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Introduction

Imagine a submarine diving deep into the ocean at a steady rate of 1/120 mile every minute. This precise rate of
descent offers an intriguing opportunity to explore mathematical representations of such a movement.
Specifically, how can we express this rate as a product of three or more rational numbers? Understanding this
concept not only sharpens our grasp of rational numbers and their properties but also demonstrates how real-
world scenarios can be modeled mathematically.

In this article, we will delve into the process of representing the rate of descent as a product of rational
numbers, explore the significance of such representations, and provide practical examples. Whether you're a
student working on a math assignment or a curious learner interested in the intersection of mathematics and
real-world applications, this guide will offer comprehensive insights.

---

Understanding Rational Numbers and Their Significance

What Are Rational Numbers?

Rational numbers are numbers that can be expressed as the quotient or fraction of two integers, where the
denominator is not zero. Examples include 1/2, -3/4, 5, and 0.75 (which is 3/4). They are fundamental in
mathematics because they precisely represent parts of a whole, ratios, and rates—such as the submarine’s
descent rate.

Why Use Rational Numbers to Represent Descent Rates?

Using rational numbers allows for exact representation of rates, distances, and time intervals. Since the
submarine's descent rate is given as a fraction (1/120 mile per minute), expressing it as a product of rational
numbers enables us to manipulate, analyze, and understand the movement more flexibly.

---

Mathematical Representation of the Submarine's Descent Rate



Basic Rate as a Rational Number

The rate of descent per minute is:

\[ R = \frac{1}{120} \text{ miles per minute} \]

This is already a rational number, but to express it as a product of three or more rational numbers, we need to
factor it further.

Factoring the Rate into a Product of Rational Numbers

To express \( R = \frac{1}{120} \) as a product of three or more rational numbers, we can consider various
factorizations.

Example 1:

Let's factor 120 into three rational factors:

\[
\frac{1}{120} = \left(\frac{1}{10}\right) \times \left(\frac{1}{12}\right)
\]

But this only gives two factors. To include three or more, we can further break down one of these factors.

Example 2:

Express \( \frac{1}{120} \) as:

\[
\frac{1}{120} = \left(\frac{1}{10}\right) \times \left(\frac{1}{12}\right) = \left(\frac{1}{2}\right) \times
\left(\frac{1}{5}\right) \times \left(\frac{1}{12}\right)
\]

Here, the product of three rational numbers:

\[
\boxed{\frac{1}{2} \times \frac{1}{5} \times \frac{1}{12} = \frac{1}{2 \times 5 \times 12} = \frac{1}{120}}
\]

Thus, the descent rate can be expressed as:

\[
R = \frac{1}{2} \times \frac{1}{5} \times \frac{1}{12}
\]

This representation involves three rational numbers whose product equals the original rate.

---

Practical Applications of the Product Representation



Understanding the Rate Through Factorization

Expressing the descent rate as a product of rational numbers can help:

- Break down complex rates into simpler components.
- Analyze how different factors influence overall movement.
- Facilitate calculations involving multiple rates or ratios.

Modeling Total Descent Over Time

Suppose we want to find the total distance descended over a specific period, say, 10 minutes. Since the rate per
minute is \( R = \frac{1}{120} \), the total descent \( D \) after \( t \) minutes is:

\[
D = R \times t
\]

Expressed as a product:

\[
D = \left(\frac{1}{2} \times \frac{1}{5} \times \frac{1}{12}\right) \times t
\]

For \( t = 10 \):

\[
D = \left(\frac{1}{2} \times \frac{1}{5} \times \frac{1}{12}\right) \times 10
\]

We can manipulate this further:

\[
D = \frac{1}{2} \times \frac{1}{5} \times \frac{1}{12} \times 10
\]

Simplify step-by-step:

1. Multiply numerator and denominator:

\[
D = \frac{1 \times 1 \times 1 \times 10}{2 \times 5 \times 12}
\]

2. Calculate numerator and denominator:

\[
D = \frac{10}{120} = \frac{1}{12} \text{ miles}
\]

So, after 10 minutes, the submarine descends 1/12 mile.

---



Additional Examples and Variations

Creating Different Rational Product Representations

To deepen understanding, consider various ways to express the same rate as a product of three or more
rational factors.

Example 3:

Express \( \frac{1}{120} \) as:

\[
\frac{1}{120} = \frac{1}{3} \times \frac{1}{40} = \frac{1}{6} \times \frac{1}{20}
\]

But these are only two factors. To include three:

\[
\frac{1}{120} = \frac{1}{2} \times \frac{1}{3} \times \frac{1}{20}
\]

Check the product:

\[
\frac{1}{2} \times \frac{1}{3} \times \frac{1}{20} = \frac{1}{2 \times 3 \times 20} = \frac{1}{120}
\]

Example 4:

Another factorization:

\[
\frac{1}{120} = \frac{1}{4} \times \frac{1}{30} = \frac{1}{5} \times \frac{1}{24}
\]

Including three factors:

\[
\frac{1}{120} = \frac{1}{2} \times \frac{1}{3} \times \frac{1}{20}
\]

which reaffirms the previous example.

---

Understanding the Mathematical Principles Behind These
Representations

Prime Factorization of 120

Prime factorization of 120:



\[
120 = 2^3 \times 3 \times 5
\]

Expressed as rational factors:

\[
\frac{1}{120} = \frac{1}{2^3 \times 3 \times 5}
\]

Splitting into three or more rational numbers involves dividing the prime factors among the factors.

Example:

\[
\frac{1}{120} = \frac{1}{2} \times \frac{1}{2} \times \frac{1}{2} \times \frac{1}{3} \times \frac{1}{5}
\]

But since this is five factors, to stay within three or more, we can combine some:

\[
\frac{1}{120} = \left(\frac{1}{2}\right) \times \left(\frac{1}{2}\right) \times \left(\frac{1}{30}\right)
\]

because:

\[
2 \times 2 \times 30 = 120
\]

Thus:

\[
\frac{1}{2} \times \frac{1}{2} \times \frac{1}{30} = \frac{1}{120}
\]

This demonstrates how prime factorization guides the creation of rational product representations.

---

Implications and Real-World Applications

Navigation and Engineering

Mathematical representations like these are crucial in navigation, engineering, and physics, where rates,
distances, and times are often expressed as rational numbers. Precise modeling helps in designing submarines,
calculating travel times, and understanding underwater navigation.

Educational Value

From a teaching perspective, expressing rates as products of rational numbers enhances understanding of
fractions, multiplication, and their applications. It encourages students to explore alternative
representations, fostering deeper mathematical reasoning.



Problem Solving and Critical Thinking

Working through such factorizations develops problem-solving skills, logical thinking, and the ability to
manipulate mathematical expressions creatively.

---

Conclusion

Expressing the rate at which a submarine descends—1/120 mile per minute—as a product of three or more
rational numbers is more than an abstract exercise; it is a valuable mathematical tool that

Frequently Asked Questions

How far does a submarine descend after 10 minutes if it descends 1/120 mile
per minute?

After 10 minutes, the submarine descends (1/120) × 10 = 10/120 = 1/12 mile.

What is the total descent of the submarine after 60 minutes?

The submarine descends (1/120) × 60 = 60/120 = 1/2 mile.

How can you express the descent after 45 minutes as a product of rational
numbers?

The descent is (1/120) × 45 = (1/120) × (45/1) = (1×45)/(120×1) = 45/120 = 3/8 mile.

If the submarine descends 1/120 mile per minute, what is the total descent
after 15 minutes?

Total descent = (1/120) × 15 = 15/120 = 1/8 mile.

How would you write the descent after 30 minutes as a product of three
rational numbers?

Descent = (1/120) × 30 = (1/120) × (30/1) = (1×30)/(120×1) = 30/120 = 1/4 mile.

Can you find a rational number product representing the descent after 20
minutes?

Yes, descent = (1/120) × 20 = (1/120) × (20/1) = 20/120 = 1/6 mile.

Is the descent after 5 minutes a rational number, and how can it be expressed
as a product?

Yes, it is a rational number: (1/120) × 5 = (1/120) × (5/1) = 5/120 = 1/24 mile.
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Introduction

In the realm of mathematical modeling and real-world physics, seemingly simple statements can open doors to
complex analytical challenges. One such intriguing scenario involves describing the descent of a submarine under
the ocean's surface with a specific rate: a submarine descends 1/120 mile every minute. While at first glance
this appears straightforward, translating this movement into precise mathematical expressions—particularly
as a product of multiple rational numbers—requires careful analysis.

This article aims to thoroughly explore the problem's mathematical structure, interpret its implications, and
develop a comprehensive understanding of how to represent such motion using products of rational numbers. We
will delve into the fundamental principles, establish relevant formulas, and examine multiple ways to express
the submarine’s descent rate as a product of three or more rational numbers.

---

Understanding the Basic Movement Rate

The Given Rate: 1/120 Mile per Minute

The key fact is that the submarine descends at a rate of 1/120 mile per minute.

- Rational Number Representation: The rate itself, 1/120, is already a rational number. It can be expressed as a
fraction where both numerator and denominator are integers.

- Physical Meaning: The submarine’s depth increases by 1/120 mile every minute.

- Conversion to Other Units: For broader context, 1/120 mile per minute can be converted into feet per minute,
hours, or other units, but for our purposes, the fractional rate suffices.

---

The Mathematical Challenge

The core of the problem is: Write the descent rate as a product of three or more rational numbers.

This involves:

- Decomposing 1/120 into a product of rational numbers, each expressed as fractions.

- Ensuring the factors are rational numbers (fractions with integers numerator and denominator).

- Possibly exploring multiple factorizations, illustrating the flexibility in representation.

---

Fundamental Principles

Rational Numbers and Their Products

A rational number is any number that can be expressed as a fraction a/b, where a and b are integers, and b ≠ 0.

- The product of rational numbers is rational: (a/b) (c/d) = (a c) / (b d).



- Any rational number can be factored into prime factors of numerator and denominator, which can be grouped
to form multiple fractions.

---

Strategies for Decomposition

Prime Factorization of 1/120

To understand the possible factorizations, start with prime factorization:

- 120 factors into prime factors:

120 = 2^3 3 5

- Therefore,

1/120 = 1 / (2^3 3 5)

Any product of rational numbers equaling 1/120 can be constructed by dividing the numerator and
denominator into factors whose product yields the original fraction.

---

Constructing Products of Three or More Rational Numbers

Let's explore various factorizations.

Example 1: Simple Tripartite Factorization

Express 1/120 as a product of three rational numbers:

(a/b) (c/d) (e/f) = 1/120

where each is rational.

One straightforward approach:

- Choose factors that multiply to 1/120.

Suppose:

- First factor: 1/2

- Second factor: 1/3

- Third factor: 1/40

Check:

(1/2) (1/3) (1/40) = ?

Calculate numerator: 1 1 1 = 1

Calculate denominator: 2 3 40 = 2 3 40 = 2 120 = 240

Result: 1/240

But this is not our target; it's half of 1/120.



To get 1/120, the product of the denominators should be 120, so divide accordingly.

Alternatively:

- Factor 1/120 into:

(1/2) (1/2) (1/30)

Calculate:

(1/2) (1/2) = 1/4

Then:

(1/4) (1/30) = 1/120

Perfect.

Thus,

1/120 = (1/2) (1/2) (1/30)

This is a valid product of three rational numbers.

---

Example 2: Using Prime Factors

Express 1/120 as a product of three rational numbers, each with numerator and denominator as integers.

Prime factorization:

- 1/120 = 1 / (2^3 3 5)

Let’s assign the factors:

- Factor 1: (1/2)

- Factor 2: (1/2)

- Factor 3: (1/30)

Check:

(1/2) (1/2) (1/30) = 1/120

This confirms the previous example.

---

Extending to More Than Three Factors

The previous example demonstrates three factors; now, consider decompositions into four or more rational
factors.

Example 3: Four Rational Factors

Goal:



( a/b ) ( c/d ) ( e/f ) ( g/h ) = 1/120

Choose factors such that their product equals 1/120.

Suppose:

- (1/2) (1/2) (1/3) (1/40)

Calculate:

(1/2) (1/2) = 1/4

Then:

(1/4) (1/3) = 1/12

Finally:

(1/12) (1/40) = 1/480

Not our target. To reach 1/120, the last factor should be 1/10.

Alternatively, adjust factors:

- (1/2) (1/2) (1/3) (1/10)

Calculate:

(1/2) (1/2) = 1/4

Then:

(1/4) (1/3) = 1/12

Then:

(1/12) (1/10) = 1/120

Perfect.

Thus,

1/120 = (1/2) (1/2) (1/3) (1/10)

---

General Approaches for Decomposition

- Prime Factorization Method: Break 1/120 into multiple fractions by distributing prime factors among factors.

- Factor Grouping: Group prime factors into different fractions, ensuring the product equals 1/120.

- Recursive Decomposition: Break down the fraction step by step into multiple rational factors.

---

Practical Significance

Understanding how to decompose a rational number into products of multiple rational numbers is not merely a



mathematical curiosity; it has practical applications in physics, engineering, and computer science:

- Modeling Variable Rates: In dynamic systems, rates may be expressed as products of factors representing
different physical parameters.

- Signal Processing: Rational factorizations underpin filter design, where transfer functions are expressed as
products of simpler rational functions.

- Algorithm Design: Breaking complex ratios into components allows for modular computation, optimization,
and analysis.

---

Interpreting the Submarine's Descent in Broader Context

While the core mathematical challenge centers on fractional decomposition, the scenario of a submarine
descending at a precise rate invites further exploration:

- Total Distance Over Time: For t minutes, the total descent D(t):

D(t) = (1/120) t miles

- Expressing D(t) as a Product:

Suppose we want to express D(t) as a product of rational numbers, perhaps for modeling purposes.

For example:

D(t) = (1/2) (1/2) (t miles)

or

D(t) = (1/4) (2 t miles)

But these are less meaningful unless tied to physical parameters. The primary focus remains on the initial rate's
rational factorization.

---

Summary of Key Findings

- The descent rate of 1/120 mile per minute is a rational number, easily factored into multiple rational
factors.

- A simple tripartite factorization is:

1/120 = (1/2) (1/2) (1/30)

- More factors can be introduced, such as:

1/120 = (1/2) (1/2) (1/3) (1/10)

- Prime factorization is a powerful tool for generating diverse factorizations.

- Such factorizations have relevance in modeling, engineering, and computational contexts.

---

Final Reflection



The problem of expressing a simple fractional rate as a product of three or more rational numbers exemplifies
the richness of elementary number theory and its applications. It underscores the flexibility in representing
physical quantities and the importance of factorization techniques in mathematical modeling.

Understanding these decompositions not only enhances mathematical literacy but also equips scientists and
engineers with tools for analyzing complex systems where rates and ratios are fundamental.

In conclusion, the descent of a submarine at 1/120 mile every minute can be elegantly expressed as a product of
multiple rational numbers, exemplified by the factorizations provided. These representations serve as a
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