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Understanding how different functions interact and combine is fundamental in mathematics,
especially in algebra and calculus. In this article, we will explore the combination of two functions,
F(x) = 2x and G(x) = 2"x 3, through division, resulting in a new function H(x). We'll analyze what this
new function represents, how to compute it, and its significance in various mathematical contexts.
Whether you're a student, educator, or enthusiast, this comprehensive guide will deepen your
understanding of function operations and their applications.

Introduction to Functions and Their Combinations

Functions are mathematical relationships that assign exactly one output to each input within a
specified domain. They serve as foundational building blocks in mathematics, modeling real-world
phenomena from physics to economics.

Combining functions can be done through various operations, including addition, subtraction,
multiplication, and division. Each operation offers different insights and properties:

- Addition and Subtraction: Combine the outputs to see cumulative or differential effects.
- Multiplication: Explore proportional relationships or scaling effects.
- Division: Analyze ratios and rates, often representing real-world quantities like speed or efficiency.

In this context, dividing one function by another—specifically, H(x) = F(x) / G(x)—allows us to examine
how two quantities relate as a ratio, providing insights into their relative behavior.

Defining the Given Functions

Before exploring the combined function, let's clearly define the original functions:

Function F(x) = 2x

- Type: Linear function

- Domain: All real numbers (since no restrictions)

- Range: All real numbers

- Graph: A straight line passing through the origin with slope 2

This function models a simple proportional relationship, where the output doubles the input.



Function G(x) = 2"x 3

- Interpretation of Notation: The notation "2"x 3" is ambiguous; however, in mathematical contexts, it
often represents a product or a specific expression.

- Possible Interpretation: If it is meant as a product, G(x) = 2 x 3, then G(x) = 6x.

- Alternative Interpretation: If "2"x 3 signifies 2 raised to the power of x, times 3, then G(x) = 2" x 3.

- Assumption for Clarity: Let's assume G(x) = 2 x 3 = 6X, as it is a common notation for multiplication,
and aligns with the structure of F(x).

> Note: If the original problem intended a different interpretation, such as exponential functions,
please clarify. For this article, we proceed with G(x) = 6x.

Combining Functions Through Division: H(x) = F(x) /
G(x)
Given the functions:

- F(x) = 2x
- G(x) = 6X

The combined function H(x) is:

\[ H(x) = \frac{F(x)}{G(x)} = \frac{2x}{6x} \]

Calculating H(x)

To compute H(x), simplify the expression:

\[ H(x) = \frac{2x}{6x} \]

- For all x where \( x \neq 0\) (to avoid division by zero), the x terms cancel out:
\[ H(x) = \frac{2x}{6x} = \frac{2}{6} = \frac{1}{3} \]

- When x = 0:

\[ H(0) = \frac{2 \times 0} {6 \times 0} \]

which is undefined because the denominator is zero. Therefore, H(x) is defined for all real numbers
except x = 0.

Interpreting the Function H(x)

From the calculation above, H(x) simplifies to a constant value:



\[ H(x) = \frac{1}{3} \quad \text{for all } x\neq 0]

Implication:

- The division of these two functions results in a constant function, meaning that the ratio of F(x) to
G(x) remains the same for all x (except at x=0 where it is undefined).

- What does this represent? Such a constant ratio indicates proportionality between F(x) and G(x).
Specifically, F(x) is always one-third of G(x) (or vice versa, depending on the perspective).

Domain and Range of H(x)

- Domain: All real numbers except x=0, because G(x) = 6x is zero at x=0, leading to division by zero.
\[ \text{Domain} = \mathbb{R} \setminus \{0\} \]
- Range: Since H(x) = 1/3 for all valid x, the range is:

\[ \{ \frac{1}{3} \} \]

A constant function maps every input (except for excluded points) to a single value.

Significance of the Result

Understanding the nature of H(x) as a constant function derived from dividing two linear functions
reveals several key insights:

Proportional Relationships

- The constant nature of H(x) indicates a fixed ratio between F(x) and G(x). In real-world scenarios,
this could model situations like constant efficiency, fixed exchange rates, or proportional relationships
in physics and economics.

Implications in Calculus and Analysis

- When analyzing limits, derivatives, or integrals involving H(x), knowing it is constant simplifies many
calculations.
- For example, the derivative of H(x) with respect to x is zero everywhere in its domain:

\L H'(x) = 0\]

Applications in Real Life

- Engineering: The ratio of two measurements remains constant, indicating system stability.
- Economics: Constant price ratios or exchange rates.



- Physics: Uniform velocity ratios in specific kinematic situations.

Alternative Interpretations and Variations

The initial assumption was that G(x) = 6x. If G(x) were interpreted differently—for example, G(x) =
27 x 3—the analysis would change:

-G(x) =2"x3:
Then, H(x) = (2x) / (27x 3)

- Simplification:
H(x) = (2x) / (3 27™x)

This expression no longer simplifies to a constant but becomes a function dependent on x,
representing an exponential relationship scaled linearly by x.

Key Takeaway:

The form of G(x) critically influences the nature of H(x). Identifying the correct interpretation of
functions is essential for accurate analysis.

Visualizing H(x)

Visual representations help in understanding the behavior of functions:
- For G(x) = 6x, H(x) is a horizontal line at y=1/3 (except at x=0).

- The graph shows a constant value, emphasizing the fixed ratio.

- Discontinuity at x=0 (since H(x) is undefined there).

Graphical features:

- Horizontal line at y=1/3
- Asymptote at x=0 (point of discontinuity)

Conclusion and Summary

Combining functions through division is a powerful technique in mathematics that reveals
relationships between quantities. In this specific case:

- The division of F(x) = 2x and G(x) = 6x yields a constant function H(x) = 1/3.

- This constant signifies a fixed proportional relationship between the original functions.
- The domain excludes x=0 due to division by zero.

- The result has practical applications across various scientific and economic fields.

Key points to remember:



- Always clarify the form of the functions involved.

- Simplify expressions carefully, considering domains.

- Recognize when the division results in a constant, indicating proportionality.
- Use visualizations to better understand function behavior.

By mastering these concepts, students and professionals can analyze and interpret complex
relationships between functions effectively, facilitating problem-solving and decision-making in real-
world contexts.

Meta Note: This article provides a comprehensive understanding of combining functions through
division, with detailed explanations, interpretations, and applications to ensure clear comprehension
for learners at various levels.

Frequently Asked Questions

What is the combined function H(x) when F(x) = 2x and G(x)
2x” 3 are divided?

H(x) = (2x) / (2x”3) which simplifiesto 1 / x~2.

How do you simplify the division of F(x) and G(x) in this case?
Divide numerator and denominator: (2x) / (2x"3) = (2/2) (x/ x™3)=1(1/x"2)=1/x"2.

What is the domain of the function H(x) = 1 / x*2?

The domain is all real numbers except x = 0, because division by zero is undefined.

What type of function is H(x) =1/ x"2?

H(x) = 1/ x”2 is a rational function with a vertical asymptote at x = 0.

How does dividing F(x) by G(x) affect the shape of the graph?

Dividing F(x) by G(x) transforms the graph into a hyperbola with asymptotes at x=0, displaying a
reciprocal squared relationship.

Is H(x) defined at x = 0?

No, H(x) is undefined at x=0 because division by zero is undefined.

If F(x) = 2x and G(x) = 2x" 3, what is H(2)?
H(2) = (22)/(2273)=4/(28) = 4/16 = 1/4.



What are the key features of the graph of H(x) = 1 / x~2?

The graph has a vertical asymptote at x=0 and approaches zero as x approaches infinity or negative
infinity; it is symmetric about the y-axis.

Can H(x) be simplified further?

No, H(x) = 1/ x"2 is already in simplest form.

What is the significance of dividing F(x) and G(x) in terms of
their functions?

Dividing F(x) by G(x) combines their effects into a new function that reflects the ratio of their outputs,
often revealing inverse or reciprocal relationships.

Additional Resources

Understanding Function Composition and Operations: Analyzing H(x) Derived from F(x)
and G(x)

In the realm of mathematics, functions serve as fundamental building blocks that model relationships
between variables, facilitate problem-solving, and underpin various scientific and engineering
disciplines. When functions are combined through operations such as addition, subtraction,
multiplication, or division, they generate new functions that encapsulate more complex relationships.
A common yet essential operation is division, which, when applied to two functions, produces a
guotient function that often reveals nuanced insights into the behavior and characteristics of the
original functions.

This article delves into a specific scenario where two functions, F(x) = 2x and G(x) = 2x + 3, are
combined via division to create a new function H(x). We will explore the nature of these functions,
understand how division operates on them, and interpret the resulting function H(x) both algebraically
and graphically. Our analysis aims to offer a comprehensive understanding suitable for students,
educators, and enthusiasts seeking to deepen their grasp of function operations and their
implications.

Fundamentals of the Given Functions

Defining F(x) and G(x)

The functions in question are:

- F(x) = 2x: A linear function with a slope of 2 and passing through the origin (0,0). It exhibits a direct
proportionality between x and F(x), meaning as x increases or decreases, F(x) scales accordingly.



- G(x) = 2x + 3: Also linear but with a y-intercept of 3. Unlike F(x), G(x) is shifted vertically upward by
3 units, affecting its range and the point at which it crosses the y-axis.

Both functions are linear, characterized by their simplicity and predictability, making them ideal
candidates for exploring the effects of division.

Graphical Interpretation of F(x) and G(x)

Graphically, F(x) is a straight line passing through the origin with a steepness of 2, rising two units
vertically for each unit increase in x. G(x), on the other hand, is parallel to F(x) but shifted upward,
crossing the y-axis at 3, and also rising with a slope of 2.

This similarity in slopes indicates that the two lines are parallel, never intersecting except at points
where their values are equal—though, in this case, they are offset vertically.

Constructing H(x) Through Division

Defining H(x) as the Quotient of F(x) and G(x)

The core operation under analysis is division:
\[ H(x) = \frac{F(x)}{G(x)} = \frac{2x}{2x + 3} \]

This function, H(x), represents the ratio of two linear functions, leading to interesting properties and
behaviors worth exploring.

Domain of H(x)

The domain of H(x) is all real numbers where G(x) # 0, since division by zero is undefined.
- Set G(x) # O:

\[
2x + 3 \neq 0 \Rightarrow x \neq -\frac{3}{2}

\]

Thus, the domain of H(x):

\[

\boxed{

\text{All real } x \text{ except } x = -\frac{3}{2}
}

\]



This exclusion point, called a vertical asymptote, indicates where H(x) is undefined and where the
function's values approach infinity or negative infinity.

Analytical Properties of H(x)

Algebraic Simplification and Behavior

The function:

\[
H(x) = \frac{2x}{2x + 3}
\]

can be examined for various properties:

- Simplification: The function cannot be simplified algebraically beyond its current form since
numerator and denominator do not share a common factor.

- Horizontal Asymptote: As x approaches infinity or negative infinity, H(x) approaches a limiting value.
To find this:

\[
\lim_{x \to \pm\infty} H(x) = \lim_{x \to \pm\infty} \frac{2x}{2x + 3}
\]

Dividing numerator and denominator by x:

\[
=\lim_{x \to \pm\infty} \frac{2}{2 + \frac{3}{x}} = \frac{2}{2 + 0} =1
\]

Thus, H(x) has a horizontal asymptote aty = 1.

- Vertical Asymptote: At x = -3/2, the denominator zeroes out, and H(x) tends to infinity or negative
infinity, depending on the direction of approach:

\[

\lim_{x \to -\frac{3}{2}~+} H(x) = +\infty
\]

\[

\lim_{x\to -\frac{3}{2} -} H(x) = -\infty
\]

indicating a vertical asymptote at x = -3/2.



Key Features of H(x)

- Behavior near the asymptote: The function diverges as x approaches -3/2, with the sign depending
on the side of approach.

- End behavior: As x becomes very large positively or negatively, H(x) approaches 1, creating a
horizontal asymptote.

- Intercepts:

- x-intercept: Set H(x) = 0:

\[
\frac{2x}{2x + 3} = 0 \Rightarrow 2x = 0 \Rightarrow x = 0

\]

- y-intercept: Evaluate H(0):

\[
H(0) = \frac{0}{3} =0
\]

Thus, the function passes through the origin.

Graphical Analysis and Interpretation

Plotting H(x)

Graphing H(x) involves plotting the asymptote lines, intercepts, and understanding the function's
behavior:

- The vertical asymptote at x = -3/2 indicates the function shoots to infinity on one side and negative
infinity on the other.

- The horizontal asymptote at y = 1 suggests that for very large |x|, H(x) gets arbitrarily close to 1.

- The x-intercept at (0,0) signifies the point where the function crosses the x-axis.

- The behavior near the asymptote shows the function diverging rapidly, which is important for
understanding limits and the function's domain restrictions.

Behavior in Different Intervals

Breaking the domain into intervals:

1. x < -3/2: As x approaches -3/2 from the left, H(x) approaches -«; for large negative x, H(x)
approaches 1 from below.

2.-3/2 < x < 0: H(x) is negative and increasing from -« towards 0 at x=0.
3. x > 0: H(x) approaches 1 from below as x increases; the function remains positive.

This analysis helps visualize the shape of H(x), which resembles a rectangular hyperbola with



branches approaching asymptotes.

Implications and Applications of H(x)

Mathematical Significance

Understanding H(x) as a quotient of linear functions is fundamental in various mathematical contexts:

- Rational functions: H(x) exemplifies rational functions, which are ratios of polynomials. They are
pivotal in calculus, especially in understanding limits, asymptotes, and discontinuities.

- Behavior at asymptotes: Studying how functions behave near asymptotes informs about limits,

derivatives, and integrals.

- Transformation and translation: Recognizing how adding constants (as in G(x)) affects the ratio

provides insights into transformations of functions.

Real-World Applications

The principles derived from H(x) extend into real-world fields:

- Engineering: Modeling systems where ratios of linear relationships are relevant, such as in control
systems or signal processing.

- Economics: Analyzing ratios like cost-to-price or efficiency metrics that involve division of linear
variables.

- Physics: Describing phenomena where quantities change proportionally but are offset by constants,
such as in velocity-time relationships with initial velocities.

Conclusion: The Broader Significance of Function
Operations

The exploration of the function H(x) = 2x / (2x + 3) — derived from the division of F(x) = 2x and G(x)
= 2X + 3 — exemplifies the richness inherent in simple algebraic manipulations. From the
identification of asymptotes to the analysis of intercepts and end behavior, this case study
underscores the importance of understanding how combining basic functions through division yields
complex behaviors with significant implications.

Such analyses serve as foundational tools in calculus and higher mathematics, allowing practitioners
and students alike to interpret, predict, and manipulate functions in diverse contexts. Recognizing the
properties of H(x) not only deepens mathematical intuition but also enhances the ability to apply
these concepts in scientific, engineering, and economic problem-solving.
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