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Understanding the relationship between magnetic flux density (B) and magnetic potential (A) is
fundamental in electromagnetism. While these two quantities are closely related, there are specific
scenarios where the magnetic flux density B becomes zero, yet the magnetic potential A remains
non-zero. Exploring such cases provides deeper insight into magnetic fields, gauge choices, and the
underlying physics. This article delves into an example of such a situation, elaborating on the
concepts, the mathematical framework, and real-world implications.

Understanding Magnetic Flux Density (B) and Magnetic
Vector Potential (A)

Before examining the specific scenario, it’s essential to understand what magnetic flux density and
magnetic vector potential are, and how they relate.

Magnetic Flux Density (B)

Magnetic flux density, often denoted as B, represents the magnetic field's strength and direction at a
point in space. It is a physical quantity measurable by a magnetometer and has units of tesla (T). The
magnetic flux density describes how magnetic field lines pass through a given area.

Mathematically, B is related to the magnetic field H and magnetic permeability μ via:

\[ \mathbf{B} = \mu \mathbf{H} \]

In free space, μ equals μ₀, the permeability of free space.

Magnetic Vector Potential (A)

The magnetic vector potential, denoted as A, is a vector field from which magnetic flux density can
be derived. It is a mathematical tool used to simplify calculations in electromagnetism, especially in
quantum mechanics and electromagnetic theory.

The relationship between A and B is given by:

\[ \mathbf{B} = \nabla \times \mathbf{A} \]



This indicates that B is the curl of A. The vector potential is not unique; different A fields related by
a gauge transformation can produce the same magnetic flux density B.

Key Concepts: Gauge Freedom and Physical
Significance

The fact that B is the curl of A means that the magnetic field can be described by various vector
potentials differing by a gradient of a scalar function:

\[ \mathbf{A}' = \mathbf{A} + \nabla \chi \]

where χ is any scalar function. This gauge freedom allows for choosing convenient forms of A
depending on the problem.

A crucial point is that B, being physically measurable, remains invariant under gauge
transformations, whereas A is gauge-dependent.

Scenario Where B Is Zero But A Is Non-Zero

Now, let’s consider the specific scenario where the magnetic flux density B is zero everywhere, but
the magnetic vector potential A is non-zero. This situation is not just a theoretical curiosity but has
real-world relevance, especially in quantum mechanics and field theory.

Physical Context: The Aharonov-Bohm Effect

One of the most famous examples illustrating this scenario is the Aharonov-Bohm effect. Discovered
in 1959 by Yakir Aharonov and David Bohm, this quantum phenomenon demonstrates that even in
regions where the magnetic field B is zero, the magnetic potential A can influence the phase of a
charged particle’s wavefunction, leading to observable interference effects.

Key points of the Aharonov-Bohm effect:

- Magnetic field B is confined: The magnetic flux is confined within a solenoid or a magnetic flux
tube, such that outside the solenoid, B = 0.
- Non-zero vector potential A: Despite B being zero outside, the vector potential A is non-zero in this
region.
- Observable consequences: Charged particles traveling outside the magnetic flux experience phase
shifts due to A, even though they encounter no magnetic field directly.

This phenomenon underscores the physical significance of A independent of B, especially in quantum
regimes.



Classical Example: Infinite Solenoid with Finite Magnetic Flux

To understand the classical situation where B = 0 but A ≠ 0, consider an idealized infinite solenoid:

1. Configuration:
- An infinitely long solenoid carries a steady current, producing a magnetic field confined within its
coils.
- Outside the solenoid, the magnetic field B = 0 because the magnetic flux lines are contained within
the coils.

2. Mathematical description:
- Inside the solenoid, B is uniform and non-zero.
- Outside, B = 0.

3. Vector potential A outside the solenoid:
- Even though B = 0 outside, A is non-zero and has a specific form, typically expressed in cylindrical
coordinates as:

\[ \mathbf{A} = \frac{\Phi}{2\pi r} \hat{\phi} \]

where:
- \(\Phi\) is the magnetic flux enclosed within the solenoid.
- \(r\) is the radial distance from the axis.
- \(\hat{\phi}\) is the azimuthal unit vector.

4. Implication:
- The curl of A outside the solenoid is zero, confirming B = 0.
- However, A is non-zero, and its line integral around a closed loop encircling the solenoid equals the
enclosed flux:

\[ \oint \mathbf{A} \cdot d\mathbf{l} = \Phi \neq 0 \]

This classical example vividly demonstrates that the vector potential A can be non-zero in regions
where the magnetic flux density B is zero.

Mathematical Formalism and Gauge Choices

Understanding the mathematical formalism behind this scenario involves exploring gauge choices
and boundary conditions.

Gauge Transformations

Since A is gauge-dependent, different gauges can be used to describe the same physical situation:

- Coulomb gauge: \(\nabla \cdot \mathbf{A} = 0\)
- Lorenz gauge: \(\nabla \cdot \mathbf{A} + \frac{1}{c^2} \frac{\partial \phi}{\partial t} = 0\)



In the case of the infinite solenoid, choosing an appropriate gauge simplifies calculations and
clarifies the physical meaning of A.

Boundary Conditions and Physical Reality

- The non-zero A outside the solenoid is a consequence of boundary conditions imposed by the
magnetic flux confined within the solenoid.
- These boundary conditions ensure the curl of A reproduces the magnetic flux inside, but A itself
extends into the region where B = 0.

Implications and Applications of This Scenario

Understanding that B can be zero while A remains non-zero has profound implications in both
classical and quantum physics.

Quantum Mechanics and the Aharonov-Bohm Effect

- Demonstrates that the vector potential has physical significance beyond being a mere
mathematical tool.
- Leads to measurable phase shifts in electron wavefunctions, affecting interference patterns.
- Influences the design of quantum devices and understanding of topological effects.

Electromagnetic Theory and Field Topology

- Highlights the importance of boundary conditions and topological considerations in field
configurations.
- Explains phenomena like flux quantization in superconductors and quantum Hall effects.

Engineering and Technological Relevance

- Magnetic confinement devices, such as tokamaks, rely on understanding magnetic potentials.
- Magnetic shielding and field manipulation strategies are based on the principles of field
confinement and potentials.

Summary and Key Takeaways

- B (magnetic flux density) can be zero in a region, yet A (vector magnetic potential) can be non-zero.
- This scenario is exemplified by the idealized infinite solenoid and the quantum Aharonov-Bohm
effect.



- The physical significance of A in quantum phenomena underscores the importance of potentials in
electromagnetism.
- Boundary conditions and gauge choices are crucial in understanding and modeling these
configurations.
- Recognizing situations where B = 0 but A ≠ 0 enhances our comprehension of magnetic
phenomena, from classical fields to quantum mechanics.

Final Thoughts

The example of a region with zero magnetic flux density but non-zero magnetic vector potential
exemplifies the nuanced and rich nature of electromagnetic theory. It challenges the classical
intuition that only B has physical reality, revealing that potentials can have observable
consequences, especially in quantum physics. Whether in the design of quantum interference
experiments or the understanding of topological field configurations, this scenario remains a
cornerstone in modern physics, illustrating the profound interconnectedness of mathematical
formalism and physical reality.

---
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Frequently Asked Questions

Can you provide an example where the magnetic flux density B
is zero but the magnetic potential A is non-zero?
Yes. In the case of a long, straight, ideal solenoid with no current flowing (i.e., off state), the
magnetic flux density B outside the solenoid is effectively zero, but the magnetic vector potential A
in the space outside can be non-zero due to the solenoid's magnetic field configuration.

In which physical situation does B vanish but A remains
significant?
A classic example is the Aharonov-Bohm effect, where electrons pass through a region with zero
magnetic flux density B, yet the magnetic vector potential A influences their quantum phase,
indicating a non-zero A despite B being zero.

How does the magnetic vector potential A behave in regions
where B is zero?
In regions where B is zero, the magnetic vector potential A can still be non-zero and may vary
spatially, especially in the presence of magnetic flux confined elsewhere, reflecting the gauge



freedom and the topology of the magnetic field configuration.

Can you give an example involving a magnetic dipole where B
is zero but A is not?
Yes. Outside the magnetic dipole's near field, the magnetic flux density B can be negligible or zero at
certain points, while the vector potential A can still be non-zero, influencing charged particles and
field interactions.

What is a practical scenario where B is zero but A is relevant?
In superconducting quantum interference devices (SQUIDs), the magnetic flux can be confined
within a superconducting loop, resulting in zero B in certain regions, but the vector potential A
outside the loop affects the phase of quantum wavefunctions.

How does the concept of gauge invariance relate to B being
zero but A non-zero?
Gauge invariance allows the magnetic vector potential A to be altered by a gauge transformation
without changing the physical magnetic field B. Thus, A can be non-zero in regions where B is zero,
reflecting the potential's gauge freedom.

Is it possible for B to be zero everywhere while A is non-zero in
a finite region?
Yes. In topologically nontrivial configurations, such as in the Aharonov-Bohm effect, B may be zero
in a region, but A can be non-zero, influencing quantum particles via phase shifts.

What does the example of B=0 and A≠0 tell us about the
nature of magnetic fields and potentials?
It illustrates that magnetic effects are not solely determined by the local magnetic flux density B but
also depend on the magnetic vector potential A, highlighting the importance of potentials in
electromagnetic theory and quantum physics.

In theoretical electromagnetism, under what conditions can B
be zero while A is non-zero?
This occurs in regions with zero magnetic flux density but non-trivial topology or boundary
conditions, such as outside a confined magnetic flux or in the presence of magnetic flux tubes, where
A encodes the residual potential effects.

Additional Resources
Magnetic flux density (B) and magnetic vector potential (A) are fundamental concepts in
electromagnetism, playing critical roles in understanding magnetic fields and their behaviors. While



they are deeply interconnected, there are particular scenarios where the magnetic flux density B can
be zero, yet the magnetic vector potential A remains non-zero. Exploring such a situation provides
valuable insights into the underlying physics, the nature of gauge choices, and the conceptual
nuances distinguishing these two quantities.

---

Understanding Magnetic Flux Density (B) and Magnetic
Vector Potential (A)

Before delving into specific scenarios, it is essential to establish a clear understanding of what B and
A represent within electromagnetic theory.

Magnetic Flux Density (B)
- Definition: The magnetic flux density, often referred to as the magnetic field, is a vector field that
describes the distribution of magnetic flux in a region of space. It indicates the density of magnetic
field lines passing through a given area.
- Mathematically: In free space or non-magnetic materials, B relates to the magnetic field H via B =
μ₀ H (where μ₀ is the permeability of free space).
- Physical Significance: The flux density B directly connects to the Lorentz force experienced by
moving charges and magnetic materials. It embodies the measurable magnetic influence in a region.

Magnetic Vector Potential (A)
- Definition: The magnetic vector potential A is a vector field whose curl gives the magnetic flux
density:
\[
\mathbf{B} = \nabla \times \mathbf{A}
\]
- Mathematical Role: A is not uniquely defined; it can undergo gauge transformations without
altering B. This gauge freedom allows the choice of a convenient A to simplify problems.
- Physical Significance: Although A is more abstract and not directly measurable like B, it plays a
crucial role in quantum mechanics and electromagnetic potentials, especially in phenomena such as
the Aharonov-Bohm effect.

---

Scenario Where B Is Zero but A Is Non-Zero:
Theoretical Foundations

The fundamental relation
\[



\mathbf{B} = \nabla \times \mathbf{A}
\]
implies that if the curl of A is zero, then B is zero everywhere in that region. However, this does not
necessarily mean A itself must be zero; a vector field with zero curl can still be non-zero, provided it
is a gradient field derived from a scalar potential.

Key Point: The existence of a non-zero A with zero B hinges on the gauge freedom and the
topological features of the space under consideration.

---

Detailed Example: The Magnetic Field in a Long
Solenoid with an Internal Cavity

A classic example illustrating the scenario where B is zero, yet A remains non-zero, involves the
magnetic vector potential inside an idealized, infinitely long, hollow solenoid with a cavity.

Setup Description
- Consider a long, thin solenoid with a uniform magnetic field confined entirely within its coils.
- The interior of the solenoid (the cavity) is free of magnetic flux, meaning B = 0 in this region.
- Outside the solenoid, B also drops to zero, assuming an idealized infinite length to neglect edge
effects.

Magnetic Field Behavior
- Inside the solenoid: The magnetic flux density B is uniform and non-zero.
- Inside the cavity (region outside coils): The magnetic flux density B = 0 because the magnetic field
lines are confined within the coils.
- Outside the solenoid: The magnetic field is zero in the ideal case.

Magnetic Vector Potential in the Cavity
- Despite B being zero in the cavity, the vector potential A can be non-zero.
- Using the circular symmetry of the setup, A can be chosen as:
\[
\mathbf{A} = \frac{\Phi}{2\pi r} \hat{\phi}
\]
where:
- \(\Phi\) is the magnetic flux inside the solenoid.
- \(r\) is the radial distance from the solenoid axis.
- \(\hat{\phi}\) is the azimuthal unit vector.

- Curl of A: Applying the curl operator yields:
\[



\nabla \times \mathbf{A} = 0
\]
in the cavity, indicating B = 0, consistent with the physical setup.

- Physical interpretation: The non-zero A in the cavity encodes the topological information about the
magnetic flux confined within the solenoid, even though the local magnetic field B is zero.

Implications and Significance
- Gauge choice: The vector potential A is gauge-dependent. The form presented corresponds to a
specific gauge (e.g., Coulomb gauge).
- Quantum mechanics: The non-zero A influences quantum particles, as exemplified by the Aharonov-
Bohm effect, where electrons passing through the cavity region acquire phase shifts despite B being
zero locally.

---

Topological and Gauge Perspectives

The example above underscores the importance of topology and gauge choices in electromagnetic
theory.

Topological Considerations
- The presence of a non-zero A with zero B indicates a non-trivial topology of the space.
- The cavity acts as a topological defect or a region with a non-contractible loop that encircles the
flux, allowing A to have a non-zero circulation even when B is zero in the region.

Gauge Transformations
- The vector potential A can be altered by adding the gradient of a scalar function \(\chi\):
\[
\mathbf{A}' = \mathbf{A} + \nabla \chi
\]
- Such transformations do not change B, but they can change the form and magnitude of A.
- The physical observables relate to B and the gauge-invariant quantities, such as the magnetic flux
\(\Phi\).

---

Broader Contexts and Other Examples

While the solenoid example is illustrative, other physical situations also exhibit B = 0 with A ≠ 0:



Electrostatics with Magnetic Potentials: In regions devoid of magnetic fields but with non-
trivial boundary conditions or topologies, A may be non-zero.

Superconductors: Certain configurations in superconducting materials involve flux
quantization, related to the phase of the order parameter and the vector potential.

Gauge Fields in Quantum Field Theory: The concept extends beyond classical
electromagnetism into gauge theories where potentials play fundamental roles.

---

Physical Significance and Experimental Considerations

Understanding the distinction between B and A is not just theoretical but has practical and
philosophical implications:

- The classical magnetic field B is directly measurable via forces on magnetic dipoles or charges.
- The vector potential A, though gauge-dependent, influences quantum phenomena, such as
interference effects, demonstrating that potentials have physical significance beyond classical
measurements.

Experimental demonstration: The Aharonov-Bohm effect exemplifies how electrons are affected by A
in regions where B is zero, confirming the physical reality of vector potentials.

---

Conclusion: The Interplay of Fields, Potentials, and
Topology

The scenario where the magnetic flux density B is zero, yet the magnetic vector potential A remains
non-zero, encapsulates a rich tapestry of physical and mathematical concepts. It underscores the
importance of topology, gauge invariance, and the subtlety of electromagnetic potentials in both
classical and quantum physics.

This example highlights that B and A, while related through curl and gauge freedom, can exhibit
fundamentally different behaviors depending on the physical context. Recognizing situations where
A persists without B provides a more profound understanding of electromagnetic phenomena and
the foundational principles governing fields and potentials.

---

In summary, the idealized case of a long solenoid with a cavity demonstrates a quintessential
example: the magnetic flux density B can be zero in a region due to the confinement of magnetic flux
within the coils, yet the magnetic vector potential A remains non-zero, encoding the topological and



quantum information of the system. This nuanced distinction enriches our comprehension of
electromagnetic theory and emphasizes the profound role of potentials in physics beyond their
classical interpretations.
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