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Jumping from a hot air balloon is an exhilarating experience that combines
adventure with physics. When a skydiver of mass M leaps from a hot air
balloon, they undergo a complex journey characterized by acceleration, air
resistance, and ultimately reaching a steady speed known as terminal
velocity. Understanding the physics behind this process involves analyzing
forces, motion equations, and the conditions that lead to terminal velocity.
This article explores the detailed physics of a skydiver's fall, emphasizing
the concepts of acceleration, drag forces, and terminal velocity, providing
valuable insights for enthusiasts, students, and professionals interested in
the fascinating world of free fall dynamics.

Understanding the Physics of Free Fall and
Terminal Velocity

Before delving into the specifics of a skydiver's fall, it’s essential to
grasp the foundational physics principles involved in free fall and how
objects reach terminal velocity.

Basic Forces Acting on a Falling Skydiver

When a skydiver jumps from a hot air balloon, two primary forces act upon
them:

1. Gravity (Weight):

The force due to gravity, \( F g = Mg \), pulls the skydiver downward, where:
- \( M\) is the mass of the skydiver,

- \( g \) is the acceleration due to gravity (\( \approx 9.81\, \text{m/s}"2
\)).

2. Air Resistance (Drag):

As the skydiver accelerates downward, air resistance opposes the motion. The
drag force depends on the velocity and the properties of the skydiver's body
and equipment:

\ [



F d = \frac{1}{2} C d \rho A v"2

\1

where:

- \( Cd\) is the drag coefficient (dimensionless),
- \( \rho \) is the air density,

- \( A\) is the cross-sectional area,

- \( v \) is the velocity of the skydiver.

Key Point:

Initially, the gravity force exceeds air resistance, resulting in
acceleration. As velocity increases, the drag force increases until it
balances the weight, and the net acceleration becomes zero at terminal
velocity.

The Journey of a Skydiver: From Jump to
Reaching Terminal Velocity

The descent of a skydiver can be segmented into phases based on their
velocity and acceleration:

1. Free Fall Phase (Acceleration)
Immediately after jumping, the skydiver experiences:

- Zero initial velocity (\( v = 0 \))
- Accelerates downward under gravity
- Air resistance gradually increases

The velocity at any time \( t \) during this phase can be described by the
differential equation:

\ [
M \frac{dv}{dt} = Mg - \frac{1}{2} C d \rho A v*2
\1

which simplifies to:

\ [
\frac{dv}{dt} = g - \frac{K}{M} v~2
\1]

where:

\ [
K = \frac{1}{2} C d \rho A
\1



This differential equation models how the velocity evolves over time.
2. Reaching Distance D

The problem states that the skydiver falls a distance \( D \) before reaching
terminal velocity. To analyze this, we need to consider the velocity profile
during the fall.

3. Terminal Velocity: Steady-State Motion
Terminal velocity \( v_t \) occurs when:

\ [
Mg = \frac{1}{2} C d \rho A v_t"2
\1

Solving for \( v_t \):

\ [
v t = \sqrt{\frac{2Mg}{C d \rho A}}
\1]

At this velocity, acceleration ceases, and the skydiver continues to fall at
a constant speed.

Deriving the Velocity Profile and Distance
Fallen Before Reaching Terminal Velocity

To determine how far the skydiver falls before reaching the velocity \( v \),
and specifically \( D \), we analyze the differential equation governing \(
v(t) \).

1. Solving the Velocity Differential Equation
The equation:

\ [
\frac{dv}{dt} = g - \frac{K}{M} v~2
\1

can be separated:

\ [
\frac{dv}{g - \frac{K}{M} v~2} = dt
\1



Integrating both sides from initial velocity \( v=0 \) at \( t=0 \) to
velocity \( v \) at time \( t \):

\ [
\int 0”v \frac{dv'}{g - \frac{K}{M} v'"2} =t
\1

The integral evaluates to:

\ [

t(v) = \frac{1}{\sqrt{\frac{K}{M} g}} \tanh~{-1}\left( v \sqrt{\frac{K}{M g}}
\right)

\1]

Alternatively, expressing \( v \) as a function of \( t \):

\ [
v(t) = v_t \tanh \left( \frac{g t}{v_t} \right)
\1

where \( v_t = \sqrt{\frac{2Mg}{K}} \).
2. Calculating Distance \( D \) Fallen Before Reaching \( v \)

The distance fallen as a function of velocity is:

\ [
s(v) = \int 0~{t(v)} v(t') dt'
\1

Expressed directly in terms of \( v \):

\ [

D = \int 07™{v} \frac{v'}{\frac{dv'}{dt}} dv' = \int 0~{v} \frac{v'}{g -
\frac{K}{M} v'"2} dv'

\1

This integral evaluates to:

\ [
D(v) = \frac{M}{2K} \ln \left( \frac{g}{g - \frac{K}{M} v~2} \right)
\1

At the point where \( v = v t \):

\ [

D {max} = \frac{M}{2K} \ln \left( \frac{g}{g - g} \right) \to \infty
\1]

which indicates that the velocity asymptotically approaches \( v t \), but
the actual fall distance to reach close to \( v_t \) is finite.



3. Approximate Distance to Reach a Fraction of \( v_t \)

In practical terms, the skydiver reaches about 99% of \( v_t \) after falling
a finite distance:

\ [
D \approx \frac{M}{2K} \ln \left( \frac{1}{1 - 0.9972} \right)

\1

This provides a means to estimate how far the skydiver falls before reaching
near-terminal velocity.

Implications for Skydiving Safety and Equipment
Design

Understanding the physics of terminal velocity and the forces involved has
practical implications:

- Safety Considerations:

Knowing how quickly a skydiver accelerates and the distance needed to reach
terminal velocity can inform safety procedures, especially when jumping from
low altitudes.

- Equipment Design:
Parachutes are designed to drastically reduce the effective \( C d \) and \(
A \), lowering terminal velocity and reducing impact forces upon landing.

- Training and Technique:
Skydivers are trained to control their fall and deploy parachutes at safe
altitudes, considering their velocity profile and fall distance.

Summary and Key Takeaways

- A skydiver’s descent involves an initial acceleration under gravity,
countered progressively by air resistance.

- The velocity increases until drag force balances weight, reaching terminal
velocity \( v_t = \sqrt{\frac{2Mg}{C d \rho A}} \).

- The distance fallen before reaching \( v_t \) depends on the mass, drag
coefficient, air density, and cross-sectional area.

- Typically, a skydiver reaches near-terminal velocity after falling a
certain finite distance, which can be calculated using the derived equations.
- Understanding these physics principles is essential for designing safer



equipment, planning jumps, and advancing skydiving techniques.

Conclusion

Analyzing a skydiver's fall from a physics perspective offers valuable
insights into the forces at play during free fall and the conditions required
to reach terminal velocity. By applying fundamental concepts such as forces,
differential equations, and integral calculus, one can determine the velocity
profile and the distance traveled before achieving steady-state motion. This
knowledge not only enhances our understanding of basic physics but also
informs practical applications in skydiving safety and equipment design,
ensuring that thrill-seekers can enjoy their jumps with greater confidence
and safety.

Frequently Asked Questions

What factors determine the terminal velocity of a
skydiver during a jump?

The terminal velocity depends on the skydiver's mass, cross-sectional area,
shape, and the density of the air. As the skydiver accelerates downward, air
resistance increases until it balances the weight, resulting in constant
terminal velocity.

How is the distance fallen before reaching terminal
velocity related to the initial conditions?

The distance before reaching terminal velocity depends on the initial
acceleration, the skydiver's mass, and the drag force. Typically, the higher
the initial acceleration and the smaller the drag, the longer it takes to
reach terminal velocity, resulting in a greater falling distance D.

Can the fall distance D be used to estimate the
skydiver's terminal velocity?

Yes, by analyzing the fall distance D and the time taken to reach terminal
velocity, physics models can estimate the terminal velocity. Knowing the
initial conditions and the acceleration during the fall helps determine the
velocity at which the skydiver stabilizes.



What role does air density play in the skydiver's
falling dynamics?

Air density affects the drag force experienced by the skydiver. Higher air
density increases drag, causing the skydiver to reach terminal velocity more
quickly and potentially lowering that velocity, especially at lower
altitudes.

How does the mass M of the skydiver influence the
fall and terminal velocity?

While a greater mass increases the gravitational force, it also affects the
terminal velocity. The terminal velocity is proportional to the square root
of the mass divided by the drag coefficient and frontal area. Therefore,
heavier skydivers tend to have higher terminal velocities, assuming similar
shape and posture.

What assumptions are typically made in calculating
the fall distance D before terminal velocity is
reached?

Common assumptions include constant gravitational acceleration (ignoring air
resistance initially), a known drag coefficient, steady air density, and that
the skydiver’'s shape remains unchanged during the fall. These simplify the
calculations but may introduce minor inaccuracies in real-world conditions.

Additional Resources
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Introduction

The phenomenon of a skydiver of mass M jumping from a hot air balloon and
falling a distance D before reaching terminal velocity is a captivating
intersection of physics, engineering, and human performance. Understanding
this event involves analyzing the forces acting on the skydiver during free
fall, the dynamics of acceleration, the factors influencing terminal
velocity, and the implications for safety and design in skydiving operations.

This article provides a comprehensive investigation into the physical
principles underlying such a jump, examining the key parameters, derivations
of acceleration and velocity profiles, and real-world considerations. Through
detailed theoretical modeling, supported by empirical data, we aim to
elucidate the critical factors that determine the fall distance D and the



time to reach terminal velocity.

Background and Context
The Phenomenon of Skydiving from a Hot Air Balloon

Unlike traditional skydiving from aircraft, jumping from a hot air balloon
presents unique conditions: typically lower initial velocities and variable
ascent/descent rates of the balloon itself. The initial conditions influence
the initial acceleration phase and the distance traveled before reaching
stable, terminal velocity.

The mass M of the skydiver, the altitude of the jump, the characteristics of
the parachute (if deployed), and environmental factors such as air density
and wind currents all play roles in the fall dynamics.

Significance of Studying Fall Dynamics
Understanding the fall dynamics is crucial for:

- Safety: Ensuring that the descent is within safe limits and allows
sufficient time for parachute deployment.

- Designing Equipment: Tailoring parachutes and suits to optimize safety and
performance.

- Predicting Impact Conditions: Estimating impact velocity and force, which
are vital for injury prevention.

Theoretical Framework
Assumptions and Simplifications
To analyze the fall, we adopt several assumptions:

- The skydiver is modeled as a point mass M.

- Air resistance (drag) is proportional to the square of velocity at high
speeds.

- The air density p is constant during the fall.

- The acceleration due to gravity g is constant.

- The effects of wind are neglected or considered negligible for this
analysis.

- The transition to parachute deployment occurs after reaching terminal
velocity; the focus here is on the free-fall phase before deployment.

Key Parameters

| Parameter | Description | Typical Value / Range |



| M | Mass of the skydiver | 80 kg (average) |

| D | Fall distance before reaching terminal velocity | Variable / to be
calculated |

| p | Air density | 1.225 kg/m3 at sea level |

| g | Acceleration due to gravity | 9.81 m/s? |

| A | Cross-sectional area of the skydiver | 0.7 m2? (approximate) |

| Cd | Drag coefficient | 1.0 (rough estimate for human body in free fall) |

Dynamics of Free Fall with Air Resistance
Forces Acting on the Skydiver
In free fall, the primary forces are:

- Gravitational force: \( F g =M g \)
- Drag force: \( F . d = \frac{1}{2} \rho C d A v*2 \)

The net force \( F {net} \) on the skydiver at velocity v is:

\ [
F {net} = M g - \frac{1}{2} \rho C d A v~2
\1

The equation of motion becomes:

\ [
M \frac{dv}{dt} = M g - \frac{1}{2} \rho C d A v"2
\1

Rearranged as:

\ [
\frac{dv}{dt} = g - \frac{\kappa}{M} v~2
\1

where
\ [

\kappa = \frac{1}{2} \rho C d A
\1]

Reaching Terminal Velocity
Definition of Terminal Velocity

Terminal velocity \( v _t \) occurs when the net acceleration is zero:



\ [

0 = g - \frac{\kappa}{M} v t~2
\1

which yields:

\ [

v t = \sqrt{\frac{M g}{\kappa}}

\1

This velocity is the asymptotic limit of the fall speed as time progresses.
Calculating Terminal Velocity

Using typical values:

\ [

\kappa = \frac{1}{2} \times 1.225\, \mathrm{kg/m”3} \times 1.0 \times 0.7\,
\mathrm{m"~2} \approx 0.429\, \mathrm{kg/m}

\1]

Then,

\ [

v t = \sqrt{\frac{80\, \mathrm{kg} \times 9.81\, \mathrm{m/s"2}}{0.429\,
\mathrm{kg/m}}} \approx \sqrt{\frac{785}{0.429}} \approx \sqrt{1832} \approx
42.8\, \mathrm{m/s}

\1

which is approximately 154 km/h, consistent with typical skydiving terminal
velocities.

Time and Distance to Reach Terminal Velocity
Solving the Differential Equation
The velocity as a function of time:

\ [
\frac{dv}{dt} = g - \frac{\kappa}{M} v~2
\1

Separates as:

\ [
\frac{dv}{g - \frac{\kappa}{M} v*2} = dt
\1

Integrating from \( v=0 \) at \( t=0 \) to \( v=v_t \) at \( t=t {t} \):



\ [
\int 0~{v_t} \frac{dv}{g - \frac{\kappa}{M} v*2} =t {t}
\1]

The integral evaluates to:

\ [

t {t} = \frac{1}{\sqrt{\frac{\kappa g}{M}}}
\tanh®{-1}\left(\frac{v}{v_t}\right)

\1]

At \( v=v_t \), the hyperbolic tangent argument approaches 1, leading to:

\ [
t {t} = \frac{1}{\sqrt{\frac{\kappa g}{M}}} \times \infty
\1

but practically, the velocity approaches within a small percentage (e.g.,
99%) of \( v_t \) after a finite time:

\ [
v \approx 0.99 v t

\]

which occurs at:

\ [
t {99\%} \approx 3 \times t {t}
\1

Similarly, the distance traveled until reaching near terminal velocity is:

\ [
D = \int 0~{t {99\%}} v(t) dt
\1]

which can be computed as:

\ [

D = \frac{v_t}{\sqrt{\frac{\kappa g}{M}}} \times
\tanh™{-1}\left(\frac{v}{v_t}\right)

\1]

or, for practical purposes, the approximate distance D required to reach 99%
of \( v_.t \) is:

\ [
D {99\%} \approx \frac{v_t"2}{2 g}
\1

Plugging in the numbers:



\ [

D {99\%} \approx \frac{(42.8)72}{2 \times 9.81} \approx \frac{1832}{19.62}
\approx 93.4\, \mathrm{m}

\1

Thus, the skydiver falls approximately 93 meters before reaching near
terminal velocity.

Implications for the Jump From a Hot Air Balloon
Fall Distance D and Jump Altitude

Given the above calculations, the initial altitude of the hot air balloon
must be sufficient to:

- Allow the skydiver to accelerate and reach near terminal velocity.
- Provide enough buffer for safe parachute deployment and deceleration.

If the balloon's altitude is less than D (~93 meters), the skydiver may not
reach terminal velocity before impact, which influences impact velocity and
safety considerations.

Safety Considerations

- Minimum Altitude: To ensure safety, the jump altitude should be
significantly higher than D, typically by at least 150-200 meters, to
accommodate the initial acceleration phase and parachute deployment.

- Parachute Deployment Timing: Knowing the velocity profile helps in timing
parachute deployment to optimize deceleration and safety.

- Environmental Factors: Wind, air density variations with altitude, and
temperature can influence fall dynamics.

Real-World Observations and Variability
Empirical data from skydiving records support the theoretical calculations:

- Typical free-fall durations are around 10-15 seconds from standard jump
heights (~4000 meters).

- Terminal velocities are reached within 10-15 seconds, consistent with the
calculations.

- Fall distances before reaching terminal velocity vary depending on body
position, equipment, and environmental factors.

Moreover, in practice, skydivers often deploy chutes after a fixed period or
altitude, ensuring safety margins based on their experience and equipment
specifications.



Advanced Considerations
Impact of Body Position and Equipment

- Body Orientation: Spread-eagle versus head-down positions alter the drag
coefficient \( C d \), affecting terminal velocity and fall distance.

- Equipment: Suits designed to increase drag can extend the fall distance
before reaching terminal velocity, providing more time for safety procedures.

Effects of Variable Air Density and Altitude
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