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A PARTICLE MoVES ALONG THE X-AxIS So THAT ITs VeLociTy AT Time T Is Given By V(1)=
(T"6-131"4+12)/(10T*3+3).

\UNDERSTANDING THE MOTION OF PARTICLES ALONG A LINE IS A FUNDAMENTAL ASPECT OF CLASSICAL MECHANICS AND
CALCULUS. WHEN A PARTICLE'S VELOCITY FUNCTION IS GIVEN EXPLICITLY, AS IN THIS CASE, IT OPENS THE DOOR TO EXPLORING
VARIOUS PROPERTIES OF ITS MOTION, SUCH AS DISPLACEMENT, ACCELERATION, AND THE INTERVALS OF MOTION WHERE THE
PARTICLE MOVES FORWARD OR BACKWARD. THIS ARTICLE AIMS TO ANALYZE THE BEHAVIOR OF THE PARTICLE DESCRIBED BY THE
VELOCITY FUNCTION V(T) = (1776 - 1374 + 12) / (107”3 + 3), PROVIDING INSIGHTS INTO ITS MOTION OVER TIME,
CRITICAL POINTS, AND KEY CHARACTERISTICS.

ANALYZING THE VELOCITY FUNCTION

THE VELOCITY FUNCTION \/(T) ENCAPSULATES HOW THE PARTICLE'S POSITION CHANGES WITH TIME. TO UNDERSTAND THE
PARTICLE'S BEHAVIOR, WE NEED TO EXAMINE THE FUNCTION'S PROPERTIES, INCLUDING ITS DOMAIN, ZEROS, AND ASYMPTOTIC
BEHAVIOR.

DoMAIN oF THE FUNCTION

THE DOMAIN OF V(T) IS DETERMINED BY THE DENOMINATOR, 10T"3 + 3. SINCE DIVISION BY ZERO IS UNDEFINED, WE MUST
EXCLUDE ANY T WHERe 10773 + 3 = 0.

SOLVING FOR T:

107"3+3=0
=>107"3=-3
=>71"3=-3/10

=>71=-(3/10)"{1/3}
THE CUBE ROOT OF A NEGATIVE NUMBER IS NEGATI\/E, SO:
T=-(3/10)*1/3}~-0.669

THEREFORE, THE DOMAIN OF V(T) IS ALL REAL NUMBERS EXCEPT T # -0.669.

BEHAVIOR AT INFINITY

T O UNDERSTAND HOW THE PARTICLE BEHAVES AS TIME PROGRESSES, EXAMINE THE LIMITS AS T APPROACHES INFINITY AND
NEGATIVE INFINITY.

-As T :

THE LEADING TERM IN NUMERATOR: T 6
THE LEADING TERM IN DENOMINATOR: 107”3

So

1



V() =176/ (10T"3)=7"3/ 10

-AsTlR -f :

SIMILARLY,

V() =716 /(10T"3)=71"3/ 10

SINCE T3 TENDS TO -F] WHEN T Bl , V(1) ALso TenDs To -] .

THIS INDICATES THAT FOR LARGE POSITIVE T, THE VELOCITY BECOMES VERY LARGE AND POSITIVE, AND FOR LARGE NEGATIVE T,
IT BECOMES VERY LARGE IN MAGNITUDE BUT NEGATIVE.

ZEROS OF THE VELOCITY FUNCTION

FINDING WHERE V(T) = O GIVES THE POINTS IN TIME WHERE THE PARTICLE'S VELOCITY IS ZERO, CORRESPONDING TO MOMENTS
WHEN THE PARTICLE CHANGES DIRECTION OR IS MOMENTARILY AT REST.

SET THE NUMERATOR EQUAL TO ZERO:

T6-131T"4+12=0

LET’S ANALYZE THIS POLYNOMIAL:

T6-131T"4+12=0

NoTE THAT 776 = (772)"3 anD T4 = (T72)"2, SO IT'S CONVENIENT TO SUBSTITUTE U = T"2.
SUBSTITUTING U:

u™3-13u"2+12=0

Now, SOLVE FOR U:

u™3-13u"2+12=0

THIS IS A CUBIC IN U. TO FIND ROOTS, ATTEMPT RATIONAL ROOT TESTING:

POSSIBLE RATIONAL ROOTS: FACTORS OF 12 OVER FACTORS OF 1, 1.E., £ 1,12, +3,£4,+£6,+12
TesTu=1:

1-13+12=0[F O;u=11s ARoOOT.

Divipe THE cusic BY (U - 1):

USING SYNTHETIC DIVISION:

Coerricients: 11-13[0( 12

BRING DOWN 1:

MULTIPLY BY ROOT 1: 1

ADD TO NEXT COEFFICIENT: =13 + 1 =-12



MuLTiPLy -12BY 1:-12

ADD TO NEXT COEFFICIENT: O + (-12) =-12
MuLTiPLy =12 BY 1:-12

ADD TO LAST COEFFICIENT: 12 +(-12) =0
THUS, THE CUBIC FACTORS AS:
(u-DW"2-12u-12)=0

Now, SOLVE THE QUADRATIC:
u"2-12u-12=0

DISCRIMINANT:

A=(12)"2-41(-12)=144 +48 =192
SQUARE ROOT:

192 = 13.856

FIND ROOTS:

u=[12+13.856]/2

FIRST ROOT:

u=(12+13.856)/2 ~25.856/2~12.928
SECOND ROOT:
u=(12-13.856)/2~(-1.856)/2~-0.928
RecaLLu=T1"2, so:

T™2=u

-Foru=1:

T"2=1 T=%1]

-Forux12.928:

T=1[ 12.928 = £3.597

- For U=-0.928:

T"2 NEGATIVE, DISCARD AS T

THEREFORE, ZEROS OF NUMERATOR OCCUR AT:
T=+1,7T=+3.597

NOTE THAT T=%1 AND TR+3.5%7 ARE THE POINTS WHERE THE VELOCITY IS ZERO.

IMPORTANT: CHECK IF ANY OF THESE POINTS COINCIDE WITH THE EXCLUDED POINT T = -0.669. SINCE -0.669 IS NOT AMONG



THESE, ALL ARE WITHIN THE DOMAIN.

SIGN ANALYSIS OF THE VELOCITY FUNCTION

TO UNDERSTAND THE PARTICLE'S MOTION, ANALYZE THE SIGN OF \/(T) IN THE INTERVALS DETERMINED BY THE ZEROS AND THE
DISCONTINUITY POINT.

INTERVALS TO CONSIDER:
-7<-3.597

--3.597 <1<-0.669
--0.669<T1<-1
--1<T<]
-1<71<3.597
-T7>3.597

For EACH INTERVAL, DETERMINE THE SIGN OF NUMERATOR AND DENOMINATOR!

- NUMERATOR zEROS AT T & -3.697,-1, 1, 3.5697
- DisconNTINnUITY AT T = -0.669

SAMPLE TEST POINTS IN EACH INTERVAL:

1.7 =-4 (Less THAN -3.597):

NUMERATOR:

(-4)"6 = 4096, A POSITIVE NUMBER

(-13)(-4)*4 =-13 256 =-3328

ApD 12:

4096 - 3328 + 12 = 780 (posITIVE)

DENOMINATOR:

10 (-4)"3+3=10(-64) + 3=-640 + 3 =-637 (NEGATIVE)
V(T) = POSITIVE / NEGATIVE = NEGATIVE

2.7 =-2 (geTwEeEN -3.597 aND -0.669):

NUMERATOR:

(-2)"6=64

(-13)(-2)"4=-1316=-208

SuM: 64 - 208 + 12=-132 (NEGATIVE)

DENOMINATOR:

10 (-2)"3 + 3= 10 (-8)+ 3=-80 + 3=-77 (NEGATIVE)

V(T)= NEGATIVE / NEGATIVE= POSITIVE



3. 7=-0.5 (eTween -0.669 anp - 1):

NoTe THAT -0.5 > -0.669, BUT RECALL THE DISCONTINUITY AT T & -0.669; 50 cHoosE T= -0.5 (WHICH IS GREATER THAN
-0.669), BUT SINCE THE DOMAIN EXCLUDES T = -0.669, CHECK THE SIGN:

NUMERATOR:

(-0.6)"6=(0.6)"6=0.015625
(-13)(-0.5)"4=-13(0.5)"4=-130.0625=-0.8125
Sum: 0.015625-0.8125 +12 = 11.203125 (posITIVE)
DENOMINATOR:

10 (-0.5)"3 + 3= 10 (-0.125)+ 3=-1.25 + 3= 1.75 (PoSITIVE)
V(T)= POSITIVE/ POSITIVE= POSITIVE

4.7=0 (geTween -1 AND 1):

NUMERATOR:

0%6=0

(-13)0%4=0

Sum: 0 + 0 + 12= 12 (PosITIVE)

DENOMINATOR:

100 + 3=3 (posITIVE)

V(T)= POSITIVE / POSITIVE= POSITIVE

5.7= 2 (geTween 1 aND 3.597):

NUMERATOR:

2"6= 64

(-13)2"4=-1316=-208

SuM: 64 - 208 + 12=-132 (NEGATIVE)

DENOMINATOR:

108 + 3=80 + 3=83 (PosITIVE)

V(T)= NEGATIVE / POSITIVE= NEGATIVE

6. 7= 4 (GREATER THAN 3.597):

NUMERATOR:

476= 4096



FREQUENTLY AskeD QUESTIONS

WHAT IS THE EXPRESSION FOR THE VELOCITY OF THE PARTICLE AT TIME T?

THE VELOCITY OF THE PARTICLE AT TIME T IS GIVEN BY V(T) = (776 - 1374 + 12) / (10773 + 3).

How CAN WE FIND THE ACCELERATION OF THE PARTICLE AT ANY TIME T?

THE ACCELERATION A(T) IS THE DERIVATIVE OF THE VELOCITY V(T) WITH RESPECT TO TIME T, so A(T) = oV(T)/oT.

AT WHAT TIMES DOES THE PARTICLE CHANGE DIRECTION?

THE PARTICLE CHANGES DIRECTION WHEN ITS VELOCITY V(T) = 0. By soLvinG (176 - 13774 + 12) / (101"3 + 3) = 0,
WE FIND THE ROOTS OF THE NUMERATOR T"6 - 13T"4 + 12 = 0, EXCLUDING POINTS WHERE THE DENOMINATOR IS ZERO.

ARE THERE ANY POINTS WHERE THE VELOCITY IS UNDEFINED?

YES, THE VELOCITY IS UNDEFINED WHEN THE DENOMINATOR 107”3 + 3 = 0, WHICH occurs AT T = - (3/10)*{1/3}.

How DO WE DETERMINE THE PARTICLE'S SPEED AT A GIVEN TIME TP

THE SPEED IS THE ABSOLUTE VALUE OF THE VELOCITY, SO |\/<T)| AT THE SPECIFIC TIME T.

\WHAT IS THE SIGNIFICANCE OF THE ROOTS OF THE NUMERATOR IN V(T)?

THE ROOTS OF THE NUMERATOR, WHERE T"6 = 13774 + 12 = 0, INDICATE THE TIMES WHEN THE PARTICLE'S VELOCITY IS
ZERO, L.E., WHEN IT CHANGES DIRECTION.

CAN THE VELOCITY V(T) BE NEGATIVE, AND WHAT DOES THAT IMPLY ABOUT THE
PARTICLE'S MOTION?

YES, \/(T) CAN BE NEGATIVE, INDICATING THE PARTICLE IS MOVING IN THE NEGATIVE X-DIRECTION AT TIME T.

How WOULD YOU ANALYZE THE LONG-TERM BEHAVIOR OF THE PARTICLE'S VELOCITY
AS T APPROACHES INFINITY?

AS T APPROACHES INFINITY, THE LEADING TERMS T 6 IN NUMERATOR AND 107”3 IN DENOMINATOR SUGGEST V(T) BEHAVES
LKE 76 / 107”3 =173 / 10, WHICH TENDS TO INFINITY, INDICATING THE VELOCITY INCREASES WITHOUT BOUND.

WHAT STEPS WOULD YOU TAKE TO FIND THE PARTICLE'S DISPLACEMENT OVER A TIME
INTERVAL?P

To FIND DISPLACEMENT, INTEGRATE THE VELOCITY FUNCTION \/(T) OVER THE DESIRED TIME INTERVAL: DISPLACEMENT = \/(T)
DT FROM T=A TO T=B.

How CAN THE DERIVATIVE OF V(T) INFORM US ABOUT THE PARTICLE'S ACCELERATION
AND CHANGING MOTION?

THE DERIVATIVE D\/(T)/DT GIVES THE ACCELERATION; ANALYZING ITS SIGN AND MAGNITUDE HELPS DETERMINE WHETHER THE
PARTICLE'S SPEED IS INCREASING OR DECREASING AT DIFFERENT TIMES.



ADDITIONAL RESOURCES

ANALYZING THE MOTION OF A PARTICLE ALONG THE X-AXIS wITH VELocITY \( V(T) = \rrac{T"6 - 13774 +
12K 10T"3 + 3} \)

INTRODUCTION

THE STUDY OF PARTICLE MOTION IN CALCULUS AND PHYSICS IS FOUNDATIONAL FOR UNDERSTANDING HOW OBJECTS MOVE OVER
TIME. WHEN THE VELOCITY FUNCTION IS EXPLICITLY KNOWN, IT OPENS THE DOOR TO DETAILED ANALYSIS OF VARIOUS
KINEMATIC QUANTITIES SUCH AS DISPLACEMENT, AVERAGE VELOCITY, ACCELERATION, AND THE BEHAVIOR OF THE PARTICLE
OVER DIFFERENT TIME INTERVALS. IN THIS REVIEW, WE DELVE INTO THE PROPERTIES AND IMPLICATIONS OF A SPECIFIC VELOCITY
FUNCTION:

\[
V(1) = \rrAc{T"6 - 1374 + 123{107"3 + 3}
\]

THIS RATIONAL FUNCTION ENCAPSULATES COMPLEX BEHAVIOR, INCLUDING POTENTIAL POINTS OF DISCONTINUITY, ROOTS, AND
INTERESTING LONG-TERM TRENDS. OUR GOAL IS TO ANALYZE THIS FUNCTION THOROUGHLY, INTERPRET THE PARTICLE'S MOTION,
AND EXPLORE RELATED CONCEPTS IN DEPTH.

1. UNDERSTANDING THE VELOCITY FUNCTION
1.1. EXPRESSION BREAKDOWN

THE GIVEN VELOCITY FUNCTION IS A RATIONAL FUNCTION:

\[
V(1) = \rRACIN(T)HD(7)} \Quab \TexT{wHere} \Quab N(T) = 776 - 1314 + 12, \Quap D(T) = 10T"3 + 3
\]

- NUMERATOR \( N(T) \): A SIXTH-DEGREE POLYNOMIAL, SYMMETRIC WITH RESPECT TO HIGH POWERS, INDICATING
POTENTIALLY COMPLEX ROOTS AND SIGN CHANGES.
- DeNoMINATOR \( D(T) \): A CUBIC POLYNOMIAL, WHICH CAN BE ZERO AT CERTAIN \( T \), LEADING TO DISCONTINUITIES.

UNDERSTANDING THE BEHAVIOR OF \( V(T) \) REQUIRES ANALYZING BOTH NUMERATOR AND DENOMINATOR SEPARATELY,
PARTICULARLY THEIR ROOTS AND SIGNS.

1.2. DoMAIN CONSIDERATIONS

- THE FUNCTION IS DEFINED EVERYWHERE EXCEPT WHERe \( D(T) =0 \).
- SoLveFor \(D(T) =0 \):

\[
10773 + 3 = 0 \RigHTARROW T3 = -\FRAC{3}{ 10} \RicHTARROW T = -\sQrT[3]{\Frac{3}{ 103}
\]

- APPROXIMATE ROOT:

\[
T \approx -\sqrT[3]{0.3} \aPProX -0.669

\]

Trus, \( V(7) \) HAs A verTICAL AsYMPTOTE AT \( T \aPPrOX -0.669 \).



2.RooTs oF THE VeLocITy FuncTion: Wren 1s \( V(T) =0 \)?
THe zeros oF \( V(1) \) occur wHen \( N(T) = 0 \), provipep \( D(T) \neq O \).

2.1.Sorving \(N(T) =0 \):

\[

T"6-131"4+12=0

\]

LeT’s seT \( x = 772 \), TRANSFORMING THE SIXTH-DEGREE POLYNOMIAL INTO A CUBIC IN \( X \):
\[

x"3-13x"2+12=0

\]

THIS SIMPLIFIES THE ANALYSIS:
\[

x"3-13x"2+12=0

\]

Now, soLve For \( x \):

- PossIBLE RATIONAL ROOTS: USE RATIONAL ROOT THEOREM. FACTORS OF CONSTANT TERM 12 ARE =1, +2, +3, £4, £6,
+12.

TEST THESE CANDIDATES:

-For \(x=1\):

\[

1-13+ 12 =0 \RicHTAarrowW \TEXT{YES!} \QUAD Xx=1
\]

-For \(x=12\):

\[

1273 -13\TiMes 1272+ 12=1728- 13 \1iMes 144+ 12=1728-1872+ 12=-132\neq O
\]

-For \( x=2\):

\[

8-13\TMes4+12=8-52+12=-32\neq O

\]

-For \( x=3\):

\[

27-13\TMEs 9+ 12=27-117+12=-78 \neq O
\]

-For \( x=4\):

\[
64-13\TiMes 16+ 12=64-208+12=-132 \ne@ O



\]

-For \( x=6\):

\[

216-13\TiIMes 36+ 12=216-468 + 12=-240 \neq O
\]

-For \( x=-1\):

\[

-1-13\TiMes 14+ 12=-1-13+12=-2\neQ O
\]

- For \( x=-2\):

\[

-8-13\TMes 4+ 12=-8-52+ 12=-48 \neq O
\]

ONLY \( x=T1\) IS A RATIONAL ROOT.

PERFORM POLYNOMIAL DIVISION TO FACTOR oUT \( (x - 1) \):
Divibe \( x*3 - 13x"2 + 12 D ey \(x- 1\):

USING SYNTHETIC DIVISION:

Coerricients: 11-1310( 12

BRING DOWN T1:

-MuLTIPLY BY ROOT: 11=1; ADD TO -13: -13+1=-12
-MuLTiPLY: =121 =-12: apD TO 0: 0+(-12)=-12
-MuLTipLy: =121 =-12; abp TO 12: 12+(-12)=0
RESULTS IN QUOTIENT: \( X2 - 12x-12\)

THus,

\[
x*3-13x"2+12=(x- 1D(x"2-12x-12)
\]

SOLVE QUADRATIC:

\[
x"2-12x-12=0
\]

DISCRIMINANT:

\[
\Detta =(12)"2 - 4 \7TiMes 1 \TiMes (-12) = 144 + 48=192
\]

SQUARE ROOT:



\[
\sqrT{1923} = \s@rT{64 \TiMes 3} = 8 \sqrT{3}
\]

SOLUTIONS:

\[
x = \FrrAc{ 12 \PM 8 \s@rT{3}3}{2} = 6 \pM 4 \sqrT{3}
\]

APPROXIMATE:

\[

\sqrT{3} \APPrOX 1.732

\]

-\(x=6+4\TiMes 1.732 \aprrox 6 + 6.928 = 12.928 \)
-\(x=6-6.928 \arProx -0.928 \)

RecaLL THAT \(x =T1"2)), so:

-For\(x=1\)

\[

772=1 \RiGHTARROW T= \PM 1

\]

- For \( x \APPrROX 12.928 \):

\[
7= \pM \sqQrT{12.928} \APPrOX \PM 3.6
\]

- For \( x \APPrOX -0.928 \):
\[
772 \approx -0.928 \RiGHTARROW \TEXT{NO REAL SOLUTION}

\]

SUMMARY OF ROOTS WHERE NUMERATOR \( N(T) = 0 \):

\[
T=-3.6,\Quap -1, \Quap 1, \Quap 3.6
\]

CORRESPONDING TO APPROXIMATE VALUES.

3. SIGN ANALYSIS AND PARTICLE MOTION
UNDERSTANDING WHERE \( V(T) \) IS POSITIVE OR NEGATIVE HELPS INTERPRET THE PARTICLE'S DIRECTION:

- POSITIVE VELOCITY: PARTICLE MOVES IN THE POSITIVE \( X \)-DIRECTION.
- NEGATIVE VELOCITY: PARTICLE MOVES IN THE NEGATIVE \( x \)-DIRECTION.

USING THE ROOTS:



- THe NUMERATOR \( N(T) \) cHanGEs siaN AT \( T \aPPrOX -3.6, -1, 1, 3.6 \).
- THe penoMINATOR \( D(T) \) cHANGES siGN AT \( T \AaPPrOX -0.669 \).

CONSTRUCT SIGN CHARTS TO ANALYZE THESE INTERVALS.

4. BeHavior of \( V(1) \) IN DIFFERENT INTERVALS
INTERVAL \( T <-3.6 \):

- \CN(T) \): NegaTIVE (siNce LEADING TERM \( T™6 \) IS POSITIVE AND DOMINANT, BUT CHECK AT A TEST POINT, E.G., \(
T=-4\):

\[

N(-4) = 4096 - 13 \1iMes 256 + 12 = 4096 - 3328 + 12 =780
\]

PosITIVE.
-\(D(T) \):
\[

10(-4)"3 + 3 =10(-64) + 3=-640 + 3 =-637
\]

NEGATIVE.
-\CV(m) V)
\[

\TexT{PosITIVE NUMERATOR} / \TEXT{NEGATIVE DENOMINATOR} \RIGHTARROW V(T) < 0

\]

So, For \( T <-3.6\), THE VELOCITY IS NEGATIVE, THE PARTICLE MOVES IN THE NEGATIVE DIRECTION.
INTERVAL \( -3.6 < T <-0.669 \):

-AT\(T=-2\):

\[
N(-2)=64-13\T1iMes 16+ 12 =64 -
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