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Understanding Boolean algebra and logic gate expressions is fundamental in digital electronics.
Among the core concepts is the equivalence of Sum of Products (SOP) and Product of Sums (POS)
forms of logical expressions. Demonstrating that these two forms are equivalent for various logic
gates not only deepens comprehension but also aids in optimizing digital circuit designs. This article
provides a detailed proof that the SOP and POS expressions are equivalent for three key 2-input
gates: the NOR gate, the XOR gate, and a general 2-input gate. We will explore the Boolean
expressions, derive their SOP and POS forms, and rigorously prove their equivalence.

Introduction to SOP and POS Forms in Boolean Algebra

Boolean algebra provides a mathematical framework for analyzing and designing digital circuits. Two
primary canonical forms are used to express Boolean functions:

e Sum of Products (SOP): A form where the function is expressed as a sum (OR) of product
(AND) terms.

¢ Product of Sums (POS): A form where the function is expressed as a product (AND) of sum
(OR) terms.

These forms are important because they facilitate circuit implementation and simplification. The
equivalence of SOP and POS forms for any Boolean function implies that both can be used
interchangeably to realize the same logical behavior.

Part A: 2-input NOR Gate

Understanding the NOR Gate

The NOR gate is a fundamental digital logic gate that performs the logical NOR operation. It outputs



true (1) only when both inputs are false (0). The Boolean expression for a 2-input NOR gate with
inputs A and B is:

\[
F = \overline{A + B}
\]

where \(+\) denotes OR, and the overline indicates NOT (complementation).

Deriving SOP and POS Expressions

1. SOP Expression:
To derive the SOP form, we can analyze the truth table:

| A|B|A+B|\(F=\overline{A + B}\) |
el |

The function \(F\) is true only when both A and B are 0. This can be expressed as:

\[

F =\overline{A} \cdot \overline{B}
\]

This is the Sum of Products form.

2. POS Expression:

The POS form is derived from the sum of maxterms. Maxterms correspond to input combinations
where the function is 0:

- When A=0, B=1: maxterm is \((A + \overline{B})\)
- When A=1, B=0: maxterm is \((\overline{A} + B)\)
- When A=1, B=1: maxterm is \((\overline{A} + \overline{B})\)

The function is 1 only when both inputs are 0, so the POS expression is the product of the maxterms
where \(F=0\):

\[
F=(A+B)
\]

But since the function is 1 only when both inputs are 0, the POS form simplifies to:

\[



F=(A+B)
\]

which confirms the equivalence with the original expression.

Part B: 2-input XOR Gate

Understanding the XOR Gate

The XOR (exclusive OR) gate outputs true only when exactly one input is true. Its Boolean expression
is:

\[
F = A\oplus B = (A \land \overline{B}) + (\overline{A} \land B)
\]

where \(\land\) is AND, and \(+\) is OR.

Deriving SOP and POS Expressions

1. SOP Expression:
From the truth table:

| A|B|\(A\oplus B\) |

The function is true when:
=1:\(\overline{A} B\)

0, B=1:\
1, B=0: \(A \overline{B}\)

Thus, the SOP form is:

\[
F = \overline{A} B + A \overline{B}
\]

2. POS Expression:



The zeros occur at A=0, B=0 and A=1, B=1. The maxterms for these are:

- A=0, B=0: \((A + B)\)
- A=1, B=1: \((\overline{A} + \overline{B})\)

The POS form, which is true when the function is 1, is the product of the negations of these maxterms:

\[

F = (\overline{A} + B)(A + \overline{B})

\]

which is equivalent to the SOP form after applying Boolean algebra rules.
3. Proof of Equivalence:

Using Boolean algebra:

\[

(\overline{A} + B)(A + \overline{B}) = \overline{A}A + \overline{A} \overline{B} + BA + B
\overline{B}

\]

Simplify:

-\(\overline{A}A = 0\)
-\(B \overline{B} = 0\)

Remaining terms:

\[

\overline{A} \overline{B} + BA

\]

which matches the SOP expression:

\[
\overline{A} B + A \overline{B}
\]

by commutative properties, confirming their equivalence.

Part C: 2-input General Gate



Understanding a General 2-input Logic Function

Consider an arbitrary 2-input Boolean function \(F(A, B)\). To demonstrate that its SOP and POS forms
are equivalent, we need to understand the process of converting between these forms.

Methodology for Proving Equivalence

1. Construct the truth table for the function.

2. ldentify the minterms where the function is 1.

3. Express the SOP form as a sum of these minterms.

4. ldentify the maxterms where the function is 0.

5. Express the POS form as a product of these maxterms.

6. Use Boolean algebra to reduce and verify that both forms are equivalent.

Example: A Sample 2-input Function

Suppose \(F(A, B) = AB + \overline{A} \overline{B}\). Its truth table:

| A[BI\FY |

SOP form:

\[
F = \overline{A} \overline{B} + AB

\]
Maxterms where \(F=0\):

1:\((A + \overline{B})\)
, B=0: \((\overline{A} + B)\)

POS form:

\[
F = (A + B)(\overline{A} + \overline{B})

\]

Applying Boolean algebra confirms that the SOP and POS forms are equivalent:

\[
(\overline{A} \overline{B} + AB) \equiv (A + B)(\overline{A} + \overline{B})



\]

which completes the proof.

Conclusion

The equivalence between SOP and POS forms is a fundamental aspect of Boolean algebra and digital
logic design. By analyzing specific cases such as the NOR, XOR, and a generic 2-input function, we
see that these two canonical forms are interchangeable representations of the same logical function.
The proofs rely on constructing truth tables, identifying minterms and maxterms, and applying
Boolean algebra simplifications. Understanding these proofs enhances the ability to design, analyze,
and optimize digital circuits effectively.

Summary of Key Points

e The 2-input NOR gate's Boolean expression \(\overline{A + B}\) can be expressed in both SOP
and POS forms, which are equivalent through Boolean laws.

e The XOR gate's exclusive nature allows for straightforward derivation of SOP and POS forms,
which are shown to be equivalent via algebraic simplification.

Frequently Asked Questions

How can we prove that the sum-of-products (SOP) and
product-of-sums (POS) expressions are equivalent for a 2-
input NOR gate?

For a 2-input NOR gate, the SOP expression is =(A + B), which simplifies directly to the NOR
operation. The POS expression can be derived by expressing the NOR as a combination of OR
and NOT operations, and upon simplification, both expressions are equivalent, confirming the
equivalence of SOP and POS forms.



What is the SOP expression for a 2-input XOR gate, and
how does it compare to its POS form?

The SOP expression for a 2-input XOR gate is A'B + AB'. The POS form can be written as (A +
B')(A" + B). Simplifying both forms shows they are equivalent, demonstrating the duality
between SOP and POS representations for XOR.

Why are SOP and POS forms considered duals, and how
does this relate to a 2-input logic gate?

SOP and POS are duals because one is a sum of products while the other is a product of sums,
and each can be transformed into the other using Boolean algebra principles such as De
Morgan's laws. For 2-input gates like NOR and XOR, their SOP and POS forms are equivalent
representations of the same logic function, illustrating this duality.

Can you demonstrate the equivalence of SOP and POS
expressions for a 2-input AND gate?

Yes. The SOP expression for AND is AB, and the POS form can be expressed as (A + 0)(B + 0),
which simplifies to AB. Since both forms simplify to the same function, they are equivalent,
confirming the SOP and POS equivalence for AND gates.

What is the significance of proving that SOP and POS
expressions are equivalent for 2-input logic gates like NOR
and XOR?

Proving their equivalence ensures that different logical representations can be used
interchangeably in circuit design, optimization, and simplification. Understanding this
equivalence helps in designing efficient digital systems and verifying that different forms
produce the same output for the same inputs.

Additional Resources

Prove That The SOP And POS Expressions Are Equivalent: A. 2-input NOR Gate. B. 2-input XOR
Gate. C. 2-input AND Gate

Understanding the logical equivalence of different Boolean expressions is fundamental in digital
logic design and analysis. Specifically, the Sum of Products (SOP) and Product of Sums (POS)



forms are two canonical forms used to simplify and implement Boolean functions efficiently.
Demonstrating that these forms are equivalent for particular logic gates—such as the 2-input
NOR gate, 2-input XOR gate, and 2-input AND gate—enables designers to choose appropriate
implementations based on cost, speed, and power considerations. This article provides a
comprehensive, step-by-step proof that SOP and POS expressions are equivalent for these
gates, offering insights into their Boolean representations and logical behaviors.

Introduction to SOP and POS Forms
Before delving into the proofs, it's essential to clarify what SOP and POS expressions are:

- Sum of Products (SOP): A Boolean function expressed as a logical OR (sum) of multiple AND
(product) terms. For example:

"F = (AAND B) OR (A" AND C)’

- Product of Sums (POS): A Boolean function expressed as a logical AND (product) of multiple OR
(sum) terms. For example:

"F=(AORB)AND (A'OR C)’
Both forms are canonical and can be transformed into each other using Boolean algebra rules.

The goal is to prove that for specific gates, their SOP and POS forms are equivalent
representations of the same logical function.

Part A: 2-input NOR Gate

Understanding the NOR Gate

The NOR (Not-OR) gate is a universal logic gate that outputs true only when both inputs are
false. Its Boolean expression is:

F=(A+B)

where “+° denotes OR, and the overline indicates NOT.
Step 1: Express NOR Gate in SOP Form

The NOR gate's direct Boolean expression is:
F=(A+B)

Applying De Morgan's Law:



F=AB

This is the SOP form of the NOR gate output: a product (AND) of the negations of inputs A and
B.

Step 2: Express NOR Gate in POS Form

"

The original form (A + B)
operation.

is already in a POS form because it's the complement of an OR
However, to write it explicitly as a POS expression, recognize that:
F=(A+B)

which is the complement of an OR — the NOR operation.
Alternatively, expressing the NOR as a product of sums:

- Since the NOR is the complement of OR, its POS form can be written as:
F = (A)" AND (B)'

which matches the SOP form derived earlier.
Step 3: Demonstrate Equivalence
Using Boolean algebra, the SOP and POS forms for the NOR gate are:

- SOP form: 'F = A'B"
- POS form: *F = (A)' (B)"

These are equivalent because:
A'B'= (A + B)'

by De Morgan’s Law.
Conclusion for NOR gate:

The SOP and POS expressions for the 2-input NOR gate are equivalent and represent the same
logical function.



Part B: 2-input XOR Gate
Understanding the XOR Gate

The exclusive OR (XOR) gate outputs true only when exactly one input is true. Its Boolean
expression is:

F=A@®B
which can be expanded as:
F = (A AND B') OR (A' AND B)

Step 1: Express XOR in SOP Form
The SOP form of XOR is directly obtained from its truth table:

|A|B|F(Ae®B) |

1
|1
From this, the minterms where F=1 are:

- When A=0, B=1: "A'B’
- When A=1, B=0: "AB"

Thus, the SOP expression:
F=A'B+AB'

Step 2: Express XOR in POS Form

The truth table indicates that F=0 for:

which are the maxterms corresponding to:

- (A + B) for the case A=0, B=0
- (A" + B')" for A=1, B=1



The POS form is the product (AND) of these maxterms:
F=(A+B)(A"+B"

Step 3: Show Equivalence
Now, let's verify that the SOP and POS forms are equivalent:

-SOP: 'F=A'B+AB"
-POS: 'F =(A+B)(A'+ B')

Using Boolean algebra to verify:
1. Expand the POS expression:

F=(A+B)A"+ B
=AA'"+AB'+BA'+BB'

2. Simplify:

-"AA' =0 (complementarity)
-'BB'=0

Hence:

F=0+AB'+BA'+0=AB'+BA'
which matches the SOP expression directly.
Part C: 2-input AND Gate

Understanding the AND Gate

The AND gate outputs true only when both inputs are true. Its Boolean expression:
F=AB

Step 1: Express AND in SOP Form

This is already in SOP form, as it's a product (AND) of inputs:



F=AB

Step 2: Express AND in POS Form

We can write the AND gate's Boolean function in POS form as well. Recall that:
AB =(A+B')' (A" + B)'

But more straightforwardly, the dual of the SOP form is its POS form:

\F\\= (A)(B)

which is identical to the SOP form.
Alternatively, in terms of maxterms:

- The only minterm where F=1 is A=1, B=1.
- The maxterms where F=0 are:

|A[BF]

- The only maxterm where F=0is "(A + B)".

Thus, the POS form:

F=(A+B)

which is equivalent to the original AND function in the context of Boolean algebra, considering
the duality.

Step 3: Demonstrate Equivalence

In Boolean algebra:
AB = (A +B)"

Therefore, the SOP and POS expressions are dual and represent the same logical function.



Summary and Final Remarks
Key Takeaways:

- The NOR gate's SOP and POS forms are equivalent because the complement of an OR
operation (" (A + B)"") can be expressed as a product of negations ("A' B'") via De Morgan's Law.
- The XOR gate's SOP form ("A' B + AB"") and POS form (" (A + B)(A' + B')") are equivalent as
shown by Boolean algebra—both represent the same logical function, just expressed differently.
- The AND gate's SOP (A B") and POS (" (A + B)") forms are duals, with the equivalence
grounded in Boolean principles and the duality between AND and OR operations.

Practical Implications:

Understanding these equivalences allows digital logic designers to:

- Optimize circuit implementation based on available logic gates.

- Convert functions into forms that are more suitable for certain technologies.

- Simplify Boolean expressions for efficient hardware design.

Final Note:

Proving the equivalence of SOP and POS forms isn't merely an academic exercise—it's a

foundational skill in digital electronics, enabling engineers to analyze, optimize, and implement
complex Boolean functions reliably.

By mastering these proofs, you reinforce your grasp of Boolean algebra and its critical role in
digital logic design.
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