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When working with algebraic equations, one of the fundamental methods for solving certain types of
equations is by finding square roots. This technique is especially useful when the equation can be
rewritten in the form of a perfect square or involves a quadratic expression. The key idea is to isolate
the squared term and then take the square root of both sides, remembering to consider both the
positive and negative roots. However, if the equation results in a negative number under the square
root, then it has no real solutions. In this article, we will explore how to solve equations by finding
square roots, understand when solutions exist, and learn how to handle equations with no real
solutions.

Understanding the Method of Solving Equations by
Finding Square Roots

Before diving into specific examples and procedures, it is essential to understand the core concept
behind solving equations via square roots.

1. The Basic Principle
The fundamental principle is based on the property:
\[ x^2 = a \]
where \(a\) is a real number. To solve for \(x\), you take the square root of both sides:
\[ x = \pm \sqrt{a} \]
This means that if \(a\) is non-negative, the solutions are the positive and negative square roots of
\(a\). If \(a\) is negative, then there are no real solutions because the square root of a negative
number is not real.

2. Conditions for Real Solutions
- If the number under the square root (the radicand) is positive or zero, solutions exist.
- If the radicand is negative, the equation has no real solutions.

Steps to Solve Equations by Finding Square Roots

When faced with an equation suitable for this method, follow these steps:



1. Isolate the Squared Term
Ensure the equation is written such that the squared term is alone on one side of the equation.

2. Simplify the Equation
Simplify both sides as necessary to get the equation into the form \(x^2 = a\).

3. Check the Radicand
Determine whether \(a\) (the number on the right side) is non-negative.

4. Take the Square Root of Both Sides
Apply the square root to both sides:
\[ x = \pm \sqrt{a} \]
Remember to include both the positive and negative roots unless the problem specifies otherwise.

5. Write the Solution
Express the solutions clearly, noting if there are no real solutions.

Examples of Solving Equations by Finding Square
Roots

Let's explore several examples to solidify the understanding of this method.

Example 1: Simple Square Root Solution
Solve the equation:
\[ x^2 = 25 \]

Solution:
- Since \(x^2 = 25\), and 25 is non-negative, solutions exist.
- Take the square root of both sides:
\[ x = \pm \sqrt{25} \]
\[ x = \pm 5 \]
Answer:
\[ x = 5 \quad \text{or} \quad x = -5 \]

Example 2: Equation with a Zero Radicand
Solve:



\[ x^2 = 0 \]

Solution:
- The square root of zero is zero:
\[ x = \pm \sqrt{0} = 0 \]
- Since both roots are the same, the only solution is:
\[ x = 0 \]

Example 3: Equation with a Negative Radicand (No Solution)
Solve:
\[ x^2 = -16 \]

Solution:
- The radicand is \(-16\), which is negative.
- The square root of a negative number is not a real number.
- Conclusion: No real solutions.

Example 4: Solving a Quadratic Equation by Finding Square
Roots
Solve:
\[ 4x^2 - 36 = 0 \]

Solution:
- Isolate the squared term:
\[ 4x^2 = 36 \]
- Divide both sides by 4:
\[ x^2 = 9 \]
- Take the square root:
\[ x = \pm \sqrt{9} \]
\[ x = \pm 3 \]
Answer:
\[ x = 3, \quad x = -3 \]

Special Cases and Additional Tips

While the method of finding square roots is straightforward, some cases require extra attention.

1. Equations with Coefficients of the Square Term
If the squared term has a coefficient other than 1, such as \(ax^2 = b\), divide both sides by \(a\) first:
\[ x^2 = \frac{b}{a} \]
Then proceed to take the square root.



2. Equations with Multiple Terms
For equations like:
\[ x^2 + c = 0 \]
solve for \(x^2\):
\[ x^2 = -c \]
If \(-c\) is negative, then no real solutions exist.

3. Handling No Solution Cases
Always check the radicand before taking the square root:
- If negative, explicitly state "No solution."
- If zero or positive, find the roots as shown.

Practice Problems to Master the Method

Try solving these equations to reinforce your understanding:

\( x^2 = 49 \)1.

\( x^2 = -1 \)2.

\( 9x^2 = 81 \)3.

\( x^2 + 4 = 0 \)4.

\( 16x^2 - 64 = 0 \)5.

Solutions:

1. \( x = \pm 7 \)

2. No solution (since radicand is negative).

3. \( 9x^2 = 81 \Rightarrow x^2 = 9 \Rightarrow x = \pm 3 \)

4. \( x^2 = -4 \Rightarrow \) No solution.

5. \( 16x^2 = 64 \Rightarrow x^2 = 4 \Rightarrow x = \pm 2 \)

Conclusion

Solving equations by finding square roots is a powerful and straightforward technique in algebra,



especially for quadratic equations that can be easily isolated into the form \(x^2 = a\). Always
remember to check the radicand before taking the square root; if it is negative, the equation has no
real solutions. When the radicand is zero or positive, applying the square root yields the solutions,
accounting for both positive and negative roots. Mastery of this method enhances your problem-
solving skills and prepares you to handle a wide range of algebraic equations efficiently. Practice
regularly with different types of equations to become confident in identifying when this method
applies and how to execute it accurately.

Frequently Asked Questions

How do you solve the equation x² = 49 by finding square
roots?
Take the square root of both sides: x = ±√49, so x = ±7.

What should you do if the equation x² = -16 appears while
solving?
Since the square root of a negative number is not a real number, the solution is No Solution.

How do you solve the equation x² + 4 = 0 for real solutions?
Rewrite as x² = -4; since the right side is negative, there is No Solution in real numbers.

What is the first step to solve x² = 25?
Take the square root of both sides: x = ±√25, so x = ±5.

If you have the equation 3x² = 27, how do you find x?
Divide both sides by 3: x² = 9, then take the square root: x = ±3.

When solving x² = 0, what is the solution?
Take the square root: x = 0, so the only solution is x = 0.

How do you handle an equation like 2x² + 3 = 0 in solving for
x?
Subtract 3: 2x² = -3; then divide: x² = -3/2. Since negative, No Solution.

What does it mean if, when solving x² = 16, you only get x =
4?
You should consider both positive and negative roots: x = ±4; both are solutions.



Can you always find real solutions by taking square roots in
quadratic equations?
No, if the value under the square root (discriminant) is negative, there are no real solutions.

Additional Resources
Solving Equations by Finding Square Roots: A Comprehensive Guide

---

Introduction

Mathematics is a universal language that allows us to describe, analyze, and solve problems across
countless disciplines. Among the fundamental algebraic techniques is solving equations through the
method of finding square roots. This approach is particularly useful when dealing with quadratic
equations or other algebraic expressions where the variable is squared. Understanding how to solve
such equations by isolating the square root and applying the principle of square roots not only
broadens one's mathematical toolkit but also deepens comprehension of the properties of exponents
and radicals.

In this comprehensive guide, we will explore the concept of solving equations via square roots,
examine the conditions under which solutions exist, and clarify what it means when an equation has
no real solutions. We will dissect various types of equations, provide step-by-step methods, and
include illustrative examples to solidify understanding. Whether you're a student tackling algebra for
the first time or someone seeking to refine your problem-solving skills, this detailed exploration aims
to equip you with clear, practical knowledge.

---

Understanding the Basics of Square Roots and Their Role in Equations

What is a Square Root?

A square root of a number \( a \) is a value \( x \) such that:

\[
x^2 = a
\]

In other words, the square root of \( a \) is a number that, when multiplied by itself, yields \( a \). The
symbol for square root is \( \sqrt{\ } \), so:

\[
x = \sqrt{a}
\]

For example, \( \sqrt{25} = 5 \) because \( 5^2 = 25 \).



Properties of Square Roots

- Principal Square Root: The symbol \( \sqrt{\ } \) denotes the principal (non-negative) square root.
- Positive and Negative Roots: When solving equations like \( x^2 = a \), both positive and negative
roots are considered, i.e., \( x = \pm \sqrt{a} \).
- Domain Restrictions: The expression \( \sqrt{a} \) is real only when \( a \geq 0 \). If \( a < 0 \), the
square root is not a real number, implying no real solutions.

---

Solving Equations by Finding Square Roots

The process of solving equations by finding square roots generally involves isolating the squared
variable term and then applying the inverse operation—taking the square root. It is most
straightforward when the equation is already in a form resembling:

\[
x^2 = c
\]

where \( c \) is a constant.

General Steps

1. Isolate the squared term: Rearrange the equation so that the squared variable is on one side and
everything else on the other.
2. Determine the value of the expression: Simplify the right side to find the constant \( c \).
3. Apply the square root: Take the square root of both sides, remembering to include both the positive
and negative roots.
4. Solve for the variable: Write out the solutions explicitly.
5. Check for extraneous solutions: Verify solutions in the original equation if necessary.

---

When Equations Have No Real Solutions

No solution arises when the process of taking the square root involves the square root of a negative
number, which is not a real number. This occurs because:

\[
x^2 = a
\]

has no real solutions if \( a < 0 \).

Key Point:

- If, after isolating the squared term, the constant on the right side is negative, then the equation has
no real solutions.

---



Solving Specific Forms of Equations by Square Roots

Let's examine various cases and their solutions.

---

1. Equations of the Form \( x^2 = c \)

This is the most straightforward application of the square root method.

Method:

- If \( c \geq 0 \):

\[
x = \pm \sqrt{c}
\]

- If \( c < 0 \):

\[
\text{No solution}
\]

Example 1:

\[
x^2 = 49
\]

Solution:

\[
x = \pm \sqrt{49} = \pm 7
\]

Example 2:

\[
x^2 = -16
\]

Solution:

\[
\text{No solution, since } -16 < 0
\]

---

2. Equations Involving Multiple Terms



When equations are more complex but can be manipulated into a quadratic form, such as:

\[
ax^2 + bx + c = 0
\]

but particularly when it simplifies to a form like:

\[
x^2 = d
\]

we can apply the square root method.

Example:

\[
3x^2 - 12 = 0
\]

Solution:

1. Isolate \( x^2 \):

\[
3x^2 = 12
\]

2. Divide both sides by 3:

\[
x^2 = 4
\]

3. Take the square root:

\[
x = \pm \sqrt{4} = \pm 2
\]

---

3. Equations with Radicals and Nested Roots

Some equations involve radicals within radicals, e.g.,

\[
\sqrt{x + 3} = 4
\]

Method:



- Square both sides to eliminate the radical:

\[
x + 3 = 16
\]

- Then solve for \( x \):

\[
x = 16 - 3 = 13
\]

- Check:

\[
\sqrt{13 + 3} = \sqrt{16} = 4
\]

which matches the given condition, confirming the solution.

---

Handling Equations with No Real Solutions

Whenever the process involves taking the square root of a negative number, the conclusion is that
there is no real solution.

Example:

\[
x^2 + 5 = 0
\]

Solution:

\[
x^2 = -5
\]

Since \( -5 < 0 \), no real solutions exist.

In complex numbers, solutions would involve imaginary numbers, but since the current scope focuses
on real solutions, we simply write:

No solution

---

Practice Problems and Solutions

Problem 1:



\[
x^2 = 81
\]

Solution:

\[
x = \pm \sqrt{81} = \pm 9
\]

Problem 2:

\[
x^2 = -36
\]

Solution:

\[
\text{No solution}
\]

Problem 3:

\[
2x^2 - 8 = 0
\]

Solution:

1. Isolate \( x^2 \):

\[
2x^2 = 8
\]

2. Divide both sides by 2:

\[
x^2 = 4
\]

3. Take square root:

\[
x = \pm 2
\]

---

Additional Techniques and Tips



Completing the Square

Sometimes, equations not initially in the form \( x^2 = c \) can be transformed by completing the
square, enabling the application of the square root method.

Example:

\[
x^2 + 6x + 9 = 0
\]

Since:

\[
x^2 + 6x + 9 = (x + 3)^2
\]

the equation becomes:

\[
(x + 3)^2 = 0
\]

Thus,

\[
x + 3 = 0 \Rightarrow x = -3
\]

---

Handling Absolute Values

Equations involving absolute values can often be converted into equations involving squares.

Example:

\[
|x| = 5
\]

which is equivalent to:

\[
x^2 = 25
\]

Solutions:

\[
x = \pm 5



\]

---

Summary of Key Points

- Isolate the squared term: The core step in solving by square roots.
- Check the sign of the constant: If it is negative, no real solutions exist.
- Apply the square root carefully: Remember to include both positive and negative roots.
- Verify solutions in the original equation: Particularly relevant when squaring both sides to avoid
extraneous solutions.
- Be aware of domain restrictions: The square root function is defined only for non-negative radicands
in the real number system.

---

Final Notes

Mastering the technique of solving equations by finding square roots is an essential skill in algebra. It
forms the foundation for understanding more advanced topics such as quadratic functions, conic
sections, and calculus. Recognizing when an equation can be rewritten into the form \( x^2 = c \) is a
critical step toward simplifying and solving complex problems efficiently.

Remember, the key to success lies in careful algebraic manipulation, vigilant checking of solutions,
and understanding the conditions under which solutions exist. When the square root involves a
negative number, acknowledge that there is no solution in real numbers—this is a vital concept that
underscores the importance of the domain in algebraic equations.

By practicing a variety of problems and understanding the underlying principles, you'll become
proficient in solving equations via square roots, enriching your mathematical reasoning and problem-
solving capabilities.

---

In conclusion, solving equations by finding square roots is a powerful and elegant method that hinges
on the fundamental property of squares and square roots.
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