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The Richardson-Richards equation is a fundamental model in hydrogeology and porous
media flow, describing the movement of water through variably saturated soils. Accurate
estimation of parameters within this equation is vital for predicting groundwater flow,
managing water resources, and understanding subsurface processes. Traditional numerical
approaches often face challenges related to computational cost, model complexity, and the
need for extensive data. Recently, emerging machine learning techniques, notably physics-
informed neural networks (PINNs), have shown promise in addressing these issues by
integrating physical laws directly into the learning process. When combined with
monotonicity constraints—imposing known physical properties such as non-decreasing
relationships—PINNs can significantly improve the robustness and interpretability of
estimations. This article explores the application of PINNs with monotonicity constraints to
the estimation of parameters in the Richardson-Richards equation, aiming to enhance
modeling accuracy and computational efficiency.

Understanding the Richardson-Richards Equation

Background and Significance

The Richardson-Richards equation models the movement of water in partially saturated
porous media, capturing the complex interplay between capillary forces, gravity, and
pressure gradients. It is expressed as a nonlinear partial differential equation (PDE):

\[ \frac{\partial \theta(h)}{\partial t} = \nabla \cdot [K(h) \nabla (h + z)]\]

where:

-\( \theta(h) ) is the volumetric water content as a function of pressure head \( h\),
-\( K(h) \) is the hydraulic conductivity dependent on \( h'\),

-\( z\) represents the elevation head.

The functions \( \theta(h) \) and \( K(h) \) are typically unknown and require estimation from
data, making the problem inherently inverse in nature.



Challenges in Parameter Estimation

Estimating parameters such as \( \theta(h) \) and \( K(h) \) directly from measurements is
complicated due to:

- Nonlinearity of the governing PDE,

- Limited and noisy observational data,

- The need to preserve physical properties like monotonicity (e.g., \( \theta(h) \) increases
with \( h\)),

- Computational costs of traditional methods like finite element or finite difference
schemes.

These challenges necessitate advanced approaches capable of leveraging physical
knowledge, data, and constraints simultaneously.

Physics-informed Neural Networks (PINNs)

Fundamentals of PINNs

Physics-informed neural networks are a class of deep learning models that incorporate
physical laws described by PDEs directly into the loss function during training. Instead of
solely minimizing the error between predicted and observed data, PINNs also enforce PDE
residuals, ensuring that the neural network solutions adhere to underlying physics.

Key features include:

- Embedding PDEs as differentiable constraints,

- Using automatic differentiation to compute derivatives,

- Flexibly handling sparse and noisy data,

- Providing continuous and differentiable solutions over the domain.

Advantages Over Traditional Methods

PINNs offer several benefits:

- Reduced computational cost by avoiding mesh generation,

- Ability to incorporate observational data and physics simultaneously,

- Suitability for high-dimensional and complex problems,

- Improved generalization and robustness when physical constraints are enforced.

Monotonicity Constraints in PINNs

Physical Justification

Many physical relationships exhibit monotonic behavior. For example, in unsaturated flow:
- Water content \( \theta(h) \) generally increases with pressure head \( h\),
- Hydraulic conductivity \( K(h) \) often increases or decreases monotonically depending on



soil properties.

Enforcing these monotonic relationships within neural network models ensures physically
plausible estimations and reduces overfitting.

Implementation Strategies

Monotonicity constraints can be incorporated into PINNs through various methods:

- Constraining neural network weights to enforce monotonicity,

- Using specialized activation functions (e.qg., softplus),

- Applying monotonicity-preserving regularization terms in the loss function,

- Employing input transformations or architecture designs that guarantee monotonicity.

These strategies help in guiding the neural network towards physically meaningful
solutions, especially in inverse problems involving parameter estimation.

Applying PINNs with Monotonicity Constraints to
Richardson-Richards Equation

Formulation of the Inverse Problem

The goal is to estimate functions \( \theta(h) \) and \( K(h) \) from observational data, such
as water content measurements or pressure heads, while ensuring adherence to physical
laws and known monotonic behaviors.

The key steps include:

- Defining neural network approximations \( \hat{\theta}(h) \) and \( \hat{K}(h) \),

- Embedding the Richardson-Richards PDE residuals into the loss function,

- Incorporating monotonicity constraints on \( \hat{\theta}(h) \) and \( \hat{K}(h) ),
- Using observational data to guide the training process.

Designing the Neural Network Architecture

A typical architecture involves:

- Input layer receiving pressure head \( h),

- Hidden layers with monotonicity-preserving activation functions,

- Output layer providing estimates of \( \theta(h) \) and \( K(h) \),

- Additional neural networks modeling auxiliary functions if needed.

Ensuring the monotonicity of outputs can be achieved by constraining weights or applying
transformation layers.



Loss Function Composition

The total loss function may comprise:

- Data fidelity term: minimizing the difference between observed and predicted water
content or pressure head,

- PDE residual term: enforcing the Richardson-Richards PDE via automatic differentiation,
- Monotonicity regularization: penalizing violations of known monotonic relationships.

Mathematically, the loss can be represented as:

\[ \mathcal{L} = \lambda_{data} \mathcal{L} {data} + \lambda_{physics}
\mathcal{L} {residual} + \lambda_{mono} \mathcal{L} {monotonicity} \]

where \( \lambda \) coefficients balance the contributions.

Advantages and Challenges of This Approach

Benefits

- Physically Consistent Estimations: Enforcing PDE constraints and monotonicity leads to
more realistic parameter estimates.

- Data Efficiency: PINNs can leverage sparse data effectively, reducing the need for
extensive measurements.

- Flexibility: Adaptable to various boundary and initial conditions, as well as complex
geometries.

Challenges and Limitations

- Computational Cost: Training neural networks with PDE residuals can be computationally
intensive.

- Choice of Constraints: Improper enforcement of monotonicity may hinder convergence.

- Model Complexity: Designing architectures that balance expressiveness and physical
consistency requires expertise.

Case Studies and Applications

Synthetic Data Experiments

Researchers have demonstrated the effectiveness of PINNs with monotonicity constraints
through synthetic datasets, showing improved accuracy in recovering \( \theta(h) \) and \(
K(h) \) functions.



Real-world Groundwater Modeling

Applying this methodology to field data allows for more reliable estimation of soil
properties, which are essential for groundwater management, contamination assessment,
and environmental modeling.

Future Directions and Research Opportunities

Integrating multi-fidelity data sources for enhanced estimation accuracy.

Developing adaptive methods to automatically enforce physical constraints during
training.

Extending the approach to three-dimensional and transient flow problems.

Exploring hybrid models combining classical numerical schemes with PINNs for
improved performance.

Conclusion

The integration of physics-informed neural networks with monotonicity constraints offers a
promising avenue for the estimation of parameters within the Richardson-Richards
equation. By embedding physical laws directly into the learning process and enforcing
known monotonic relationships, this approach enhances the physical plausibility,
robustness, and accuracy of the estimates. Despite current challenges related to
computational cost and model design, ongoing research continues to expand the
capabilities and applications of PINNs in subsurface hydrology and beyond. As
computational resources grow and algorithms become more sophisticated, PINNs with
monotonicity constraints are poised to become a standard tool for solving complex inverse
problems in porous media flow, ultimately contributing to better resource management and
environmental protection.

Frequently Asked Questions

What are Physics-informed Neural Networks (PINNs)
and how are they applied to the Richardson-Richards
equation?

Physics-informed Neural Networks (PINNs) are a class of deep learning models that
incorporate physical laws, expressed as differential equations, directly into the training
process. For the Richardson-Richards equation, PINNs are used to model subsurface flow by
embedding the governing equations into the neural network's loss function, enabling



accurate and physics-consistent estimations of parameters like hydraulic conductivity and
moisture content.

How do monotonicity constraints improve the
estimation accuracy in PINNs for the Richardson-
Richards equation?

Monotonicity constraints enforce the physical property that certain relationships, such as
moisture content increasing with saturation or hydraulic head, should be monotonic.
Incorporating these constraints into PINNs helps prevent physically implausible predictions,
improves model stability, and enhances the accuracy of parameter estimation in solving the
Richardson-Richards equation.

What are the main challenges in applying PINNs with
mohnotonicity constraints to the Richardson-Richards
equation?

Key challenges include ensuring the enforcement of monotonicity constraints during
training, managing the computational complexity of solving high-dimensional PDEs,

balancing the physical loss terms with data fidelity, and dealing with sparse or noisy data
typical in subsurface environments.

How does the incorporation of monotonicity constraints
affect the training process of PINNs?

Incorporating monotonicity constraints often involves adding penalty terms or specialized
layers to the neural network that penalize violations of monotonic behavior. This can
increase training complexity and time but results in models that better adhere to physical
laws, leading to more reliable parameter estimates.

What are the benefits of using PINNs with monotonicity
constraints over traditional numerical methods for the
Richardson-Richards equation?

PINNs with monotonicity constraints offer advantages such as mesh-free flexibility, ability to
handle noisy and sparse data, automatic differentiation for easy gradient computations,
and improved generalization. They also provide a unified framework for inverse (parameter
estimation) and forward modeling, often with reduced computational costs compared to
classical numerical methods.

In what ways can PINNs with monotonicity constraints
assist in groundwater flow modeling?

They enable more accurate and physically consistent estimation of parameters like
hydraulic conductivity and moisture content, improve predictive capabilities for subsurface
flow, and facilitate the integration of observational data into models, thus enhancing



decision-making in groundwater management.

What techniques are commonly used to enforce
monotonicity constraints in neural networks for PDE
solutions?

Common techniques include adding penalty terms to the loss function that penalize non-
monotonic behavior, using specialized activation functions that are monotonic, applying
constrained optimization methods, and employing post-processing correction methods to
ensure the output satisfies monotonicity.

How does the integration of physics and data in PINNs
impact the reliability of Richardson-Richards equation
estimations?

Integrating physics with data ensures that the model's predictions are physically plausible
and consistent with governing laws, reducing overfitting to noisy data, improving
robustness, and increasing confidence in the estimated parameters for the Richardson-
Richards equation.

What future research directions are promising for
PINNs with monotonicity constraints in subsurface flow
modeling?

Promising directions include developing more efficient algorithms for enforcing constraints,
extending PINNs to handle multi-physics coupled processes, integrating real-time data
assimilation, enhancing interpretability of models, and applying these methods to large-
scale, real-world groundwater problems for improved resource management.

Additional Resources

Physics-informed Neural Networks With Monotonicity Constraints For Richardson-Richards
Equation: Estimation

In the rapidly evolving landscape of computational modeling and machine learning,
integrating physical laws directly into neural network frameworks has opened new horizons
for solving complex scientific problems. One such challenge lies in accurately estimating
parameters of the Richardson-Richards equation—a fundamental model in hydrology and
soil science that describes water flow through unsaturated porous media. The advent of
Physics-informed Neural Networks (PINNs) combined with monotonicity constraints presents
a promising approach to enhance the robustness, physical consistency, and interpretability
of such estimations. This article delves into the intricacies of this innovative methodology,
exploring how it revolutionizes parameter estimation for the Richardson-Richards equation.



Understanding the Richardson-Richards Equation
Background and Significance

The Richardson-Richards equation, often referred to as the Richards equation, is a nonlinear
partial differential equation that models the movement of water within unsaturated soils. It
captures the complex interplay between soil properties, water content, pressure head, and
hydraulic conductivity. The equation is fundamental in fields such as hydrology, agriculture,
environmental engineering, and water resource management.

Mathematically, it is expressed as:

\[
\frac{\partial \theta(h)} {\partial t} = \nabla \cdot [K(h) \nabla (h + z)]

\]

where:

- \(\theta(h) ) is the volumetric water content as a function of pressure head \( h\),
-\( K(h)\) is the hydraulic conductivity,
-\( z\) is the elevation head,

-\(t\)is time.

The nonlinear nature of \( \theta(h) \) and \( K(h) \) makes the Richards equation notoriously
difficult to solve analytically, especially in heterogeneous or irregular domains. Accurate
estimation of these parameters—often referred to as soil water retention curves—is crucial
for predicting water movement and designing effective irrigation or drainage systems.

Challenges in Traditional Parameter Estimation
Complexity and Data Limitations

Conventional methods for estimating parameters like \( \theta(h) \) and \( K(h) \) rely
heavily on laboratory measurements, soil sampling, and inverse modeling techniques.
These approaches face several challenges:

- Data Scarcity: Obtaining detailed soil property measurements across extensive areas is
labor-intensive and costly.

- Nonlinearity and Heterogeneity: The nonlinear relationships and spatial variability
complicate inverse modeling.

- Assumption Dependence: Many methods assume specific functional forms that may not
reflect real-world variability.

- Computational Demands: Traditional numerical methods, such as finite element or finite
difference approaches, can be computationally intensive for large-scale problems.

Limitations of Existing Machine Learning Approaches
While data-driven models like standard neural networks can approximate complex

functions, they often lack physical consistency. They may produce physically implausible
estimates—for example, non-monotonic soil water retention curves—Ileading to unreliable



predictions and diminished trustworthiness in practical applications.

Enter Physics-informed Neural Networks (PINNs)
Concept and Advantages

Physics-informed Neural Networks (PINNs) represent a paradigm shift in scientific machine
learning. Unlike traditional neural networks trained solely on data, PINNs incorporate
physical laws—in the form of differential equations—directly into their training process. This
integration offers several advantages:

- Reduced Data Requirements: By embedding known physics, PINNs can produce
meaningful estimates even with limited data.

- Improved Generalization: Physical constraints guide the network toward physically
plausible solutions, enhancing robustness.

- Flexible Framework: PINNs can handle complex boundary and initial conditions, irregular
geometries, and multi-physics problems.

How PINNs Work

PINNs are trained by minimizing a composite loss function that includes:

1. Data Loss: Differences between network predictions and observed data points.

2. Physics Loss: Residuals of the governing equations evaluated at collocation points within

the domain.

The neural network learns a representation of the solution functions (e.g., \( \theta(h) \), \(
K(h) \)) that satisfy both data and physics constraints simultaneously.

Incorporating Monotonicity Constraints
Why Monotonicity Matters

In the context of soil water retention curves, certain relationships are inherently monotonic.
For instance, as the pressure head \( h'\) increases, the volumetric water content \(
\theta(h) \) typically decreases monotonically. Enforcing such physical monotonicity during
model training ensures the estimated functions align with known physical behavior, which:

- Prevents non-physical oscillations in the estimated curves.
- Enhances interpretability and trustworthiness.
- Reduces overfitting to noisy data.

Techniques for Enforcing Monotonicity

Incorporating monotonicity constraints into neural networks can be achieved through
various methods:



- Input Convex Neural Networks (ICNNs): Architectures designed to inherently produce
convex (and often monotonic) functions.

- Regularization Terms: Adding penalty terms to the loss function that discourage non-
monotonic behavior.

- Weight Constraints: Imposing positivity constraints on specific weights to ensure the
output's monotonicity with respect to certain inputs.

- Output Transformations: Applying monotonic transformations (e.g., softplus) to ensure the
desired properties.

In the case of PINNs for the Richards equation, these techniques are integrated to ensure
that the estimated soil water retention curve \( \theta(h) \) is physically
consistent—monotonically decreasing as \( h'\) increases.

Methodology: Merging PINNs with Monotonicity Constraints for Richards Equation
Model Architecture
The proposed framework involves designing a neural network that simultaneously:

- Represents the unknown functions \( \theta(h) \) and \( K(h) \),
- Incorporates the Richards equation as a physics-based constraint,
- Enforces monotonicity of \( \theta(h) \) with respect to \( h\).

Typically, this involves:

- A shared neural network backbone with separate output layers for \( \theta(h) \) and \(
K(h) \).

- Monotonicity-enforcing layers or regularizations for \( \theta(h) \).

- Collocation points within the domain where the residuals of the Richards equation are
computed.

Training Procedure

1. Data Collection: Gather sparse measurements of water content or pressure head at
various locations and times.

2. Initialization: Set up the neural network with monotonicity constraints for \( \theta(h) \).
3. Loss Function Composition: Combine:

- Data mismatch loss,

- Physics residual loss (from the Richards equation),

- Monotonicity regularization penalty.

4. Optimization: Use gradient-based algorithms (e.g., Adam optimizer) to minimize the
combined loss, updating network weights iteratively.

Validation and Testing
Post-training, the model's performance is evaluated through:

- Comparing estimated \( \theta(h) \) and \( K(h) \) curves with laboratory measurements.
- Simulating water flow and validating against observed data.



- Ensuring the monotonicity and physical plausibility of the estimated functions.

Advantages and Potential Applications
Benefits of the Approach

- Physically Consistent Estimates: Ensures the functions obey known physical laws.

- Data Efficiency: Requires fewer measurements due to physics embedding.

- Robustness to Noise: Constraints help prevent overfitting to noisy data.

- Adaptability: Can be extended to more complex models involving heterogeneity or multi-
phase flow.

Practical Applications

- Agricultural Water Management: Accurate soil water retention curves inform irrigation
scheduling.

- Environmental Monitoring: Better estimates of subsurface water flow aid in contamination
risk assessment.

- Hydrological Modeling: Improved parameter estimation enhances flood prediction and
water resource planning.

- Soil Science Research: A tool for non-invasively deriving soil properties from limited field
data.

Challenges and Future Directions

While promising, the integration of PINNs with monotonicity constraints faces certain
hurdles:

- Computational Cost: Training complex PINNs can be computationally intensive.

- Hyperparameter Tuning: Selecting appropriate regularization weights and network
architectures requires expertise.

- Scaling to Large Domains: Extending models to large, heterogeneous fields remains
challenging.

- Uncertainty Quantification: Incorporating probabilistic frameworks to assess confidence in
estimates is an ongoing area of research.

Future research may focus on hybrid models combining PINNs with traditional inverse
methods, developing more efficient algorithms, and integrating multi-physics constraints to
capture coupled processes.

Conclusion

The fusion of Physics-informed Neural Networks with monotonicity constraints marks a
significant stride toward more accurate, reliable, and physically consistent estimation of
parameters in complex hydrological models like the Richardson-Richards equation. This



approach leverages the strengths of machine learning—flexibility and data efficiency—while
respecting fundamental physical laws, ensuring that the solutions are not only
mathematically sound but also scientifically meaningful. As computational methods
continue to advance, such hybrid models are poised to become invaluable tools in
environmental science, engineering, and beyond, fostering a deeper understanding of
water movement in soils and informing better resource management strategies.
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