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Understanding eigenvalues is fundamental in the study of matrices in linear algebra. They play a crucial role in
numerous mathematical and engineering applications, including stability analysis, quantum mechanics, vibration
analysis, and more. When analyzing a matrix, one of the key tasks is to identify its eigenvalues, particularly
those that are real, and to account for their multiplicities. This article provides a comprehensive guide to
listing the real eigenvalues of a matrix, repeating them according to their algebraic multiplicities, and
understanding their significance in various contexts.

---

Understanding Eigenvalues and Eigenvectors

Before delving into real eigenvalues and their listing, it is essential to grasp the core concepts of eigenvalues
and eigenvectors.

What Are Eigenvalues and Eigenvectors?

Given an \( n \times n \) matrix \( A \), an eigenvalue \( \lambda \) and its corresponding eigenvector \(
\mathbf{v} \) satisfy the equation:

\[
A \mathbf{v} = \lambda \mathbf{v}
\]

where \( \mathbf{v} \neq \mathbf{0} \).

- Eigenvalues (\( \lambda \)) are scalars indicating how an eigenvector is scaled during the transformation
represented by \( A \).
- Eigenvectors (\( \mathbf{v} \)) are non-zero vectors that change only in magnitude (and possibly direction,
depending on the eigenvalue) when transformed by \( A \).

The Characteristic Polynomial

Eigenvalues are found by solving the characteristic equation:

\[
\det(A - \lambda I) = 0
\]

where \( I \) is the identity matrix of the same size as \( A \).

The roots of this polynomial are the eigenvalues of \( A \). These roots can be real or complex, depending on
the matrix.

---



Identifying Real Eigenvalues of a Matrix

When analyzing the eigenvalues, the first step is to determine which roots of the characteristic polynomial are
real numbers.

Steps to Find Real Eigenvalues

1. Compute the characteristic polynomial:
Find \( \det(A - \lambda I) \) to obtain a polynomial in \( \lambda \).

2. Solve the polynomial equation:
Use algebraic methods or numerical algorithms to find the roots.

3. Identify real roots:
Out of all roots, select those that are real numbers (as opposed to complex roots with non-zero imaginary
parts).

4. Determine multiplicities:
For each real eigenvalue, establish its algebraic multiplicity, which is the number of times it appears as a root.

Methods to Find Eigenvalues

- Analytical Solutions:
Suitable for small matrices (2x2 or 3x3) where characteristic polynomials can be factored directly.

- Numerical Methods:
For larger matrices, algorithms such as QR algorithm, power iteration, or eigenvalue decomposition methods
are used.

- Software Tools:
Programs like MATLAB, NumPy (Python), or Mathematica can compute eigenvalues efficiently, providing both
real and complex roots.

---

Listing Real Eigenvalues with Their Multiplicities

Once the real eigenvalues are identified, it is critical to list them, incorporating their algebraic multiplicities.

Why Account for Multiplicities?

- Algebraic multiplicity indicates how many times a particular eigenvalue appears as a root of the
characteristic polynomial.
- Geometric multiplicity (the dimension of the eigenspace) can differ from algebraic multiplicity; however, for
listing purposes, we focus on algebraic multiplicities.



How to List the Eigenvalues

- Write each real eigenvalue multiple times, according to its algebraic multiplicity.
- Present the list in a clear, ordered manner—either ascending or descending.

Example

Suppose the matrix \( A \) has the characteristic polynomial:

\[
(\lambda - 3)^2 (\lambda + 1)^1 (\lambda - 5)^3 = 0
\]

then, the real eigenvalues with multiplicities are:

- \( \lambda = -1 \) (multiplicity 1)
- \( \lambda = 3 \) (multiplicity 2)
- \( \lambda = 5 \) (multiplicity 3)

The list, repeated according to multiplicities, would be:

\[
\boxed{-1,\ 3,\ 3,\ 5,\ 5,\ 5}
\]

---

Significance of Real Eigenvalues in Matrix Analysis

Real eigenvalues provide vital information about the behavior of linear transformations represented by
matrices.

Implications in Stability Analysis

- In systems governed by differential equations, the signs of real eigenvalues determine stability.
- Positive real eigenvalues often indicate exponential growth modes.
- Negative real eigenvalues suggest decay or stability.
- Zero eigenvalues may indicate marginal stability or equilibrium points.

Diagonalization and Spectral Decomposition

- Matrices with real eigenvalues and a complete set of eigenvectors can often be diagonalized, simplifying many
computations.
- The spectral theorem states that real symmetric matrices are diagonalizable with real eigenvalues, making the
analysis straightforward.



Applications in Engineering and Physics

- Vibration analysis: Eigenvalues correspond to natural frequencies.
- Quantum mechanics: Eigenvalues of operators represent measurable quantities.
- Control theory: Eigenvalues determine system controllability and observability.

---

Special Cases and Considerations

While the above provides the general approach, several special cases warrant additional attention.

Repeated Eigenvalues and Multiplicity

- When an eigenvalue has multiplicity greater than one, it is called a repeated or multiple eigenvalue.
- The algebraic multiplicity can be greater than the geometric multiplicity, indicating potential issues with
diagonalizability.

Complex Eigenvalues with Real Matrices

- Real matrices can have complex conjugate eigenvalues.
- For real matrices, complex eigenvalues always come in conjugate pairs, and they do not appear in the list of
real eigenvalues.
- When listing real eigenvalues, ignore these complex conjugates unless explicitly analyzing complex
eigenvalues.

Diagonalizable vs. Non-Diagonalizable Matrices

- Matrices with distinct real eigenvalues are diagonalizable.
- Repeated eigenvalues may lead to non-diagonalizable matrices if geometric multiplicity is less than algebraic
multiplicity.

---

Practical Example: Listing Real Eigenvalues with Multiplicities

Let's walk through an example to consolidate understanding.

Suppose you have a matrix \( B \):

\[
B = \begin{bmatrix}
4 & 1 & 0 \\
0 & 4 & 0 \\
0 & 0 & -2
\end{bmatrix}
\]



Step 1: Find the characteristic polynomial

\[
\det(B - \lambda I) = \det \begin{bmatrix}
4 - \lambda & 1 & 0 \\
0 & 4 - \lambda & 0 \\
0 & 0 & -2 - \lambda
\end{bmatrix}
\]

Calculating the determinant:

\[
(4 - \lambda) \times \det \begin{bmatrix}
4 - \lambda & 0 \\
0 & -2 - \lambda
\end{bmatrix} = (4 - \lambda) \times [(4 - \lambda)(-2 - \lambda) - 0] = (4 - \lambda)^2 (-2 - \lambda)
\]

Step 2: Find roots

Set the characteristic polynomial to zero:

\[
(4 - \lambda)^2 (-2 - \lambda) = 0
\]

Solutions:

- \( \lambda = 4 \) with multiplicity 2
- \( \lambda = -2 \) with multiplicity 1

Step 3: List eigenvalues with multiplicities

- \( 4 \) (multiplicity 2)
- \( -2 \) (multiplicity 1)

Final list:

\[
\boxed{4,\ 4,\ -2}
\]

---

Conclusion

Listing the real eigenvalues of a matrix, repeated according to their multiplicities, is a fundamental step in
linear algebra that provides insights into the matrix's behavior and properties. Whether for stability analysis,
diagonalization, or understanding the underlying system, accurately computing and listing these eigenvalues is
essential. By following systematic methods—computing the characteristic polynomial, solving for roots, and
accounting for multiplicities—you can thoroughly analyze any matrix's real eigenvalues. Remember that real
eigenvalues not only inform about the spectral properties of matrices but also have profound implications
across scientific and engineering disciplines.

---



Additional Resources

- Linear Algebra Textbooks:
"Linear Algebra and Its Applications" by Gilbert Strang
"Introduction to Linear Algebra" by Serge Lang

- Mathematical Software:
MATLAB, NumPy (Python), Mathematica, and Octave for eigenvalue computations.

- Online Tutorials:
Khan Academy's Linear Algebra course
Paul's Online Math Notes

---

Frequently Asked Questions

What are the real eigenvalues of the matrix in the context of the Matrix?

The real eigenvalues of the matrix are the scalar values λ for which the matrix minus λ times the identity
matrix is not invertible, and these values are real numbers. Identifying these eigenvalues helps understand the
matrix's behavior in real space.

How do you determine the multiplicity of each real eigenvalue in a matrix?

The multiplicity of a real eigenvalue is determined by its algebraic multiplicity, which is the number of times that
eigenvalue appears as a root of the characteristic polynomial. This can be found by factoring the polynomial
or using eigenvalue algorithms.

Why is it important to list the real eigenvalues according to their
multiplicities for the matrix?

Listing real eigenvalues according to their multiplicities provides insight into the matrix's structure, such as
its diagonalizability, stability properties, and the nature of its eigenvectors, which are crucial in applications
like differential equations and systems analysis.

Can a matrix have complex eigenvalues while having real eigenvalues? How
does this affect listing eigenvalues by multiplicity?

Yes, matrices can have both real and complex eigenvalues, especially if they are not symmetric. When listing
eigenvalues by multiplicity, only the real eigenvalues are included, with their algebraic multiplicities, separate
from the complex eigenvalues.

What methods can be used to find the real eigenvalues and their
multiplicities of a matrix?

Methods include computing the characteristic polynomial and factoring it to find roots, applying numerical
algorithms like the QR algorithm, or using software tools such as MATLAB or Python libraries to
numerically approximate eigenvalues and determine their multiplicities.



How does the multiplicity of a real eigenvalue influence the matrix's
diagonalizability?

A real eigenvalue's algebraic multiplicity equals its geometric multiplicity (the dimension of its eigenspace) for
the matrix to be diagonalizable. Multiple eigenvalues with higher multiplicity may prevent diagonalization if
their geometric multiplicity is less than their algebraic multiplicity.

Additional Resources
Real Eigenvalues of a Matrix: An In-Depth Exploration

Understanding the eigenvalues of a matrix is fundamental in many areas of mathematics, physics, engineering, and
computer science. When dealing with real matrices, the spectrum of eigenvalues can be complex, but often the
real eigenvalues play a crucial role in applications such as stability analysis, differential equations, and
principal component analysis. This comprehensive review delves into the concept of real eigenvalues, their
calculation, significance, and the importance of their multiplicities.

---

Introduction to Eigenvalues and Eigenvectors

Before exploring the specifics of real eigenvalues, it’s essential to understand the foundational concepts:

- Eigenvalues: For a square matrix \(A\), a scalar \(\lambda\) is called an eigenvalue if there exists a non-zero
vector \(v\) such that:

\[
A v = \lambda v
\]

- Eigenvectors: The non-zero vector \(v\) satisfying the above equation corresponding to \(\lambda\).

- Characteristic Polynomial: The eigenvalues of \(A\) are roots of the characteristic polynomial:

\[
p(\lambda) = \det(A - \lambda I)
\]

where \(I\) is the identity matrix.

---

The Significance of Real Eigenvalues

Real eigenvalues are particularly important because:

- They guarantee real solutions to systems modeled by the matrix.
- They often simplify the analysis of matrix behavior, especially in dynamical systems.
- They play a key role in real-world applications such as stability analysis, where the sign of eigenvalues
determines whether a system tends to equilibrium or diverges.

---



Determining Real Eigenvalues of a Matrix

The process to find real eigenvalues involves several steps:

1. Computing the Characteristic Polynomial

Calculate \(\det(A - \lambda I)\). This polynomial is of degree \(n\) if \(A\) is an \(n \times n\) matrix.

2. Factoring the Polynomial

Factor the characteristic polynomial into linear and possibly quadratic factors over the real numbers:

\[
p(\lambda) = 0
\]

- Linear factors correspond to real roots (real eigenvalues).
- Quadratic factors with no real roots indicate complex conjugate pairs.

3. Identifying Real Roots

- Use algebraic methods (factoring, rational root theorem).
- Apply numerical methods for higher-degree polynomials (e.g., Newton-Raphson, Bairstow’s method).
- For symmetric matrices, the eigenvalues are guaranteed to be real, simplifying the process.

---

Eigenvalues and Their Multiplicities

Eigenvalues can have different multiplicities:

1. Algebraic Multiplicity

- The multiplicity of an eigenvalue as a root of the characteristic polynomial.
- For example, if \((\lambda - 3)^2\) divides the polynomial, then \(\lambda=3\) has algebraic multiplicity 2.

2. Geometric Multiplicity

- The dimension of the eigenspace associated with an eigenvalue.
- It is always less than or equal to the algebraic multiplicity.

3. Repeated Eigenvalues

- When an eigenvalue appears multiple times (multiplicity > 1), it is called a repeated eigenvalue.
- Repeated eigenvalues can be defective (not diagonalizable) if their geometric multiplicity is less than their
algebraic multiplicity.
- The multiplicity affects the behavior of the matrix, especially in diagonalization and Jordan canonical form.

---

Listing Real Eigenvalues with Their Multiplicities

When analyzing a matrix, it’s crucial to list all distinct real eigenvalues along with their respective



multiplicities:

- Step 1: Find all roots of the characteristic polynomial.
- Step 2: Identify which roots are real.
- Step 3: Count their algebraic multiplicities.
- Step 4: Determine their geometric multiplicities (if possible).

Example:

Suppose the characteristic polynomial of a matrix \(A\) is:

\[
p(\lambda) = (\lambda - 2)^3 (\lambda + 1)^2
\]

The eigenvalues are:

- \(\lambda = 2\) with algebraic multiplicity 3
- \(\lambda = -1\) with algebraic multiplicity 2

Both are real; thus, the list of real eigenvalues with their multiplicities is:

| Eigenvalue | Algebraic Multiplicity | Geometric Multiplicity (if known) |
|--------------|-------------------------|-----------------------------------|
| 2 | 3 | ? |
| -1 | 2 | ? |

---

Eigenvalues in Different Types of Matrices

1. Symmetric Real Matrices

- All eigenvalues are real.
- Eigenvalues are distinct or repeated, but the matrix is diagonalizable.
- Example: Covariance matrices in statistics.

2. Hermitian Matrices (Complex but with real eigenvalues)

- Although in complex space, eigenvalues are real.
- Common in quantum mechanics.

3. General Real Matrices

- Eigenvalues may be real or complex conjugate pairs.
- The characteristic polynomial may have quadratic factors with no real roots.

---

Special Cases: Repeated Real Eigenvalues

Repeated eigenvalues can lead to nuanced behaviors:

- Diagonalizable matrices: When geometric multiplicity equals algebraic multiplicity.



- Defective matrices: When geometric multiplicity is less, leading to Jordan blocks.

Implications:

- Diagonalizable matrices with real eigenvalues are easier to analyze.
- Defective matrices require Jordan canonical form, complicating calculations.

---

Applications of Real Eigenvalues

1. Stability Analysis

- The eigenvalues of the system matrix determine whether a system is stable.
- For continuous systems, all eigenvalues must have negative real parts.
- For discrete systems, eigenvalues must lie inside the unit circle.

2. Principal Component Analysis (PCA)

- Eigenvalues of the covariance matrix indicate the variance captured by each principal component.
- Real eigenvalues are necessary for interpreting variance directions.

3. Mechanical Vibrations

- Natural frequencies correspond to eigenvalues.
- Real eigenvalues indicate non-oscillatory behavior or damping.

4. Quantum Mechanics

- Observables represented by Hermitian matrices have real eigenvalues, corresponding to measurable quantities.

---

Computational Methods for Finding Real Eigenvalues

Practical computation involves:

- Direct methods: QR algorithm, characteristic polynomial roots.
- Iterative methods: Power iteration, Lanczos algorithm for large sparse matrices.
- Software tools: MATLAB, NumPy (Python), Mathematica.

---

Summary and Final Remarks

Understanding the real eigenvalues of a matrix, including their multiplicities, is a cornerstone of linear algebra.
Their determination involves characteristic polynomial factorization, numerical methods, and theoretical
insights. Listing these eigenvalues alongside their multiplicities provides a comprehensive view of the matrix’s
spectral properties, essential for applications across sciences and engineering.

Real eigenvalues inform us about the behavior of systems—whether they exhibit stability, oscillations, or
divergence—and influence practical decisions in design, analysis, and interpretation of models. Recognizing the



importance of multiplicities, especially when they are greater than one, informs us about the potential
degeneracies and the structure of the matrix.

In conclusion, mastering the identification and interpretation of real eigenvalues, their multiplicities, and
implications forms a fundamental part of the mathematical toolkit for analyzing linear transformations and
their real-world applications.

---

Note: This overview aims to offer a comprehensive understanding, but specific matrices may require tailored
approaches for eigenvalue analysis, especially in complex or large-dimensional cases.
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