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Understanding the properties of relations is fundamental in the field of mathematics,
particularly in set theory and algebra. When dealing with relations, three primary
properties often come into play: reflexivity, symmetry, and transitivity. These properties
help mathematicians classify and analyze the nature of relations, elucidating how
elements within a set relate to each other. This article aims to provide a comprehensive
guide on how to determine whether a given relation R on a set A exhibits these properties,
supported by detailed explanations, examples, and step-by-step procedures.

Introduction to Relations in Mathematics

A relation in mathematics is a way to describe a connection or association between
elements within a set or between elements of different sets. Formally, a relation R from a
set A to a set B is a subset of the Cartesian product A x B. When A = B, the relation is
called a relation on A.

For example, if A is a set of integers, a relation R could be "less than" (<), "equal to" (=),
or "divides" (|). Each of these relations can be analyzed to understand their properties.

Understanding the properties of relations is essential because it influences how we
interpret and utilize these relations in various mathematical structures, such as
equivalence relations and partial orders.

Key Properties of Relations

Before analyzing a specific relation R, it is crucial to understand the three main properties
that classify relations:

Reflexivity
A relation R on set A is reflexive if every element in A is related to itself. Formally:
-Foralla €A, (a, a) € R.

Example: The relation "is equal to" (=) on any set is reflexive because for every element a,
a=a.



Symmetry
A relation R on set A is symmetric if, whenever an element a is related to an element b,

then b is also related to a. Formally:
-Foralla, b € A, if (a, b) € R, then (b, a) € R.

Example: The relation "is a sibling of" is symmetric because if a is a sibling of b, then b is a
sibling of a.

Transitivity

A relation R on set A is transitive if, whenever an element a is related to b, and b is related
to ¢, then a is related to c. Formally:
-Foralla,b,ce€e A, if(a,b) € Rand (b, c) € R, then (a, c) € R.

Example: The relation "is an ancestor of" is transitive because if a is an ancestor of b, and
b is an ancestor of c, then a is an ancestor of c.

How to Determine Whether a Relation Is
Reflexive, Symmetric, or Transitive

To analyze a specific relation R defined on a set A, follow these step-by-step procedures:

Step 1: Understand the Definition of the Relation R

- Clearly state the relation R: what does it mean for two elements a and b to be related?
- List the elements of set A.

Step 2: Check for Reflexivity

- For each element a € A, verify whether (a, a) € R.
- If all such pairs are in R, then R is reflexive.
- If any element a € A does not satisfy (a, a) € R, then R is not reflexive.

Step 3: Check for Symmetry

- For each pair (a, b) € R, verify whether (b, a) € R.
- If for all such pairs, the reverse pair also exists, R is symmetric.
- If any pair exists where (a, b) € R but (b, a) ¢ R, then R is not symmetric.

Step 4: Check for Transitivity

- For all triples (a, b, ¢) € A, where (a, b) € R and (b, c) € R, verify whether (a, c) € R.
- If this condition holds for all such triples, R is transitive.



- If any such triple fails this condition, R is not transitive.

Illustrative Examples of Relations and Their
Properties

To better understand the process, let's analyze some common types of relations with
examples.

Example 1: Equality Relation on Set A

- Relation R: "a equals b" (a = b) on set A.

- Analysis:

- Reflexive? Yes, because a = a for all a.

- Symmetric? Yes, ifa = b, then b = a.

- Transitive? Yes, ifa = b and b = ¢, then a = c.

- Conclusion: The equality relation is an equivalence relation (reflexive, symmetric,
transitive).

Example 2: "Less Than" Relation on Set A = {1, 2, 3}

- Relation R: "a < b."

- Analysis:

- Reflexive? No, because no element is less than itself.

- Symmetric? No, because if a < b, then b < a is false.

- Transitive? Yes, ifa <b and b < ¢, then a < c.

- Conclusion: The "less than" relation is transitive but not reflexive or symmetric.

Example 3: "Divides" Relation on Set A = {1, 2, 3, 4}

- Relation R: "a divides b" (a | b).

- Analysis:

- Reflexive? Yes, because every number divides itself.

- Symmetric? No, because 2 divides 4, but 4 does not divide 2.

- Transitive? Yes, if a divides b and b divides c, then a divides c.

- Conclusion: The "divides" relation is reflexive and transitive but not symmetric.

Special Types of Relations: Equivalence Relations
and Partial Orders

Some properties of relations are particularly important because they define special
classes:



Equivalence Relations

- A relation that is reflexive, symmetric, and transitive.
- Used to partition sets into equivalence classes.
- Example: Equality relation.

Partial Orders

- A relation that is reflexive, antisymmetric, and transitive.
- Used to model hierarchical or ordered structures.
- Note: Antisymmetry means that if (a, b) and (b, a) are in R, then a = b.

Practical Applications and Importance of
Analyzing Relation Properties

Understanding whether a relation is reflexive, symmetric, or transitive has numerous
applications across mathematics and computer science:

- Equivalence Classes: Used in grouping elements that are related under an equivalence
relation.

- Orderings: Partial and total orders help in sorting and organizing data.

- Graph Theory: Relations can be represented as directed or undirected graphs, and
properties influence graph traversal and analysis.

- Database Theory: Relations define how data entities relate, influencing query
optimization and integrity constraints.

- Formal Verification: Ensuring relations meet certain properties guarantees correctness
in algorithms and protocols.

Summary and Final Tips

- Always begin by clearly understanding the definition of the relation and listing the
elements involved.

- Systematically verify each property by checking the relevant pairs or triples.

- Use examples to test the properties, especially in small finite sets.

- Remember that some relations can simultaneously satisfy multiple properties, such as
equality.

- Recognize the significance of these properties in defining the relation's role within
mathematical structures.

Conclusion

Determining whether a relation R on set A is reflexive, symmetric, or transitive is a
fundamental skill in mathematics that aids in classifying and understanding the structure



of relations. By carefully analyzing the pairs within the relation and applying the
definitions systematically, one can accurately categorize the relation. This analysis not
only enhances conceptual understanding but also has practical implications in various
fields, including computer science, logic, and data organization. Mastery of these concepts
enables mathematicians and scientists to design, analyze, and interpret complex systems
with clarity and precision.

Frequently Asked Questions

Given the relation R on set A defined as R = {(a, a), (b,
b), (c, )}, is R reflexive?

Yes, R is reflexive because every element in A is related to itself, assuming A includes a, b,
and c.

If Ronset A ={1, 2, 3} is defined as R = {(1, 2), (2, 1)},
is R symmetric?

Yes, R is symmetric because for every (a, b) in R, the pair (b, a) is also in R.

Given R = {(x, y) | x divides y} on set A = {1, 2, 4}, is R
transitive?

Yes, R is transitive because if x divides y and y divides z, then x divides z. For example, 1
divides 2 and 2 divides 4, so 1 divides 4.

LetR={(a,b) |a+biseven}onsetA={1, 2, 3, 4}.1Is
R reflexive?

No, R is not reflexive because, for example, (1, 1) does not satisfy a + b being even (since
1 + 1 = 2, which is even, so actually it is). But check (3, 3): 3 + 3 = 6, which is even, so all
elements are related to themselves. Therefore, R is reflexive.

On set A = {x, y, z}, relation R = {(x, y), (v, x), (z, 2)}. Is
R symmetric?

Yes, R is symmetric because for every (a, b) in R, the pair (b, a) also exists, such as (%, y)
and (y, x).

For the relation R = {(a, b), (b, ¢)} on set A = {a, b, c},
is R transitive?

No, R is not transitive because (a, b) and (b, c) are in R, but (a, c) is not in R.



If Ris defined as R = {(x,y) | x =y} onset A = {1, 2, 3},
is R reflexive, symmetric, or transitive?

R is reflexive because every element is less than or equal to itself, and it is transitive
because if x = yand y = z, then x = z. R is not symmetric unless x = y.

Given a relation R on set A where R = {(a, b) | a # b}, is
R symmetric, reflexive, or transitive?

R is symmetric because if (a, b) is in R, then (b, a) is also in R. It is not reflexive because
no element relates to itself, and it is not transitive because, for example, (a, b) and (b, c)
are in R, but (a, c¢) is not necessarily in R.

Additional Resources

Show Whether The Following Relation R Is Reflexive, Symmetric, Or Transitive. Let A Be
The Relation Defined

Understanding the properties of relations is fundamental in the field of mathematics,
particularly in set theory and discrete mathematics. These properties—reflexivity,
symmetry, and transitivity—are crucial in analyzing how elements within a set relate to
each other. When given a specific relation \( R \) defined over a set \( A\), determining
whether it possesses these properties helps in understanding its structure and potential
applications, from equivalence relations to ordering systems. This article aims to guide
readers through a detailed, yet accessible, exploration of these concepts, providing clarity
on how to evaluate a relation’s properties and what implications they hold.

Defining Relations and Their Properties

Before delving into the analysis, it is essential to clarify what relations are in mathematical
terms and to define the properties under consideration.

What Is a Relation?

In set theory, a relation \( R\) on a set \( A) is a subset of the Cartesian product \( A
\times A \). That is, \( R \subseteq A \times A \). An ordered pair \( (a, b) \in R ) indicates
that the relation holds between the elements \( a \) and \( b \). For example, if \( R\) is the
"less than or equal to" relation on the set of real numbers, then \( (a, b) \in R\) iff \( a \leq
b\).



Key Properties of Relations

Relations can exhibit various properties, of which three are particularly significant:

- Reflexivity: A relation \( R\) on \( A ) is reflexive if every element relates to itself.
Formally,

\[

\forall a \in A\ (a, a) \in R

\]

This property indicates that each element is "related" to itself.

- Symmetry: A relation \( R\) is symmetric if for every pair \( (a, b) \in R ), the reverse \(
(b, a)\)isalsoin \( R\):

\[

\forall a, b \in A\ (a, b) \in R \Rightarrow (b, a) \in R

\]

Symmetry suggests mutual relation.

- Transitivity: A relation \( R ) is transitive if whenever \( (a, b) \in R\) and \( (b, c) \in R)),
then \((a, c)\in R \):

\[

\forall a, b, c\in A\ (a, b) \in R \wedge (b, c) \in R \Rightarrow (a, c) \in R

\]

Transitivity indicates a chain-like property, allowing relations to "pass through"
intermediate elements.

Understanding these properties helps in classifying relations as equivalence relations
(which are reflexive, symmetric, and transitive) or partial orders (which are reflexive,
antisymmetric, and transitive).

Analyzing the Relation \( R\) on Set \( A)

Given a specific relation \( R\) defined over a set \( A\), the central task is to determine
whether \( R\) is reflexive, symmetric, and transitive. The approach typically involves
examining the elements of \( R\) in relation to the set \( A \).

Step 1: Clarify the Set \( A\) and the Relation \( R\)
Suppose the set \( A\) and the relation \( R \) are explicitly provided. For example:

-\(A =\{1, 2, 3\})
-\(R=\{(1, 1), (2,2), 3, 3),(1,2), (2, 1\})

Alternatively, the relation might be defined using a rule, such as "less than or equal to" for
real numbers.



Step 2: Check for Reflexivity

To verify if \( R ) is reflexive:

- For every element \( a \in A \), check whether \( (a, a) \in R ).

- If all such pairs are present, \( R ) is reflexive.

- If any element \( a \) lacks \( (a, a) \), then \( R ) is not reflexive.

Example:

In the above example, since \( (1, 1), (2, 2), (3, 3)\) are all in \( R ), the relation is reflexive
on\(A\).

Step 3: Check for Symmetry

To verify if \( R ) is symmetric:

- For every pair \( (a, b) \in R\), confirm whether \( (b, a) \in R\).

- If all such pairs satisfy this condition, \( R\) is symmetric.

- If any pair violates this, \( R\) is not symmetric.

Example:

In the example, \( (1, 2) \in R\), and \( (2, 1) \in R ), so the relation is symmetric for this
pair. Since the pairs are mutual for all related pairs, the relation is symmetric.
Step 4: Check for Transitivity

To verify transitivity:

- For all triplets \( (a, b), (b, ¢) \in R\), check whether \( (a, c) \in R ).

- If every such chain satisfies this, \( R ) is transitive.

- If any violation occurs, the relation is not transitive.

Example:

Suppose \( (1, 2) \in R\) and \( (2, 1) \in R\). Check whether \( (1, 1) \in R ). Since \( (1, 1)
\) is in \( R ), this chain satisfies transitivity at this step. Repeat for all such chains.

Implications and Applications of These Properties

Understanding whether a relation is reflexive, symmetric, or transitive is not purely
academic; it has practical implications across various domains.

Equivalence Relations

A relation that is reflexive, symmetric, and transitive is called an equivalence relation.
These relations partition the set \( A\) into disjoint equivalence classes, where elements



are related within classes but not across them.

Example:
Equality \( = \) on any set is an equivalence relation. It groups elements that are exactly
the same.

Applications include:

- Classifying objects based on properties.
- Simplifying complex systems through partitioning.

Partial and Total Orders

Relations that are reflexive, antisymmetric, and transitive define a partial order. If they
are also total (comparable), they form a total order.

Example:
"Less than or equal to" \( \leq \) on real numbers is a total order.

Applications include:

- Scheduling and sorting.
- Hierarchies and precedence structures.

Real-World Examples

- Friendship networks: Symmetric (if person A is friend with person B, then B is friend
with A). Usually, not necessarily transitive.

- "Is a subset of" relation among sets: Reflexive, antisymmetric, transitive—forming a
partial order.

- "Divides" relation among integers: Reflexive, transitive, but not symmetric.

Summary and Conclusion

Determining whether a relation \( R\) on a set \( A) is reflexive, symmetric, or transitive
involves systematic checks of the relation’s pairs against these properties. The process
requires examining the relation’s pairs in detail, considering the definitions, and applying
logical reasoning.

- Reflexivity ensures every element relates to itself.
- Symmetry ensures mutual relation between elements.
- Transitivity guarantees the chaining of relations through intermediate elements.



These properties underpin fundamental concepts in mathematics, such as equivalence
relations and orders, which have broad applications in computer science, logic, and other
disciplines. By understanding how to analyze relations, students and practitioners can
better interpret the structure and behavior of complex systems modeled mathematically.

In practice, analyzing relations often involves constructing truth tables, diagrams, or
logical proofs, making the process both systematic and insightful. Whether in pure
mathematics or applied fields, mastering these properties enhances one's ability to model,
analyze, and interpret the relationships that define structured systems.

In conclusion, the evaluation of the properties of a relation helps in classifying and
understanding its nature. Whether dealing with abstract sets or real-world data,
recognizing reflexivity, symmetry, and transitivity provides a foundational toolset for
navigating the intricate web of relations that pervade mathematics and beyond.
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