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When solving linear nonhomogeneous differential equations, the method of undetermined coefficients is a
powerful technique to find particular solutions. A crucial step in applying this method is determining the
appropriate form for \( Y(t) \), the particular solution. This form must mirror the nature of the
nonhomogeneous term \( g(t) \), but with undetermined coefficients that will be solved later. Importantly,
in this context, we are focusing solely on establishing the correct form of \( Y(t) \) without performing the
actual calculations or evaluations.

This article provides a comprehensive guide on how to determine a suitable form for \( Y(t) \) when using
the method of undetermined coefficients, emphasizing understanding the principles, recognizing different
types of \( g(t) \), and choosing the correct trial functions.

---

Understanding the Method of Undetermined Coefficients

The method of undetermined coefficients involves solving a linear differential equation of the form:

\[
a_n \frac{d^n y}{dt^n} + a_{n-1} \frac{d^{n-1} y}{dt^{n-1}} + \dots + a_1 \frac{dy}{dt} + a_0 y = g(t)
\]

where:

- \( a_0, a_1, \dots, a_n \) are constants.
- \( g(t) \) is a known nonhomogeneous term.

The general solution \( y(t) \) is composed of:

\[
y(t) = y_h(t) + Y(t)
\]



where:

- \( y_h(t) \) is the complementary (homogeneous) solution.
- \( Y(t) \) is a particular solution.

The method entails guessing a form for \( Y(t) \) based on the form of \( g(t) \), then determining the
coefficients by substitution. The key is selecting a form that, when substituted into the differential
equation, allows for the coefficients to be solved algebraically.

---

Classifying the Nonhomogeneous Term \( g(t) \)

The first step in determining \( Y(t) \) is analyzing the form of \( g(t) \). Typical forms include:

Exponential functions: \( e^{at} \)

Polynomials: \( t^n \)

Sine and cosine functions: \( \sin(bt), \cos(bt) \)

Products of the above: \( t^n e^{at} \), \( t^n \sin(bt) \), etc.

Linear combinations of these functions

The nature of \( g(t) \) heavily influences the choice of the trial function for \( Y(t) \).

---

Determining the Form of \( Y(t) \)

The process involves matching the form of the particular solution with \( g(t) \), with specific adjustments
to account for roots of the auxiliary equation. The general principles are as follows:



1. When \( g(t) \) is a Polynomial

Suppose:

\[
g(t) = P(t) = \text{a polynomial of degree } n
\]

Suitable form for \( Y(t) \):

\[
Y(t) = A_0 + A_1 t + A_2 t^2 + \dots + A_n t^n
\]

Note:

- The trial polynomial should match the degree of \( g(t) \).
- If the homogeneous solution \( y_h(t) \) contains polynomial terms of degree \( n \), then the trial
polynomial must be multiplied by \( t^s \), where \( s \) is the multiplicity of the root of the auxiliary
equation corresponding to these terms.

2. When \( g(t) \) is an Exponential Function \( e^{at} \)

Suitable form:

\[
Y(t) = A e^{at}
\]

Adjustment:

- If \( e^{at} \) is a solution to the homogeneous equation (i.e., \( a \) is a root of the auxiliary equation),
multiply the trial by \( t \) to obtain:

\[
Y(t) = A t e^{at}
\]

- If \( a \) has multiplicity \( m \) in the auxiliary equation, multiply by \( t^m \).



3. When \( g(t) \) is \( \sin(bt) \) or \( \cos(bt) \)

Suitable form:

\[
Y(t) = A \sin(bt) + B \cos(bt)
\]

Adjustment:

- If either \( \sin(bt) \) or \( \cos(bt) \) is a solution to the homogeneous equation, multiply the entire trial
by \( t \).

4. When \( g(t) \) involves a product like \( t^n e^{at} \), \( t^n \sin(bt) \),
or \( t^n \cos(bt) \)

Suitable form:

\[
Y(t) = t^k \left( A_0 + A_1 t + \dots + A_m t^m \right) e^{at} \quad \text{or} \quad t^k \left( B \sin(bt) + C
\cos(bt) \right)
\]

where:

- \( k \) is the multiplicity of the root \( a \) of the auxiliary equation.
- The polynomial part accounts for the polynomial degree in \( g(t) \).

---

Accounting for Roots of the Auxiliary Equation

The auxiliary (or characteristic) equation arises from the homogeneous differential equation:

\[
a_n r^n + a_{n-1} r^{n-1} + \dots + a_0 = 0
\]



The nature of its roots impacts the trial function:

- Distinct roots: No adjustment needed.
- Repeated roots: Multiply the trial function by \( t^s \), where \( s \) is the multiplicity.
- Complex roots: Use sine and cosine functions; if these are solutions to the homogeneous equation, multiply
by \( t \).

Example:

If the auxiliary equation has a root \( r = a \) of multiplicity 2, and \( g(t) = e^{at} \), then the trial form
would be:

\[
Y(t) = A t e^{at}
\]

---

Summary of the Procedure for Choosing \( Y(t) \)

To determine a suitable form for \( Y(t) \):

Identify the form of \( g(t) \): polynomial, exponential, sine, cosine, or products thereof.1.

Write down the basic trial function corresponding to \( g(t) \) based on its form.2.

Check if the trial form overlaps with the homogeneous solution \( y_h(t) \):3.

If yes, multiply the trial by \( t \), or \( t^s \) if necessary, to account for repeated roots.

If no, keep the trial as is.

Ensure the trial function is as general as necessary to include all linearly independent solutions4.
related to \( g(t) \).

---



Practical Examples (Conceptual Only)

While the focus here is on form determination without evaluation, understanding common patterns is
useful. For example:

- For \( g(t) = 5t^2 + 3t + 1 \), choose a quadratic polynomial \( Y(t) = A t^2 + B t + C \).
- For \( g(t) = e^{2t} \), pick \( Y(t) = A e^{2t} \). If \( e^{2t} \) is part of \( y_h(t) \), then \( Y(t) = A t
e^{2t} \).
- For \( g(t) = \sin(3t) \), select \( Y(t) = A \sin(3t) + B \cos(3t) \). If these functions are solutions to the
homogeneous equation, multiply by \( t \).

---

Conclusion

Choosing the correct form for \( Y(t) \) is a pivotal step in applying the method of undetermined
coefficients. It requires understanding the nature of the nonhomogeneous term \( g(t) \), analyzing the
roots of the auxiliary equation, and adjusting the trial function accordingly to ensure linear independence
from the homogeneous solution. This process, performed carefully, sets the foundation for solving the
differential equation systematically.

Remember, the goal here is to determine the structure of \( Y(t) \) without evaluating the coefficients.
Once the form is established, the next step involves substituting into the original differential equation to
solve for the undetermined coefficients, which is beyond the scope of this discussion.

Mastering the art of form selection greatly simplifies the process of solving differential equations and
enhances your understanding of the underlying mathematical principles involved in the method of
undetermined coefficients.

Frequently Asked Questions

What is the primary consideration when choosing a suitable form for Y(t)
in the method of undetermined coefficients?
The primary consideration is to select a form for Y(t) that resembles the nonhomogeneous part of the
differential equation, ensuring it is linearly independent of the complementary solution.



How does the nature of the forcing function influence the choice of Y(t)
in the method of undetermined coefficients?
If the forcing function is exponential, polynomial, sinusoidal, or a combination, the form of Y(t) should be
chosen accordingly—such as exponential, polynomial, sine, cosine, or their products—to match the type of
nonhomogeneous term.

What should be done if the chosen form of Y(t) overlaps with the
complementary solution when applying the method?
If there is an overlap, the chosen form of Y(t) must be multiplied by t (or higher powers of t) to ensure
linear independence from the complementary solution.

Can the form of Y(t) be directly taken from the nonhomogeneous term
without modifications?
Only if the nonhomogeneous term is not part of the complementary solution; otherwise, modifications such
as multiplication by t are necessary to avoid duplication.

Why is it important not to evaluate Y(t) when determining its suitable
form in the undetermined coefficients method?
Because the goal is to identify the general structure of Y(t) rather than find specific coefficients; evaluation
occurs after substituting into the differential equation to solve for these coefficients.

How does the form of the differential equation's characteristic roots affect
the choice of Y(t)?
If the roots are repeated or complex, the form of Y(t) may need to be adjusted accordingly, such as
multiplying by t or sine/cosine functions, to maintain linear independence and account for multiplicities.

Is it necessary to consider the homogeneous solution when determining
the form of Y(t)?
Yes, because the form of Y(t) must be chosen so that it does not coincide with the homogeneous solution,
ensuring the particular solution is linearly independent.



Additional Resources
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In the realm of differential equations, finding particular solutions to nonhomogeneous equations is a
fundamental task. Among the various techniques available, the Method of Undetermined Coefficients
stands out for its straightforward approach when the nonhomogeneous term exhibits certain recognizable
forms. Central to this method is selecting an appropriate assumed form for the particular solution, denoted as
Y(t). This article explores the principles and strategies behind determining a suitable form for Y(t) without
actually performing the evaluation, offering clarity to students, educators, and practitioners alike.

---

Introduction to the Method of Undetermined Coefficients

Before delving into the specifics of form selection, it is essential to understand the context and significance
of the method.

What Is the Method of Undetermined Coefficients?

The method provides a systematic way to find particular solutions to linear nonhomogeneous differential
equations with constant coefficients. It involves guessing a form for the particular solution based on the
structure of the nonhomogeneous term, then determining the unknown coefficients by substitution.

When Is It Applicable?

This method is most effective when the nonhomogeneous term (also called the forcing function) is a
standard function, such as:

- Polynomial functions (e.g., \( t^n \))
- Exponential functions (e.g., \( e^{at} \))
- Sine and cosine functions (e.g., \( \sin(bt), \cos(bt) \))
- Their combinations (e.g., \( e^{at} \sin(bt) \))

It is less suitable for more complicated functions like arbitrary integrals or non-standard functions.

---

The Significance of Choosing the Correct Form for Y(t)

Selecting an appropriate form for Y(t) is crucial because:



- It ensures the assumed particular solution aligns with the structure of the nonhomogeneous term.
- It facilitates easier algebraic manipulation during substitution.
- It prevents redundancy or duplication with the complementary (homogeneous) solution, which can lead
to incorrect or trivial solutions.

This process is akin to choosing the right key for a lock; if the form is mismatched, the method cannot
proceed efficiently, and the solution may be invalid or require adjustments.

---

Systematic Approach to Determining the Form of Y(t)

The process involves analyzing the nonhomogeneous term and then deducing an appropriate structure for
Y(t).

Step 1: Identify the Nonhomogeneous Term \( g(t) \)

Begin by examining the right-hand side of the differential equation:

\[
a_n \frac{d^n y}{dt^n} + a_{n-1} \frac{d^{n-1} y}{dt^{n-1}} + \dots + a_1 \frac{dy}{dt} + a_0 y = g(t)
\]

The form of \( g(t) \) guides the initial guess.

Step 2: Recognize the Structure of \( g(t) \)

Common forms include:

- Polynomial: \( g(t) = P(t) \), where \( P(t) \) is a polynomial of degree \( n \).
- Exponential: \( g(t) = e^{at} \).
- Sine or cosine: \( g(t) = \sin(bt) \) or \( g(t) = \cos(bt) \).
- Combinations: \( g(t) = e^{at} \sin(bt) \), \( e^{at} \cos(bt) \), or polynomial times exponential/sine/cosine.

Step 3: Construct the Initial Guess for Y(t)

Based on the identified form, propose a structure:

- For polynomial \( g(t) \), try a polynomial of the same degree.
- For exponential \( e^{at} \), try \( A e^{at} \).
- For sinusoidal \( \sin(bt) \) or \( \cos(bt) \), try \( A \sin(bt) + B \cos(bt) \).
- For combined forms, multiply the exponential with the sinusoid, e.g., \( e^{at} (A \sin(bt) + B \cos(bt)) \).



---

Adjustments for Resonance and Repetition

An essential aspect of choosing the form involves checking whether the guessed form overlaps with the
homogeneous solution.

Understanding the Complementary Solution \( y_c(t) \)

The general solution to the homogeneous equation:

\[
a_n \frac{d^n y}{dt^n} + a_{n-1} \frac{d^{n-1} y}{dt^{n-1}} + \dots + a_1 \frac{dy}{dt} + a_0 y = 0
\]

has solutions that form the complementary function \( y_c(t) \).

When Does Overlap Occur?

- If the guessed particular solution form contains terms that are part of \( y_c(t) \), then the initial guess
must be modified.
- Specifically, multiply the guessed form by \( t \) (or higher powers of \( t \)) to account for repeated roots
in the characteristic equation.

Example:

- If \( e^{at} \) is a solution to the homogeneous equation, then for \( g(t) = e^{at} \), the particular solution
should be multiplied by \( t \) to avoid duplication.

---

Practical Guidelines for Selecting the Form

To streamline the process, consider the following rules:

1. Match the form of \( g(t) \): The assumed form should mirror the nonhomogeneous term’s structure.

2. Account for roots of the characteristic equation:
- If the form overlaps with the homogeneous solution, multiply by \( t \) (or higher powers) as needed.

3. Use known standard forms:
- Polynomial: \( Y(t) = A_0 + A_1 t + \dots + A_n t^n \)
- Exponential: \( Y(t) = A e^{at} \)



- Sinusoidal: \( Y(t) = A \sin(bt) + B \cos(bt) \)
- Exponential times sinusoid: \( Y(t) = e^{at} (A \sin(bt) + B \cos(bt)) \)

4. Avoid duplication: Ensure the guessed form is linearly independent from the homogeneous solution.

---

Examples Illustrating Form Selection

While the article refrains from actual evaluation, it’s instructive to consider hypothetical scenarios.

Example 1: Polynomial Nonhomogeneous Term

Suppose the differential equation:

\[
\frac{d^2 y}{dt^2} - 3 \frac{dy}{dt} + 2 y = t^2
\]

- The nonhomogeneous term is \( t^2 \), a polynomial.
- The homogeneous solution involves roots leading to solutions like \( e^{0t} \) and \( e^{2t} \), but these do
not overlap with polynomial functions.
- Suggested form for \( Y(t) \): A polynomial of degree 2: \( A t^2 + B t + C \).

Example 2: Exponential Nonhomogeneous Term

Suppose:

\[
\frac{d^2 y}{dt^2} + y = e^{3t}
\]

- The forcing function is an exponential \( e^{3t} \).
- If \( e^{3t} \) is not a solution to the homogeneous equation, the guess is simply:

\[
Y(t) = A e^{3t}
\]

- If \( e^{3t} \) is part of the homogeneous solution, then multiply by \( t \):

\[
Y(t) = A t e^{3t}



\]

Example 3: Sinusoidal Nonhomogeneous Term

Suppose:

\[
\frac{d^2 y}{dt^2} + y = \sin(2t)
\]

- The nonhomogeneous term is sinusoidal.
- The particular solution guess:

\[
Y(t) = A \sin(2t) + B \cos(2t)
\]

- If the homogeneous solution already contains \( \sin(2t) \) or \( \cos(2t) \), then multiply the guess by \( t
\).

---

Conclusion

Determining a suitable form for \( Y(t) \) in the method of undetermined coefficients hinges on
understanding the structure of the nonhomogeneous term and the roots of the characteristic equation
associated with the differential equation. The process involves recognizing standard function
types—polynomial, exponential, sinusoidal, or combinations thereof—and constructing an initial guess that
mirrors these forms. Crucially, one must account for resonances where the guess overlaps with the
homogeneous solution, necessitating multiplication by powers of \( t \). While the method refrains from
actual evaluation, mastering the principles of form selection simplifies the pathway to finding particular
solutions, ensuring the method's effectiveness and efficiency.
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