

Definition of a Power Series

A power series is an infinite series of the form:
\[ \sum {n=0}"\infty a n (x - c)”™n \]

where:

- \( a_n\) are coefficients,

- \( ¢ \) is the center of the series,
- \( x \) is the variable.

The power series represents a function, and its convergence properties depend
on the value of \( x \) relative to the center \( c \).

Understanding Radius of Convergence and
Interval of Convergence



Radius of Convergence (R)

The radius of convergence is a non-negative number \( R \) such that:

- The series converges absolutely for all \( x \) satisfying \( |x - ¢| <R
\),

- The series diverges for all \( x \) satisfying \( |x - ¢c|] > R \).

In simple terms, \( R \) indicates the extent of the interval around the
center \( ¢ \) where the series converges.

Interval of Convergence

The interval of convergence is the set of all \( x \) values for which the
series converges, including possibly some endpoints where convergence may be
conditional or absolute.

It is generally of the form:

\[ (c - R, ¢ +R)\]

possibly extended to include endpoints:

\[ [c - R, ¢ + R], \quad \text{or} \quad (c - R, ¢ + R] \quad \text{or} \quad
[c - R, ¢c +R)\]

depending on the behavior at the endpoints.

Methods to Find the Radius of Convergence

Several methods exist to determine \( R \), with the most common being the
Ratio Test and the Root Test.

1. The Ratio Test

The Ratio Test examines the limit:

\[ L =\lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right| \]

For the power series, the radius of convergence \( R \) can be found using:
\[ R = \frac{1}{L} \]

if this limit exists.

Procedure:

1. Write down the general term \( a n (x - ¢)™n \).
2. Compute \( \left| \frac{a {n+1}}{a n} \right| \).



3. Take the limit as \( n \to \infty \).
4. Find \( R = \frac{1}{L} \).

Note: If the limit \( L \) is zero, then \( R = \infty \), indicating
convergence for all \( x \).

2. The Root Test

The Root Test involves the limit:

\[ L = \lim {n \to \infty} \sqgrt[nl{]a n|} \]
The radius of convergence is then:

\[ R = \frac{1}{L} \]

Procedure:

1. Find \( \sgrt[nl{|a n|} \).

2. Compute the limit as \( n \to \infty \).
3. Calculate \( R = \frac{1}{L} \).

Step-by-Step Example

Let's consider an example to illustrate how to find the radius and interval
of convergence.

Example:
Determine the radius and interval of convergence for the series:

\[ \sum {n=0}"\infty \frac{2”n}{n!} (x - 1)"n \]

Step 1: Identify \( a_n \) and the general term

The general term is:
\[ an (x - 1)"n = \frac{2"n}{n!} (x - 1)"n \]
So,

\[ a n = \frac{2"n}{n'} \1]



Step 2: Apply the Root Test or Ratio Test

Let's use the Ratio Test:

\[ \left| \frac{a {n+1}}{a n} \right| = \left|
\frac{\frac{2”{n+1}}{(n+1) '} }{\frac{2”n}{n!}} \right| = \left|
\frac{2”{n+1}}{(n+1) '} \times \frac{n!}{2”n} \right| = \left| \frac{2 \times
2”n}{(n+1l) \times n!'} \times \frac{n!}{2”n} \right| = \frac{2}{n+1} \]

Now, find the limit as \( n \to \infty \):

\[ L =\lim_{n \to \infty} \frac{2}{n+1} = 0 \]
Since \( L = 0 \), the radius of convergence is:
\[ R = \frac{1}{L} = \infty \]

Interpretation: The series converges for all real \( x \).

Determining the Interval of Convergence

While the radius gives the extent of convergence, the interval also depends
on the behavior at the endpoints. For series where endpoints are finite, test
convergence at \( x = ¢ \pm R \).

In our example:

- Since \( R = \infty \), the series converges for all \( x \in \mathbb{R}
\).

- Therefore, the interval of convergence is \( (-\infty, \infty) \).

Special Cases and Endpoint Analysis

In cases where the radius of convergence is finite, you must check the
convergence at the endpoints:

1. Substitute \( x = ¢c - R\) and \( x = ¢ + R\) into the series.

2. Use appropriate convergence tests (e.g., p-series, comparison test,
alternating series test).

3. Determine whether the series converges at the endpoints.



Summary of Steps to Find Radius and Interval of
Convergence

1. Identify the general term \( a n (x - c)™n \).
2. Use the Ratio Test or Root Test to find the limit and compute the radius:

- For Ratio Test:

\[ R = \frac{1}{\lim {n \to \infty} |\frac{a {n+1}}{a n}|} \I
- For Root Test:

\[ R = \frac{1}{\lim {n \to \infty} \sqrt[nl{|a n|}} \]

3. Determine the interval:

- Centered at \( c \), the potential interval is \( (c - R, ¢ + R) \).
- Test convergence at endpoints to include or exclude them.

4. Express the final interval of convergence clearly, indicating whether
endpoints are included.

Conclusion

Mastering the process of finding the radius and interval of convergence of
power series is vital for understanding their behavior and applicability. By
employing the Ratio or Root Test, analyzing endpoint convergence, and
carefully interpreting the results, you can accurately determine where a
power series converges and how to utilize it in various mathematical
contexts. Remember, practice with multiple examples enhances intuition and
proficiency, making your analysis precise and reliable.

Additional Resources:

- Textbooks on Real Analysis or Calculus

- Online tutorials on Power Series

- Mathematical software (like WolframAlpha, GeoGebra) for visualizing
convergence regions

By thoroughly understanding these concepts, you'll be well-equipped to
analyze complex series with confidence and clarity.



Frequently Asked Questions

How do you determine the radius of convergence of a
power series?

To find the radius of convergence, apply the Ratio Test or Root Test to the
general term of the series and solve for the values of x for which the limit
exists finitely; the radius is the distance from the center where the series
converges.

What is the interval of convergence of a power
series?

The interval of convergence is the set of all real numbers x for which the
series converges, including possibly the endpoints, which should be tested
separately for convergence.

How do you find the interval of convergence once the
radius of convergence is known?

Start with the radius of convergence and test the endpoints of the interval
for convergence, then combine these results to determine the full interval.

What is the significance of the radius of
convergence in power series?

The radius of convergence indicates the maximum distance from the center
within which the power series converges; beyond this radius, the series
diverges.

When the series involves factorials, how does that
affect finding the radius of convergence?

Factorials in the terms typically suggest using the Ratio Test, which
simplifies the limit and helps determine the radius by analyzing the
factorial growth.

How do you express the answer as an improper
interval for the convergence of a power series?

Express the interval using parentheses or brackets to include or exclude
endpoints, for example, [a, b), indicating convergence at a but not at b, or
as an improper interval like (-», R).



Can the interval of convergence be infinite, and how
is that reflected in the radius of convergence?

Yes, if the radius of convergence is infinite, the series converges for all
real numbers; this is reflected by R = o, indicating an unbounded interval of
convergence.

Additional Resources

Find The Radius Of Convergence And Interval Of Convergence Of The Series: An
In-Depth Analysis

Understanding the convergence properties of power series is a fundamental
aspect of mathematical analysis, particularly in calculus and complex
analysis. Power series are infinite sums of the form:

\
\sum_{n=0}"\infty a n (x - c)”n
\1

where \(a n\) are the coefficients, \(c\) 1is the center of the series, and
\(x\) is the variable. Determining the radius of convergence and the interval
of convergence of such series is crucial for understanding where the series
converges to a function and where it does not. This comprehensive guide
delves into the theoretical foundations, methods of calculation, and
practical considerations involved in finding these key properties.

Understanding Power Series and Their
Significance

Power series serve as a cornerstone in mathematical analysis because they
allow us to represent complex functions as infinite sums, facilitating easier
differentiation, integration, and approximation. They are especially useful
in:

- Approximating functions near a point
- Solving differential equations
- Analyzing function behavior in complex analysis

The convergence of a power series depends on the value of \(x\) relative to
the center \(c\). The set of all points where the series converges (including
possibly the boundary points) is called the interval of convergence.



Defining Radius of Convergence and Interval of
Convergence

Radius of Convergence (\(R\)):

- The non-negative real number \(R\) such that the series converges for all
\ (x\) satisfying \(|x - c| < R\), and diverges for \(|x - c| > R\).

- It essentially measures the "distance" from the center \(c\) within which
the series converges.

- Outside this radius, the series does not converge.

Interval of Convergence:
- The actual set of \(x\) values for which the series converges.
- It generally takes the form:

\ [
(c - R, ¢c +R)
\1]

possibly including or excluding the endpoints, depending on the convergence
behavior at those points.

Key Objective:
- To find \(R\) and determine the interval of convergence by analyzing the
series' behavior.

Methods for Finding the Radius of Convergence

Several techniques exist for calculating the radius of convergence, with the
most common being the Root Test and the Ratio Test.

1. The Ratio Test

The Ratio Test states that for a series \(\sum a n\):

\ [
\text{If } L = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right|
\1]

then:

- The series converges absolutely if \(L < 1\).
- Diverges if \(L > 1\).

- Test is inconclusive if \(L = 1\).



Application to Power Series:
For the series \(\sum a n (x - c)”n\), the general term is \(a_n (x - c)”n\).
Define:

\ [

L = \lim_{n \to \infty} \left| \frac{a {n+1} (x - c)*{n+1l}}{a n (x - c)*n}
\right| = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right| \times |x -
c|

\1]

Let:

\ [
L' = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right|

\]

The series converges when:

\ [
L' \times |x - c| < 1 \implies |x - c| < \frac{1l}{L'}
\1]

Thus, the radius of convergence is:

\ [
R = \frac{1}{L'}
\1

(assuming \(L'\) exists).

2. The Root Test

The Root Test involves examining:

\ [

L = \lim_{n \to \infty} \sqrt[nl{]a_ n (x - c)*n|} = \lim {n \to \infty}
\sgrt[n]{|a n|} \times |x - c|

\1]

Define:

\ [
L' = \lim_{n \to \infty} \sqrt[n]{|a_n|}
\]



The series converges when:

\ [
L' \times |x - c| < 1 \implies |x - c| < \frac{1}{L'}
\1

and the radius of convergence is:
\ [

R = \frac{1}{L'}

\1]

Note: When the coefficients \(a n\) are known explicitly, these limits are
straightforward to compute.

Practical Steps to Determine the Radius of
Convergence

To calculate the radius of convergence for a specific power series, follow
these systematic steps:

Step 1: Write down the general term

Identify the general coefficient \(a n\) and the form of the term:
\[

an(x-<c)’n

\1

Step 2: Choose the appropriate test

Select Ratio Test or Root Test based on the form of \(a n\):

- Use Ratio Test if the ratio \(\frac{a {n+1}}{a n}\) simplifies nicely.
- Use Root Test if \(\sqgrt[n]{|a n|}\) simplifies more easily.

Step 3: Compute the limit

Calculate the limit \(L'\) or the root limit.
Step 4: Find \(R\)

Determine:

\ [
R = \frac{1}{L'}



\]

or

\[

R = \frac{1}{\lim {n \to \infty} \sqrt[nl{|a n]|}}
\1]

Step 5: Write the interval of convergence

Express the interval as:

\ [
(c - R, c +R)
\1

and analyze the convergence at the endpoints separately.

Determining the Interval of Convergence

While the radius indicates the extent of convergence around the center, the
actual interval of convergence must account for the behavior at the boundary
points \(x = ¢ \pm R\).

Procedure:

- Test the endpoints \(x = c \pm R\):

- Substitute \(x = ¢ + R\) into the series.

- Test for convergence (using the Alternating Series Test, p-series test, or
comparison test).

- Repeat at \(x = c - R\).

- Include or exclude endpoints based on the convergence tests:

- If the series converges at an endpoint, include that point.
- If it diverges, exclude it.

Note: The convergence at endpoints is often the most delicate part of the
analysis.



Examples to Illustrate the Process

Example 1: Geometric Series

\ [

\sum {n=0}"\infty x”™n

\1]

- General term: \(a_n = 1\)

- \(a_{n+1} / a n = 1\)
- Using Ratio Test:

\ I

L' = 1 \implies |x| <1

\1]

- Radius of convergence: \(R = 1\)

- Interval of convergence: \((-1, 1)\)
- Check endpoints:

- At \(x = 1\):

\ [

\sum {n=0}"\infty 1°n = \sum {n=0}"\infty 1
\1]

Divergent.

- At \(x = -1\):

\ [

\sum {n=0}"\infty (-1)"n

\1]

Series oscillates and does not converge absolutely; diverges.

- Final interval: \((-1, 1)\)

Example 2: Power Series with Variable Coefficients

\ [
\sum {n=1}"\infty \frac{x"n}{n}
\1

- General term: \(a n = \frac{1}{n}\)



- Using Root Test:

\ [

\sqrt[nl{|a n|} \sqrt[n]{\frac{1}{n}} = \frac{1}{n~{1/n}} \to 1 \quad
\text{as} \quad n \to \infty

\1]

- Therefore,

\ [
R = \frac{1}{1}
\1

1l
=

- Interval of convergence:

\ [

Ix] <1

\1]

- Check endpoints:

- At \(x = 1\):

\ [

\sum {n=1}"\infty \frac{1l}{n}

\1]

Harmonic series diverges; endpoint excluded.
- At \(x = -1\):

\ [

\sum {n=1}"\infty \frac{(-1)"n}{n}
\1]

This is the alternating harmonic series, which converges (by Alternating
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