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Understanding the calculation of volumes enclosed by surfaces is a fundamental aspect of
multivariable calculus. In this article, we will explore how to find the volume of the region bounded
between the cylindrical surface defined by \( z = 2y \) and the \( xy \)-plane. This problem involves
setting up the appropriate integrals, understanding the geometric shape, and applying calculus
techniques to compute the volume accurately. Whether you're a student preparing for exams or a
math enthusiast delving into three-dimensional calculus, this comprehensive guide will walk you
through each step in detail.

Introduction to the Problem

Before diving into calculations, it’s essential to understand the problem's geometric context.

What Is the Surface \( z = 2y \)?

- This surface is a right circular cylinder oriented along the \( y \)-axis with a linear relation between

\(z\)and \(y\).
- For each fixed \( y\), the height \( z ) varies linearly, creating a sloped surface.

The Region of Interest

- The region lies beneath the surface \( z = 2y \).

- It is bounded below by the \( xy \)-plane where \( z=0).

- The goal is to find the total volume between the surface \( z=2y \) and the plane \( z=0\) over the
region in the \( xy \)-plane where the surface exists.

Step 1: Understanding the Geometry



Visualizing the Surface and Region

- The surface \( z = 2y \) extends infinitely in the \( y \)-direction unless bounded.
- To compute a finite volume, we need to specify the bounds in the \( xy \)-plane.

Key Observations

- The surface \( z=2y ) intersects the \( xy \)-plane where \( z=0\), which implies \( 2y=0 \Rightarrow
y=0\).
- The region is above the \( xy \)-plane (since \( z \ge 0 \)) and below the surface.

Step 2: Defining the Bounds for Integration

Choosing the Coordinate System

- Since the surface is described explicitly in terms of \( y \), and the bounds depend on the shape,
Cartesian coordinates are suitable.

- Alternatively, if the region is circular or has symmetry, polar coordinates might simplify the
calculations.

Determining the Projection onto the \( xy \)-plane

- The key is to identify the region \( R\) in the \( xy \)-plane over which to integrate.
- For the surface \( z=2y ), the projection is the set of points where \( z \ge 0 \Rightarrow 2y \ge 0
\Rightarrow y \ge 0 ).

Assuming the region is bounded in \( y )
- To obtain a finite volume, typically, the problem specifies bounds such as \( y \) between 0 and
some \(y {max} \), or a closed curve in the \( xy \)-plane.

- For simplicity, let's assume the region in the \( xy \)-plane is bounded by \( y=0), \( y=a ), and the
\( x \)-axis or some other boundary.

Step 3: Setting Up the Double Integral

General formula for volume \( V \):



\[
V = \iint_{R} 7\, dA
\]

Since \( z=2y ), the volume becomes:

\[
V = \iint {R} 2y\, dA
\]

where \( R\) is the projection of the volume onto the \( xy \)-plane.

Choosing the Bounds for Integration

- Suppose the region \( R\) is a rectangle with \(y\) from 0 to \(y {max} \), and \( x\) from \(
X _{min} \) to \( x_{max}\).
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- The volume integral becomes:

\[
V =\int {x {min}}"~{x {max}} \int {0}~ {y {max}} 2y\, dy\, dx
\]

Step 4: Computing the Volume

Step-by-step calculation:
1. Integrate with respect to \( y \):

\[
\int {0}~ {y {max}} 2y\, dy = \left[ y"~2 \right] 0~ {y {max}} =y {max}"2
\]

2. Integrate with respect to \( x \):

\[
V=\int {x {min}}"{x {max}}y {max}"2\, dx =y {max}"2 (x {max} -x {min})
\]



This formula applies for a rectangular region, but the approach extends to more complex bounds.

Special Cases and Symmetries

Circular Regions

- If the region \( R) is a circle of radius \( R ), then switching to polar coordinates simplifies
calculations.
- In polar coordinates:

\[

x = r \cos \theta,\quad y = r \sin \theta

\]

- The Jacobian determinant is \( r\), so \( dA =r\, dr\, d\theta \).

Volume integral:

\[

V =\int {0}~ {2\pi} \int {0}~{R} 2 r\sin \theta \times r\, dr\, d\theta = \int {0} ~{2\pi}
\int {0}~{R} 2 r"~2 \sin \theta\, dr\, d\theta

\]

- Integrate over \( r\) and \( \theta \) accordingly.

Step 5: Applying Limits and Final Calculation

To perform the actual calculation, the specific bounds must be known. For example:

- If the region is a triangle in the \( xy \)-plane, bounds are linear functions.
- If the region is a circle, polar coordinates streamline the process.

Summary of Key Points

- The volume between the surface \( z=2y \) and the \( xy \)-plane can be found via a double integral.
- The integral requires defining the projection region \( R \) accurately.



- The integrand is \( z = 2y \).

- The bounds depend on the specific shape of the region \( R \); common choices include rectangles,
circles, or other bounded areas.

- Symmetry and coordinate transformations can simplify calculations.

Conclusion

Calculating the volume of the region between the surface \( z=2y\) and the \( xy \)-plane involves
understanding the geometry, selecting suitable bounds, and setting up the double integral carefully.
By integrating \( z \) over the projection region, you obtain the total enclosed volume. Whether the
region is rectangular, circular, or irregular, the principles outlined in this guide provide a solid
foundation for tackling similar multivariable calculus problems.

Additional Resources

- Multivariable Calculus Textbooks

- Online Calculus Tutorials

- Calculus Software Tools (e.g., WolframAlpha, GeoGebra)

- Practice Problems for surface volumes and triple integrals
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Frequently Asked Questions



What is the first step to find the volume of the region between
the cylinder z=2y and the xy-plane?

The first step is to understand the boundaries of the region, which are determined by the cylinder
z=2y and the xy-plane (z=0). Since the volume is between z=0 and z=2y, and the base lies in the xy-
plane, we need to analyze the projection onto the xy-plane.

How do you set up the integral for the volume of the region
between z=2y and the xy-plane?

The volume can be found by integrating the area of cross-sectional slices. Since z varies from 0 to
2y, the volume V = [ (over the projection in xy) of the height (2y) dx dy.

What is the appropriate projection region in the xy-plane for
this volume?

The projection region depends on the domain of y and x for which the cylinder is defined. Typically,
if not specified, the domain is limited to the region where the cylinder is finite, such as a circle or a
specific bounded area. Without additional bounds, the projection extends infinitely, so assumptions
or constraints are necessary.

Assuming the cylinder's base is a circle of radius R centered at
the origin, how do you express the volume mathematically?

If the base is a circle x*2 + y"~2 < R™2, then the volume V = [ {y=-R}"~{R} | {x=-V(R"2 -
y 2)}{V(R"2 -y*2)} 2y dx dy.

How does the symmetry of the region affect the calculation of
the volume?

Because the integrand involves y, and y ranges symmetrically from -R to R, the integral over y can
be simplified. Notably, since the function 2y is odd, integrating over a symmetric interval yields zero,
indicating the volume above and below the x-axis cancels out unless we consider absolute values or
restrict y to positive values.

What is the final formula or method to compute the volume,
given the bounds?

The final approach is to set up a double integral over the projected region in xy-plane: V = [[ (height
= 2y) dx dy, where the limits are determined by the cylinder's boundary. If considering only y = 0,
the volume simplifies to V=2 [ {y=0}"{R} [ {x=-V(R"2-y"2)} " {V(R"2 - y*2)} 2y dx dy, which
evaluates to a specific numerical value based on R.



Additional Resources
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Introduction

In the realm of multivariable calculus, understanding the volume of regions bounded by surfaces and
planes is foundational. The problem at hand—"Find the volume of the region between the cylinder \(
z = 2y \) and the xy-plane"—serves as an exemplary case study that combines geometric intuition
with algebraic rigor. This investigation aims to dissect this problem thoroughly, exploring the
geometric properties, setting up the appropriate integrals, and discussing potential methods for
evaluation.

The Geometric Setup
Understanding the Surfaces Involved
The problem involves two main surfaces:

1. The Cylinder \( z = 2y \):

This is a right circular cylinder oriented along the y-axis, with its boundary described by the linear
relation between \( z\) and \( y \). Notably, this surface is not a standard circular cylinder, but a
planar surface extended along the x-direction, creating a parabolic or tilted shape when viewed in
three-dimensional space.

2. The XY-Plane \( z=0\):

This plane acts as a boundary below the surface \( z=2y \), constraining the volume to the region
where \( z\geq 0 ).

Visualizing the Region

To comprehend the volume, visualize the surface \( z=2y \):

-For\(y\geq 0\), \(z\geq 0), so the region extends upward.

-For\(y<0\),\(z < 0)), but given the "between" phrasing, the region of interest is typically
bounded where \( z \geq 0 \), which implies \( y \geq 0 \).

The key is to determine the intersection of the surface \( z=2y \) with the xy-plane:

- At \(z=0), \( 0=2y \Rightarrow y=0).
- This indicates that the surface intersects the xy-plane along the line \( y=0).

Hence, the region between the surface \( z=2y \) and the xy-plane is bounded below by \( z=0), and
above by \( z=2y ), for \(y \geq 0 ).



Defining the Boundaries of the Region
To compute the volume, it's essential to identify the limits of integration. The key questions are:

- What are the bounds in the \( y\) and \( x \) directions?
- Is the region unbounded or bounded in the x-direction?

Assumption:
Given the problem statement, unless specified otherwise, we typically consider the region in the first
quadrant, where \( x \geq 0\), \( y \geq 0 ).

Potential bounds:

-\(y\): from 0 to some maximum \(y {max} \)
-\(x\): from \(-\infty\) to \(+\infty\), unless bounded, in which case we need more info.

Without explicit bounds in \( x \), the problem is often approached as:
- Unbounded in \( x \): leading to an infinite volume (not physically meaningful without further

bounds).
- Bounded in \( x \): perhaps in a finite interval or by an additional surface or boundary.

Establishing the Integration Region

For the sake of a comprehensive exploration, let's assume the region is:

- Bounded in \(y \) between 0 and \( y {max} \),

- Bounded in \( x \) between \( x_{min} \) and \( x_{max} \),

- Extending infinitely in the \( x \)-direction, or bounded by some finite limits.

If the region is unbounded, the volume may be infinite unless the problem specifies otherwise.

Suppose the region is bounded in \( y \) between 0 and a finite \( y_{max} \), and in \( x ) by some
finite interval \([a, b]\).

Formulating the Volume Integral

Given the surface \( z=2y \) and the xy-plane \( z=0), the volume \( V'\) is:
\[

V =\iint {R} \left( \text{top surface} - \text{bottom surface} \right) \, dA
\]

In this case:



- Top surface: \( z=2y ),
- Bottom surface: \( z=0\).

Assuming the region \( R ) in the xy-plane is bounded by \( y \in [0, y {max}]\) and \( x \in [x {min},
x_{max}]\), the volume becomes:

\[

V =\int {x {min}}"~{x {max}} \int {0}~ {y {max}} 2y)\ dy), dx
\]

The integral over \(y \):

\[

\int {0}~ {y {max}} 2y)\ dy = \left[ y*2 \right] 0~ {y {max}} =y {max}"2
\]

Thus, the volume:

\[
V = (x_{max} - x {min}) \times y {max}"2
\]

If the bounds are infinite or undefined, the volume may diverge.

Special Cases and Further Considerations
1. Finite Region in the XY-Plane
Suppose the region is bounded by:

-\(y\in [0, Y] ),
-\(x\in [a, b] ).

Then the volume:

\[
V= (b-a)\times Y"2
\]

This is straightforward, but the problem's nature suggests a more interesting scenario.
2. Bounded by Additional Surfaces

In many problems, the region is bounded by other surfaces, such as planes or cylinders, which
confine the domain in the \( x \)-direction.

Example:
Suppose the region is bounded by the planes \( x=0\) and \( x=1), and \( y=0\) and \( y=2\). The
volume is then:



\[
V =\int 071 \int 072 2y\, dy)\ dx =1 \times 4 =4
\]

Alternative Approaches: Change of Variables

Given the surface \( z=2 y ), an insightful approach involves transforming the coordinate system to
simplify the integration.

1. Transforming to New Coordinates
Let:

\[
u=y \quadv =1z
\]

since \( z=2 y \Rightarrow v=2 u ), the surface becomes:

\[

v=21u

\]

which is a straight line in the \( u-v\) plane.

The Jacobian of the transformation from \( (x,y,z) \) to \( (x,u,v) \):

\[
J = \left| \frac{\partial (x,y,z)}{\partial (x,u,v)} \right| = 1
\]

This suggests that the volume element remains unchanged in \( x,y,z \), and the problem reduces to
integrating over the region in the \( x-y \) plane with \( z \) constrained by \( 0 \leq z \leq 2 y \).

Final Computation: Explicit Example
Suppose the region is bounded:

-In\(y\) between 0 and 1,
-In\(x\) between 0 and 2.

Then,
\[

V =\int {x=0}~{2} \int {y=0}~{1} 2y\, dy)\, dx
\]



Compute the inner integral:

\
\int 0~{1} 2y\ dy =[y~2]107~{1} =1
\

Outer integral:

\[
\int 0°{2} 1\, dx=2
\]

Result:

This concrete example demonstrates the calculation process.

Summary and Conclusions

- The volume of the region between the surface \( z=2 y \) and the xy-plane depends critically on the
bounds in \(y\) and \( x\).

- Without explicit bounds, the volume may be infinite; thus, the problem requires clarification on the
domain.

- When bounded, the volume can be computed via double integrals, often simplified by choosing
suitable coordinate systems or limits.

- The integral reduces to calculating \(y {max}~2\) times the length in the \( x \)-direction,
assuming rectangular bounds.

Final Remarks

The problem of finding the volume between the cylinder \( z=2 y \) and the xy-plane is a classic
example illustrating the importance of carefully defining the region of integration. It showcases how
geometric intuition, algebraic manipulation, and strategic coordinate transformations work together
in multivariable calculus.

For more complex or physically meaningful solutions, additional boundaries or constraints are
necessary, such as bounds in \( x \) or other surfaces intersecting the region. The approach outlined
provides a foundational framework that can be adapted to more intricate scenarios, emphasizing the
importance of precise problem statements and the power of integral calculus in volume
determination.

Note: If you have specific bounds or additional surfaces involved in the problem, please provide



them for a tailored solution.
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