
Prove That The Function F(x) = Ln(1 + X) On (-1;
+[infinity]0) Has No Absolute Maximum Or Absolute
Minimum.

Prove That The Function F(x) = Ln(1 + X) On (-1; +[infinity]0) Has No Absolute Maximum Or Absolute
Minimum.

Understanding the behavior of functions over their domains is a fundamental aspect of calculus and
mathematical analysis. In particular, analyzing whether a function possesses absolute extrema—absolute
maximums or minimums—is crucial in various applications, from optimization problems to theoretical
mathematics. In this article, we delve into the properties of the function \( F(x) = \ln(1 + x) \) defined on the
interval \((-1, +\infty)\), demonstrating that it does not have an absolute maximum or minimum within its
domain.

---

Overview of the Function \( F(x) = \ln(1 + x) \)

Before exploring the extremal properties, let's understand the basic characteristics of \( F(x) \).

Domain of the Function
- The natural logarithm function \( \ln(t) \) is defined only for \( t > 0 \).
- For \( F(x) = \ln(1 + x) \), the argument \( 1 + x \) must be positive.
- Therefore, the domain is:
\[
(-1, +\infty)
\]
meaning \( x \in (-1, \infty) \).

Basic Properties
- Continuity: \( F(x) \) is continuous on \( (-1, +\infty) \).
- Differentiability: \( F \) is differentiable throughout its domain, with derivative:
\[
F'(x) = \frac{1}{1 + x}
\]
- Monotonicity:
- Since \( F'(x) > 0 \) for all \( x > -1 \), \( F \) is strictly increasing on \((-1, +\infty)\).

---

Behavior of \( F(x) \) at the Boundaries of the Domain

To analyze whether \( F \) has absolute extrema, we need to consider its behavior near the domain's boundaries.



Behavior as \( x \to -1^+ \)
- As \( x \to -1^+ \), \( 1 + x \to 0^+ \).
- Since \( \ln(t) \to -\infty \) as \( t \to 0^+ \), it follows:
\[
\lim_{x \to -1^+} F(x) = -\infty
\]
- This indicates that \( F(x) \) tends to negative infinity near \( x = -1 \).

Behavior as \( x \to +\infty \)
- As \( x \to +\infty \), \( 1 + x \to +\infty \).
- Since \( \ln(t) \to +\infty \) as \( t \to +\infty \), it follows:
\[
\lim_{x \to +\infty} F(x) = +\infty
\]
- The function increases without bound as \( x \to +\infty \).

---

Does \( F(x) \) Have an Absolute Maximum or Minimum?

Now, let's analyze whether \( F(x) \) attains any absolute extrema within its domain.

Definition of Absolute Maximum and Minimum
- Absolute maximum: A point \( x_{max} \in (-1, +\infty) \) where \( F(x_{max}) \geq F(x) \) for all \( x \) in
the domain.
- Absolute minimum: A point \( x_{min} \in (-1, +\infty) \) where \( F(x_{min}) \leq F(x) \) for all \( x \) in the
domain.

Analysis of \( F(x) \) at the Domain Boundaries
- Since \( F(x) \to -\infty \) as \( x \to -1^+ \), it does not attain a minimum at this boundary but approaches
it.
- Since \( F(x) \to +\infty \) as \( x \to +\infty \), it does not attain a maximum at infinity, but increases
without bound.

Existence of Critical Points
- Critical points occur where \( F'(x) = 0 \) or \( F'(x) \) is undefined.
- \( F'(x) = \frac{1}{1 + x} \):
- Is undefined at \( x = -1 \), but this is outside the domain (approach from within).
- Is zero nowhere in \( (-1, +\infty) \), since \( 1 + x \neq \infty \) for finite \( x \).

- Since \( F'(x) > 0 \) for all \( x \in (-1, +\infty) \), the function is strictly increasing throughout its domain.

---



Conclusion: No Absolute Extrema for \( F(x) = \ln(1 + x) \)

Given the above analysis, we observe:

- No Absolute Maximum:
- The function increases without bound as \( x \to +\infty \).
- Therefore, there is no finite point \( x_{max} \) in the domain where \( F(x) \) attains its supremum; it is
unbounded above.

- No Absolute Minimum:
- The function tends to \( -\infty \) as \( x \to -1^+ \).
- It does not attain a finite minimum within the domain; the infimum is \( -\infty \).

Thus, the function \( F(x) = \ln(1 + x) \) on \( (-1, +\infty) \) has neither an absolute maximum nor an
absolute minimum.

---

Implications and Additional Insights

Understanding this property is important in various contexts:

- Optimization problems: Since \( F \) has no absolute extrema, optimization over this domain requires
restricting the domain to a closed and bounded interval where the function attains extrema.
- Behavior at boundaries: The asymptotic behavior indicates how the function behaves near the domain limits,
which is crucial in limit analysis and in the application of the Extreme Value Theorem.

---

Summary

- The function \( F(x) = \ln(1 + x) \) is strictly increasing on \( (-1, +\infty) \).
- It tends to \( -\infty \) as \( x \to -1^+ \).
- It tends to \( +\infty \) as \( x \to +\infty \).
- Due to its unbounded nature at both ends, \( F \) does not possess an absolute maximum or minimum within its
domain.

Therefore, we conclude that the function \( F(x) = \ln(1 + x) \) on the interval \((-1, +\infty)\) has no
absolute maximum or minimum.

---
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In conclusion, analyzing the behavior of \( F(x) = \ln(1 + x) \) reveals that its unboundedness at the domain’s
endpoints precludes the existence of any absolute extrema, a fundamental concept in mathematical analysis and
calculus.

Frequently Asked Questions

Why does the function F(x) = ln(1 + x) not have an absolute maximum on
the interval (-1, +�)?

Because as x approaches +�, ln(1 + x) increases without bound, so the function has no finite upper limit and
thus no absolute maximum.

What prevents the function F(x) = ln(1 + x) from having an absolute
minimum on (-1, +�)?

As x approaches -1 from the right, ln(1 + x) tends to negative infinity, meaning the function decreases without
bound, so there is no finite absolute minimum.

How does the domain of F(x) = ln(1 + x) influence its extrema?

Since the domain is (-1, +�), with the function tending to negative infinity near -1 and increasing without bound
as x increases, it indicates the absence of finite absolute extrema.

Can F(x) = ln(1 + x) have an absolute maximum or minimum within its domain?

No, because the function approaches infinity near the upper and lower ends of the domain, so it does not attain
a finite maximum or minimum within the interval.

What is the significance of the limits at the endpoints for proving the
absence of absolute extrema for F(x) = ln(1 + x)?

The limits show that as x approaches -1, F(x) tends to negative infinity, and as x approaches infinity, F(x)
tends to positive infinity, confirming that no finite absolute maximum or minimum exists.

Additional Resources
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---

Introduction

The function \( F(x) = \ln(1 + x) \) is a fundamental mathematical expression encountered across various
fields, ranging from calculus and analysis to applied sciences like economics and engineering. Its properties,
especially concerning extremal values, are of intrinsic interest because they reveal insights into the behavior of
logarithmic functions. This article aims to rigorously demonstrate that on the domain \( (-1, +\infty) \), the
function \( F(x) = \ln(1 + x) \) does not possess an absolute maximum or an absolute minimum. This exploration
will involve detailed analysis of the function's behavior, derivatives, and limits, providing a comprehensive
understanding of its extremal properties.

---



Understanding the Domain and Basic Properties of \( F(x) = \ln(1 + x) \)

Domain Considerations

The natural logarithm function \( \ln(y) \) is defined only for \( y > 0 \). Therefore, for \( F(x) = \ln(1 + x) \),
the domain is determined by the inequality:

\[
1 + x > 0 \quad \Rightarrow \quad x > -1
\]

Thus, the domain of \( F \) is:

\[
\boxed{(-1, +\infty)}
\]

This domain is open at \( -1 \) because the logarithm is undefined at zero, and open at \( +\infty \) as the
function extends indefinitely.

Basic Characteristics

- Continuity: \( F \) is continuous on \( (-1, +\infty) \) since the logarithm is continuous where defined.
- Differentiability: \( F \) is differentiable on \( (-1, +\infty) \), with derivative:

\[
F'(x) = \frac{1}{1 + x}
\]

- Monotonicity: Since \( F'(x) > 0 \) for all \( x > -1 \), the function is strictly increasing on the entire domain.

These properties set the stage for analyzing the extremal behavior of \( F \).

---

The Behavior of \( F(x) = \ln(1 + x) \) as \( x \to -1^+ \) and \( x \to +\infty \)

Limit as \( x \to -1^+ \)

When \( x \) approaches \( -1 \) from the right, \( 1 + x \to 0^+ \) and thus:

\[
\lim_{x \to -1^+} F(x) = \lim_{x \to -1^+} \ln(1 + x) = -\infty
\]

This indicates that \( F(x) \) decreases without bound as it approaches the left endpoint of its domain.

Limit as \( x \to +\infty \)

As \( x \to +\infty \):

\[
\lim_{x \to +\infty} F(x) = \lim_{x \to +\infty} \ln(1 + x) = +\infty
\]

The function grows unboundedly, tending to infinity as \( x \) increases.

---



Monotonicity and Its Implications for Extrema

Derivative Analysis

The first derivative:

\[
F'(x) = \frac{1}{1 + x}
\]

- For \( x > -1 \), \( 1 + x > 0 \), so \( F'(x) > 0 \).
- Therefore, \( F \) is strictly increasing on \( (-1, +\infty) \).

Consequences of Strict Monotonicity

- Since \( F \) is strictly increasing, it does not have any local maxima or minima within its domain.
- The monotonic nature ensures no point inside \( (-1, +\infty) \) at which the function switches direction.

---

Absence of Absolute Extrema: A Formal Proof

Absolute Maximum

An absolute maximum of \( F \) on \( (-1, +\infty) \) would be a point \( x_{max} \) where:

\[
F(x_{max}) \geq F(x) \quad \text{for all } x \in (-1, +\infty)
\]

Given the behavior of \( F \):

- As \( x \to +\infty \), \( F(x) \to +\infty \),
- For any finite \( x \), \( F(x) \) is finite.

Thus, for any candidate \( x_{max} \), the function can always be exceeded by choosing a larger \( x \), making
\( F(x) \) arbitrarily large.

Conclusion: The function has no finite or infinite point where it attains a maximum value; it is unbounded above.

Absolute Minimum

An absolute minimum of \( F \) on \( (-1, +\infty) \) would be a point \( x_{min} \) where:

\[
F(x_{min}) \leq F(x) \quad \text{for all } x \in (-1, +\infty)
\]

From the limit behavior:

- As \( x \to -1^+ \), \( F(x) \to -\infty \),
- For any \( x > -1 \), \( F(x) \) is finite.

Since \( F(x) \) decreases without bound near \( -1 \), it can get arbitrarily close to \( -\infty \), but it never
attains a finite minimum.

Conclusion: The function has no finite or infinite point where it attains a minimum; it is unbounded below.

---



The Role of Continuity and Monotonicity in the Non-Existence of Extrema

The properties of \( F(x) \) further reinforce the conclusion:

- Continuity: Ensures no jumps or discontinuities that could produce local extrema, but does not guarantee
the existence of global maxima or minima.
- Strict Monotonicity: Guarantees the absence of local extrema within the domain because the function never
reverses direction.

In the context of extremal values, these properties imply that:

- The function’s supremum (least upper bound) is \( +\infty \), but it's never attained at a finite \( x \).
- The infimum (greatest lower bound) is \( -\infty \), but again, is not attained at any finite \( x \).

Hence, \( F(x) = \ln(1 + x) \) has no absolute maximum or absolute minimum on its domain \( (-1, +\infty) \).

---

Implications and Broader Context

Infinite Behavior and Unboundedness

The unbounded nature of \( F \) both above and below is characteristic of many logarithmic functions. The
fact that the logarithm tends to \( -\infty \) as its argument approaches zero from the right, and goes to \(
+\infty \) as its argument tends to infinity, confirms the absence of finite extrema.

Practical Relevance

In applications, this implies that:

- The function can be made arbitrarily large by choosing sufficiently large \( x \).
- Conversely, it can be made arbitrarily small (approaching \( -\infty \)) by selecting \( x \) close to \( -1 \).

Thus, \( F \) models growth that is unbounded in both directions, but never "peaks" or "valleys" that are
global in nature.

---

Summary and Final Remarks

In conclusion, the function \( F(x) = \ln(1 + x) \) defined on the domain \( (-1, +\infty) \) exhibits the following
key properties:

- It is strictly increasing across its entire domain.
- It tends to \( -\infty \) as \( x \to -1^+ \).
- It tends to \( +\infty \) as \( x \to +\infty \).
- Due to these behaviors, it does not attain finite absolute maximum or minimum within its domain.

This analysis confirms that the unbounded growth and decay of \( F \) preclude the existence of absolute
extrema, making it a classic example of a function that is monotonic and unbounded, with extremal values only
in the limit.

---

References

- Stewart, J. (2015). Calculus: Early Transcendentals. Cengage Learning.
- Apostol, T. M. (1967). Calculus, Vol. 1. Wiley.
- Thomas, G. B., & Finney, R. L. (2002). Calculus and Analytic Geometry. Pearson Education.



---

This comprehensive examination underscores the importance of understanding the behavior of functions at the
boundaries of their domains and the implications of monotonicity and unboundedness in the context of extremal
values.
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