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Problem 7Letq=a/b And R=c/d Be Two Rational Numbers Written In Lowest Terms. Let S=q+r And

S=e/f Be Written is a foundational question in the study of rational numbers, their properties, and

operations. Rational numbers—fractions that can be expressed as the quotient of two integers—are

central to mathematics. When these fractions are in their simplest form, or lowest terms, they exhibit

properties that make arithmetic operations straightforward and predictable. This article aims to explore

this problem thoroughly, breaking down the concepts involved, demonstrating how to work with such

fractions, and illustrating key properties through examples and proofs.

Fundamentals of Rational Numbers

What Are Rational Numbers?

Rational numbers are any numbers that can be expressed as the fraction a/b, where:

a and b are integers



b ≠ 0

Examples include ½, -¾, 7/8, and 0 (which can be written as 0/1). They are dense in the real number

system, meaning between any two real numbers, there exists a rational number.

Lowest Terms and Their Significance

A rational number is said to be in its lowest terms if its numerator and denominator have no common

factors other than 1. In other words, the fraction is simplified as much as possible.

To reduce a fraction to lowest terms, divide numerator and denominator by their greatest

common divisor (GCD).

For example, 8/12 can be simplified to 2/3 by dividing both numerator and denominator by 4.

Operations with Rational Numbers in Lowest Terms

Addition of Rational Numbers

Given two rational numbers, q = a/b and r = c/d, their sum is calculated as:

S = q + r = (ad + bc) / bd

If both fractions are in lowest terms, the sum can often be simplified further, depending on the

numerator and denominator.



Subtraction, Multiplication, and Division

Similarly, other operations are performed as follows:

Subtraction: q - r = (ad - bc) / bd1.

Multiplication: q × r = (a × c) / (b × d)2.

Division: q ÷ r = (a × d) / (b × c), provided r ≠ 03.

After each operation, the result is simplified to lowest terms if necessary.

Analyzing the Sum S = q + r and Its Representation

Expressing S as a Fraction

Given:

q = a/b

r = c/d

The sum S is:

S = (ad + bc) / bd

If q and r are in lowest terms, the numerator and denominator of S may or may not be in lowest terms.

To express S in lowest terms, find the GCD of the numerator and denominator and simplify

accordingly.



Simplification Process

Suppose:

S = (ad + bc) / bd

To simplify:

Calculate GCD of numerator and denominator: G = gcd(ad + bc, bd)1.

Divide numerator and denominator by G:2.

e = (ad + bc) / G
f = bd / G

The resulting fraction e/f is in lowest terms.3.

Properties of Rational Numbers in Lowest Terms

Key Properties and Theorems

Closure: Rational numbers are closed under addition, subtraction, multiplication, and division

(except division by zero).

Unique Representation: Each rational number has a unique representation in lowest terms.

Sum of Two Rational Numbers in Lowest Terms: The sum may need to be simplified to lowest

terms, but the process guarantees a unique simplified form.



Important Observations

If q = a/b and r = c/d are in lowest terms, then gcd(a, b) = 1 and gcd(c, d) = 1.

The sum S = (ad + bc) / bd might not be in lowest terms, so reduction is necessary.

The properties of gcd are crucial in simplifying the sum or product of fractions.

Examples and Applications

Example 1: Adding Two Rational Numbers in Lowest Terms

Let q = 2/3 and r = 3/4.

Calculate the sum:1.

S = (2×4 + 3×3) / (3×4) = (8 + 9) / 12 = 17/12

Check if 17/12 is in lowest terms:2.

gcd(17, 12) = 1

Result: 17/12 (already in lowest terms).3.



Example 2: Adding Fractions Where Simplification is Needed

Suppose q = 4/6 and r = 2/3.

Note that 4/6 reduces to 2/3, but for this example, assume they are in lowest terms:1.

Compute sum:2.

S = (4×3 + 2×6) / (6×3) = (12 + 12) / 18 = 24/18

Reduce 24/18:3.

gcd(24, 18) = 6

Divide numerator and denominator by 6:4.

24/6 = 4, 18/6 = 3

Final result: 4/3 in lowest terms.5.

Theoretical Implications and Further Insights

Greatest Common Divisor (GCD) and Simplification

The GCD plays a critical role in simplifying fractions and understanding the relationship between the

numerator and denominator. Algorithms such as Euclid's algorithm efficiently compute GCDs,



facilitating the reduction of fractions to their lowest terms.

Properties of Rational Number Operations

Adding two fractions in lowest terms does not necessarily yield a fraction in lowest terms.

The sum's numerator and denominator are always integers, but their GCD must be checked for

further reduction.

Multiplying fractions in lowest terms results in a fraction that can potentially be simplified if the

numerator and denominator share common factors.

Conclusion: Mastering Rational Numbers and Their Operations

Understanding the properties and operations of rational numbers in lowest terms is fundamental in

mathematics. Problem 7—dealing with two fractions q = a/b and r = c/d, and their sum S = q +

r—serves as a gateway to mastering fraction addition, simplification, and the significance of lowest

terms. By mastering the process of finding GCDs, simplifying fractions, and performing arithmetic

operations, students and mathematicians can confidently manipulate rational numbers in various

contexts, from basic algebra to advanced mathematical theories.

In practice, always remember to:

Express fractions in lowest terms before performing operations if possible.

Calculate the sum or product using the standard formulas.



Reduce the resulting fraction to lowest terms for clarity and consistency.

Through consistent practice and understanding of these principles, working with rational numbers

becomes an intuitive and powerful skill in mathematics.

Frequently Asked Questions

If q = a/b and r = c/d are two rational numbers in lowest terms, what

is the general form of their sum S = q + r?

The sum S can be written as S = (ad + bc) / bd, which may need to be simplified to lowest terms.

How do we ensure that the sum S = e/f of two rational numbers q and

r in lowest terms is itself in lowest terms?

After computing the sum, we simplify e/f by dividing numerator and denominator by their greatest

common divisor (GCD) to ensure the fraction is in lowest terms.

What conditions must be met for q = a/b and r = c/d to be in lowest

terms?

The fractions are in lowest terms if the numerator and denominator of each fraction are coprime,

meaning their GCD is 1.

Can the sum of two rational numbers in lowest terms always be

expressed as a fraction in lowest terms? Why or why not?

Yes, the sum can always be expressed as a fraction in lowest terms by simplifying the resulting



fraction after addition.

If q = 2/3 and r = 3/4, what is their sum S in lowest terms?

S = (2×4 + 3×3) / (3×4) = (8 + 9) / 12 = 17/12, which is already in lowest terms.

What is the significance of writing rational numbers in lowest terms

when performing operations like addition?

Writing rational numbers in lowest terms simplifies calculations, reduces the risk of errors, and makes

it easier to identify equivalent fractions and compare values.

Additional Resources

Understanding the Sum of Two Rational Numbers in Lowest Terms

Rational numbers are fundamental to mathematics, representing ratios of integers. When working with

rational numbers, especially in their lowest terms, understanding how operations like addition affect

their representations is crucial. The problem at hand involves two rational numbers, \( q = \frac{a}{b} \)

and \( R = \frac{c}{d} \), both expressed in lowest terms, and their sum \( S = q + R = \frac{e}{f} \), also

written in lowest terms. This exploration dives deep into the properties, implications, and mathematical

nuances of such operations.

---

Introduction to Rational Numbers in Lowest Terms

Before discussing the sum of two rational numbers, it's essential to recall what it means for a rational

number to be in its lowest terms.



Definition of Rational Numbers:

A rational number is any number that can be expressed as the quotient of two integers, \( \frac{a}{b} \),

where \( a \) and \( b \) are integers, and \( b \neq 0 \).

Lowest Terms (Reduced Form):

A rational number \( \frac{a}{b} \) is said to be in lowest terms if:

- \( a \) and \( b \) are integers with no common factors other than 1.

- \( \gcd(a, b) = 1 \).

Significance of Lowest Terms:

- Simplifies comparisons and calculations.

- Ensures the representation is unique (except for the sign).

- Facilitates understanding of properties like divisibility, coprimality, and the behavior of sums.

---

Properties and Constraints of \( q = \frac{a}{b} \) and \( R =

\frac{c}{d} \)

Given that both \( q \) and \( R \) are in lowest terms:

1. Coprimality Conditions:

- \( \gcd(a, b) = 1 \)

- \( \gcd(c, d) = 1 \)

2. Sign Considerations:

- The signs of \( a, b, c, d \) influence the sign of the sum.

- Typically, the denominators are taken to be positive, and the sign is carried by the numerator.



3. Denominator Constraints:

- Both \( b \) and \( d \) are non-zero integers.

- The denominators are positive, often assumed for simplicity.

---

Calculating the Sum \( S = q + R \)

The sum of two rational numbers:

\[

S = \frac{a}{b} + \frac{c}{d}

\]

Standard Method:

To add these fractions, find a common denominator:

\[

S = \frac{a \times d + c \times b}{b \times d}

\]

Resulting Numerator and Denominator:

- Numerator: \( N = a d + c b \)

- Denominator: \( D = b d \)

Expressed as:

\[



S = \frac{a d + c b}{b d}

\]

---

Ensuring the Sum is in Lowest Terms: Simplification Process

Once the sum is determined, it is essential to reduce \( \frac{N}{D} \) to lowest terms:

1. Compute \( \gcd(N, D) \):

- Since \( N = a d + c b \)

- \( D = b d \)

2. Divide numerator and denominator by \( \gcd(N, D) \):

\[

\frac{e}{f} = \frac{N / \gcd(N, D)}{D / \gcd(N, D)}

\]

This yields the simplified form:

\[

S = \frac{e}{f}

\]

where \( e \) and \( f \) are coprime integers.

---



Key Mathematical Insights and Theorems

Understanding the behavior of the sum of two reduced fractions involves several important

mathematical concepts:

2.1 Coprimality and GCD Properties

- GCD of Sum and Product:

- The gcd of the numerator and denominator after addition relates to the original numerators and

denominators.

- The process of reduction relies on properties of gcd, especially distributive and multiplicative

properties.

- Coprimality Preservation:

- In general, the sum of two coprime fractions need not be in lowest terms, which necessitates

reduction.

2.2 The Role of the Greatest Common Divisor (GCD)

- GCD of the numerator and denominator after addition determines the reduction factor.

- Key Fact:

- \( \gcd(a d + c b, b d) \) divides both \( a d + c b \) and \( b d \).

2.3 Divisibility and Common Factors

- The common factors between numerator and denominator are influenced by the common divisors of

\( a, b, c, d \), and their combinations.

- The process to find the lowest terms involves factoring out these common divisors.

---



Special Cases and Their Implications

Certain scenarios reveal interesting properties about the sum and its lowest terms:

3.1 When \( a/b \) and \( c/d \) are coprime in their denominators

- If \( \gcd(b, d) = 1 \), the common denominator \( b d \) is the least common multiple (LCM), and the

sum simplifies in a particular way.

- Implication:

- The sum's numerator is \( a d + c b \).

- The gcd of numerator and denominator can be explored via properties of coprimality.

3.2 When both fractions are in lowest terms with shared factors

- If \( \gcd(a, b) = 1 \) and \( \gcd(c, d) = 1 \), but \( a \) and \( c \) share common factors, the sum's

numerator may be divisible by these common factors.

- Consequently:

- The reduction process might involve dividing out these shared factors, affecting the final form.

3.3 Special case where \( a/b \) and \( c/d \) are additive inverses

- When \( a/b = - c/d \), their sum is zero.

- In lowest terms, this sum is represented as \( 0/1 \).

---

Examples Illustrating the Addition and Reduction Process

Real-world examples help clarify the concepts:



Example 1: Simple coprime fractions

\[

q = \frac{1}{2}, \quad R = \frac{1}{3}

\]

- Sum:

\[

S = \frac{1 \times 3 + 1 \times 2}{2 \times 3} = \frac{3 + 2}{6} = \frac{5}{6}

\]

- Since \( \gcd(5, 6) = 1 \), the sum is already in lowest terms.

---

Example 2: Fractions requiring reduction

\[

q = \frac{2}{4} \quad (\text{not in lowest terms}), \quad R = \frac{3}{9} \quad (\text{not in lowest terms})

\]

- First, reduce to lowest terms:

\[

q = \frac{1}{2}, \quad R = \frac{1}{3}

\]

- Sum as above:

\[



S = \frac{5}{6}

\]

- However, if we consider the original fractions:

\[

q = \frac{2}{4} \quad \text{and} \quad R = \frac{3}{9}

\]

- Sum:

\[

S' = \frac{2 \times 9 + 3 \times 4}{4 \times 9} = \frac{18 + 12}{36} = \frac{30}{36}

\]

- Simplify:

\[

\gcd(30, 36) = 6

\]

- Final simplified form:

\[

S = \frac{30/6}{36/6} = \frac{5}{6}

\]

which aligns with previous reduction, confirming the importance of reducing fractions initially.

---



Mathematical Properties and Theorems Related to the Sum

This section delves into the theoretical foundations underlying the addition of rational numbers in

lowest terms.

4.1 The Sum of Two Reduced Fractions

Theorem:

If \( \frac{a}{b} \) and \( \frac{c}{d} \) are in lowest terms, then the numerator of their sum:

\[

a d + c b

\]

may or may not be coprime with the denominator \( b d \). The process of reduction ensures the sum

is expressed in lowest terms.

4.2 Uniqueness of Lowest Terms Representation

Key Point:

Every rational number has a unique representation in lowest terms with a positive denominator. This

guarantees that the process of reduction after addition yields a canonical form.

4.3 Behavior of GCD Under Addition

- The gcd of the numerator and denominator after addition can be related to the gcds of the initial

numerators and denomin
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