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Understanding the spectral lines of hydrogen is fundamental in astrophysics
and quantum mechanics. The Lyman series, in particular, provides critical
insights into the energy transitions within the hydrogen atom, especially
those involving electrons falling to the ground state (n=1). When calculating
the wavelengths of the components of the first line of the Lyman series, it's
essential to consider not just the basic energy transition but also the fine
structure—small splittings in spectral lines caused by relativistic effects
and spin-orbit coupling. This comprehensive article explores how to
accurately determine these wavelengths, incorporating the effects of fine
structure, and provides detailed explanations suitable for students,
educators, and researchers alike.

Understanding the Lyman Series in Hydrogen
Spectroscopy

What Is the Lyman Series?

The Lyman series consists of spectral lines emitted or absorbed when an
electron in a hydrogen atom transitions from a higher energy level (n = 2)
down to the ground state (n=1). These transitions produce ultraviolet
radiation, which is crucial in astrophysical observations.

Key points about the Lyman series:

- Transitions occur from n=2, 3, 4, ... to n=1.

- The series lies in the ultraviolet region of the electromagnetic spectrum.
- The first line of the Lyman series corresponds to the transition from n=2
to n=1.

Significance of the First Line of the Lyman Series

The first line, specifically the transition from n=2 to n=1, produces the
strongest spectral line in the Lyman series, often called Lyman-alpha (Ly-a).



Its precise wavelength measurement is vital for astrophysical studies,
including the analysis of interstellar and intergalactic medium.

Fundamental Concepts for Calculating
Wavelengths

Bohr Model and Rydberg Formula

The initial approach to calculating the wavelengths involves the Bohr model,
which states that the wavelength (A) for a transition between two energy
levels is given by the Rydberg formula:

\ [
\frac{1}{\lambda} = R \left( \frac{1}{n 172} - \frac{1}{n 272} \right)
\1

where:

- \( R\) is the Rydberg constant (~1.097373 x 10"7 m~-1),

-\N(n_1\) and \( n 2 \) are the principal quantum numbers of the lower and
higher energy levels respectively.

For the first line of the Lyman series:
'\( n_1=1\)l
-\(n2=2\).

Calculating The Wavelength Without Fine
Structure

Applying the Rydberg formula to the transition from n=2 to n=1:

\ [
\frac{1l}{\lambda} = R \left( 1 - \frac{1}{4} \right) = R \times \frac{3}{4}
\1

\ [
\lambda = \frac{1}{R \times \frac{3}{4}} = \frac{4}{3 R}
\]

Plugging in \( R = 1.097373 \times 1077 \, \text{m}~{-1} \):



\ [

\lambda = \frac{4}{3 \times 1.097373 \times 1077} \approx 1.216 \times
10~{-7} \, \text{m} = 121.6 \, \text{nm}

\1]

This value corresponds to the idealized wavelength of the Lyman-alpha line,

ignoring fine structure effects. However, in reality, spectral lines exhibit
slight splittings due to fine structure, which must be included for precise

calculations.

Incorporating Fine Structure in Wavelength
Calculations

What Is Fine Structure?

Fine structure refers to small splittings of spectral lines caused by
relativistic effects and spin-orbit coupling in the atom. These effects
slightly alter the energy levels, leading to multiple closely spaced spectral
lines instead of a single line.

Main causes of fine structure:

- Electron spin interacting with orbital angular momentum.

- Relativistic corrections to the electron's kinetic energy.
- Spin-orbit coupling resulting from magnetic interactions.

Effects on the Hydrogen Atom Energy Levels

The energy correction due to fine structure modifies the energy difference
between levels, which translates into a slight variation in the emitted or
absorbed photon wavelength.

The corrected energy levels considering fine structure are given by:

\ [

E {n,j} = - \frac{13.6\, \text{eV}}{n"2} \left[ 1 + \frac{\alpha™2}{n} \left(
\frac{1}{j + 1/2} - \frac{3}{4 n} \right) \right]

\1

where:

- \( \alpha \) is the fine-structure constant (~1/137),
- \( j \) is the total angular momentum quantum number.



Calculating Fine Structure Components for the
First Line of the Lyman Series

Quantum Numbers Involved

For the transition from n=2 to n=1:

- The initial state (n=2) splits into two levels with \( j = 1/2 \) and \(
j=3/2 \).

- The final state (n=1) has only \( j=1/2 \) because \( 1=0 \) for s-orbital,
and \( j=1/2 \) is the only possibility.

Transition possibilities:
- \( 2p_{1/2} \rightarrow 1s {1/2} \)
- \( 2p {3/2} \rightarrow 1s {1/2} \)

These lead to two slightly different wavelengths, resulting in the fine
structure splitting of the Lyman-alpha line.

Calculating the Wavelengths of Fine Structure
Components

The energy difference attributable to fine structure is small but measurable.
The approximate wavelength shifts can be derived from the energy corrections
as follows:

\ [
\Delta E {fs} = E {j} - E {j'}
\]

Using the fine structure correction formulas, the wavelength shift \( \Delta
\lambda \) can be estimated by:

\ [
\Delta \lambda \approx \lambda~2 \times \frac{\Delta E {fs}}{hc}

\1]

where:

- \( h \) is Planck’s constant,
- \( ¢ \) is the speed of light.

The detailed calculation involves:

1. Calculating the energy difference between the \( j=3/2 \) and \( j=1/2 \)
levels for n=2.



2. Converting this energy difference into a wavelength shift.
3. Adding/subtracting this shift from the central wavelength (~121.6 nm).

Resulting wavelengths:
- For \( 2p {1/2} \rightarrow 1s {1/2} \):

\ [
\lambda {1} \approx 121.567\, \text{nm}
\1]

- For \( 2p {3/2} \rightarrow 1s {1/2} \):

\ [
\lambda {2} \approx 121.583\, \text{nm}
\1]

The splitting is approximately 0.016 nm, a small but significant difference
for high-precision spectroscopy.

Summary of Steps to Calculate Fine Structure
Components

1. Identify the transition: from n=2, \( j \) levels to n=1, \( j=1/2 \).

2. Apply fine structure corrections to energy levels using the relativistic
formulas.

3. Calculate the energy difference between the \( j \) levels.

4. Convert energy differences into wavelength shifts.

5. Determine the wavelengths of each component, reflecting the fine structure
splitting.

Practical Applications and Importance of
Accurate Wavelength Calculations

Astrophysical Significance

Accurate measurements of the Lyman-alpha line, including fine structure
components, enable astronomers to:

- Determine redshifts of distant galaxies.

- Study interstellar and intergalactic medium.

- Analyze the composition and physical conditions in stellar atmospheres.



Quantum Mechanics and Spectroscopy

Precise calculations validate quantum mechanical models and help refine
fundamental constants like the fine-structure constant.

Technological Relevance

Understanding spectral line splitting informs the development of high-
resolution spectrometers and laser technologies.

Key Takeaways

- The wavelength of the first line of the Lyman series can be initially
calculated using the Rydberg formula.

- Fine structure effects cause slight splittings, which are crucial for high-
precision measurements.

- Calculations involving quantum numbers \( j \) and relativistic corrections
provide the wavelengths of individual components.

- These detailed calculations are fundamental in astrophysics, quantum
physics, and spectroscopy.

Conclusion

Calculating the wavelengths of the components of the first line of the Lyman
series, taking the fine structure into account, involves a blend of classical
quantum mechanics and relativistic corrections. By understanding the
underlying physics—including the energy level splitting due to

Frequently Asked Questions

What is the significance of the first line in the
Lyman series in hydrogen spectra?

The first line in the Lyman series corresponds to the transition of an
electron from the second energy level (n=2) to the ground state (n=1) in a
hydrogen atom, emitting ultraviolet radiation. It is significant because it
helps in understanding the spectral lines and energy transitions of hydrogen,
especially in the ultraviolet region.



How do you account for the fine structure when
calculating the wavelengths of the Lyman series
components?

To account for fine structure, you include the relativistic correction and
spin-orbit coupling effects, which cause small splitting in the energy
levels. This results in slightly different wavelengths for the spectral
lines. The calculation involves adjusting the energy levels using fine
structure correction terms before deriving the wavelengths.

What formula is used to calculate the wavelength of
the first line of the Lyman series considering fine
structure?

The modified Rydberg formula incorporating fine structure is:
1/ = R Z2 (1/n12 - 1/n22) + AE fine/hc,

where R is the Rydberg constant, Z=1 for hydrogen, ni=1, n2=2, and AE fine
accounts for the fine structure correction. Alternatively, energy level
corrections are added to the Rydberg formula to find precise wavelengths.

What are the typical values of the fine structure
correction for the first line in the Lyman series?

The fine structure correction introduces a small shift in the energy levels,
typically on the order of 10-> eV for hydrogen's Lyman-alpha line. This
results in a wavelength splitting of a few picometers, which is measurable
with high-resolution spectrometers.

How does the inclusion of fine structure affect the
observed spectral lines in the Lyman series?

Including fine structure causes the spectral lines to split into multiple
closely spaced components rather than a single line. For the Lyman series,
this results in a fine structure doublet or triplet, providing more detailed
information about atomic interactions and relativistic effects.

Why is it important to consider fine structure when
calculating the wavelengths of hydrogen spectral
lines?

Considering fine structure is important because it provides a more accurate
and detailed understanding of atomic energy levels and transitions. It
explains the observed splitting of spectral lines in high-resolution spectra,
aiding in precise measurements of atomic properties and testing quantum



electrodynamics theories.

Additional Resources
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In the realm of atomic physics, the hydrogen atom has long served as a
fundamental model for understanding the interactions of electrons and the
electromagnetic spectrum. Among its spectral lines, the Lyman series holds
particular significance due to its ultraviolet emissions resulting from
electronic transitions to the ground state. Precise calculation of these
lines, especially considering the fine structure—small splittings caused by
relativistic and spin-orbit interactions—provides profound insights into
qguantum mechanics and atomic behavior. This article delves into the detailed
methodology for calculating the wavelengths of the components of the first
line of the Lyman series, incorporating the subtle yet crucial effects of
fine structure.

Understanding the Lyman Series and Its
Relevance

The Lyman series comprises spectral lines emitted when an electron in a
hydrogen atom transitions from higher energy levels (n = 2) down to the first
energy level (n=1). These transitions produce ultraviolet photons, with the
most prominent line being the transition from n=2 to n=1, famously known as
the Lyman-alpha line.

Key features of the Lyman series include:

- Series Limit: The shortest wavelength (highest energy) corresponds to the
transition from n=« to n=1.

- Spectral Lines: Each transition from n > 1 to n=1 produces a specific
spectral line.

- Applications: These lines are crucial in astrophysics for studying
interstellar matter and the early universe.

The First Line of the Lyman Series (Lyman-alpha) specifically involves the
transition:

\[ n=2 \rightarrow n=1 \]
However, to accurately determine its wavelength, especially when high

precision is required, it is essential to consider the fine structure
splitting that slightly modifies the energy levels involved.



Fundamental Concepts for Calculation

Before diving into the calculations, it is necessary to review some
fundamental concepts:

Bohr Model and Energy Levels

The classic Bohr energy level formula for a hydrogen atom is:
\[ E n = -13.6\, \text{eV} \times \frac{1l}{n"2} \]

where \( n \) is the principal quantum number.

Rydberg Formula for Wavelengths

The wavelength of the spectral line corresponding to a transition from \( n 2
\) to \( n.1\) is derived from the Rydberg formula:

\[ \frac{1}{\lambda} = R \left( \frac{1}{n 172} - \frac{1}{n 272} \right) \I
where:

- \( \lambda \) is the wavelength,

- \( R\) is the Rydberg constant (\( R \approx 1.097 \times 107\,
\text{m}"~{-1} \)),

-\(n1\) and \( n 2 \) are the initial and final energy levels.

For the Lyman-alpha line:

\[ \frac{1}{\lambda} = R \left( 1 - \frac{1}{272} \right) = R \times
\frac{3}{4} \1]

which gives a baseline wavelength of approximately 121.6 nm.

Fine Structure and Its Impact

The fine structure introduces small splittings in the energy levels due to:
- Relativistic corrections: modifications arising from the electron's high
velocity.

- Spin-orbit coupling: interaction between the electron's spin and its
orbital angular momentum.

This results in multiple closely spaced spectral lines instead of a single

line. Accurate calculations must include these effects to predict the precise
wavelengths.



Incorporating Fine Structure into Spectral Line
Calculations

Quantum Mechanical Foundation

The fine structure correction is derived from quantum mechanics, particularly
from the Dirac equation for electrons in a Coulomb potential. The key points
include:

- Total Angular Momentum (J): Combines orbital (L) and spin (S) angular
momenta.

- Quantum Numbers: The energy levels depend on the principal quantum number

\( n\), orbital angular momentum \( 1 \), and total angular momentum \( j
\).

The energy correction due to fine structure can be expressed as:

\[ \Delta E {fs} = \frac{E n}{n} \left( \frac{\alpha~2}{n} \left( \frac{1}{j
+ 1/2} - \frac{3}{4n} \right) \right) \]

where:

- \( \alpha \) is the fine-structure constant (\( \approx 1/137 \)),
- \( j \) is the total angular momentum quantum number.

Fine Structure of the n=2 Level
For \( n=2 \), the possible \( 1 \) and \( j \) values are:

- \( 1=0 \) (s-orbital): \( j=1/2 \)
- \( =1 \) (p-orbital): \( j=1/2 \) or \( j=3/2\)

The \( 2s {1/2} \) level is slightly different in energy from the \( 2p {1/2}
\) and \( 2p {3/2} \) levels. These small differences lead to multiple
components in the spectral line.

Allowed Transitions and Selection Rules

Transitions are governed by selection rules:

- \( \Delta 1L = \pm 1)
- \( \Delta j = 0, \pm 1 \) (except \( j=0 \leftrightarrow j=0 \))
- Parity change: Yes

For the Lyman-alpha line, the relevant transitions are:

- \( 2p {1/2} \rightarrow 1s {1/2} \)
- \( 2p_{3/2} \rightarrow 1s {1/2} \)



Note that the \( 1s \) level has \( 1=0, j=1/2 \), with no fine structure
splitting because the \( 1s \) level's correction is negligible.

Step-by-Step Calculation of Fine-Structure
Components

1. Determine the Fine Structure Energy Corrections

Using the relativistic correction formulas, the energy shift for each level
is:

\[ \Delta E {j} = \frac{E n}{n} \times \frac{\alpha®2}{n} \left( \frac{1l}{j +
1/2} - \frac{3}{4n} \right) \]

For \( n=2 \):

- For \( 2p_{1/2} \) (\( j=1/2 \)):

\[ \Delta E {2p {1/2}} = \frac{E 2}{2} \times \frac{\alpha”~2}{2} \left(
\frac{1}{1/2 + 1/2} - \frac{3}{8} \right) \]

\[ = \frac{E 2}{2} \times \frac{\alpha~2}{2} \left( \frac{1}{1} - \frac{3}{8}
\right) \]

\[ = \frac{E 2}{2} \times \frac{\alpha”2}{2} \times \left( \frac{5}{8}
\right) \]

- For \( 2p_{3/2} \) (\( j=3/2 \)):

\[ \Delta E {2p {3/2}} = \frac{E 2}{2} \times \frac{\alpha”~2}{2} \left(
\frac{1}{3/2 + 1/2} - \frac{3}{8} \right) \]

\[ = \frac{E 2}{2} \times \frac{\alpha~2}{2} \left( \frac{1}{2} - \frac{3}{8}
\right) \]

\[ = \frac{E 2}{2} \times \frac{\alpha~2}{2} \times \left( \frac{1}{8}
\right) \]

Given that \( E_2 \approx -3.4\, \text{eV} \), these small shifts amount to a
few micro-eV, leading to wavelength differences on the order of nanometers.

2. Calculate the Transition Wavelengths

The corrected energies for the levels involved are:
\[ E {n,j} = E n + \Delta E j \]

The transition energy:

\[ \Delta E {transition} = E {2,j} - E {1} \]



Since the \( 1s \) level has negligible fine structure correction:

\[ E {1} \approx -13.6\, \text{eV} \I]

The resulting wavelength:

\[ \lambda j = \frac{hc}{|\Delta E {transition,j}|} \I

where \( h \) is Planck's constant and \( ¢ \) is the speed of light.
3. Numerical Results

Performing the calculations yields two primary wavelengths:

- For \( 2p {1/2} \rightarrow 1s {1/2} \): approximately 121.567 nm
- For \( 2p {3/2} \rightarrow 1s {1/2} \): approximately 121.584 nm

The separation (~0.017
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