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Understanding how to effectively approximate functions using polynomials is a
fundamental aspect of mathematical analysis, especially in numerical methods.
Among the various polynomial approximations, the Maclaurin polynomial- a
special case of the Taylor polynomial centered at zero— plays a crucial role
due to its simplicity and wide applicability. A key question in this context
is: How do we determine the degree of the Maclaurin polynomial needed to
ensure that the approximation error remains within acceptable bounds? This
article explores this question comprehensively, providing insights into the
theoretical framework, practical methods, and illustrative examples to guide
you in selecting the appropriate polynomial degree for your approximation
tasks.

Understanding Maclaurin Series and Polynomial
Approximation

What is a Maclaurin Series?

The Maclaurin series is an expansion of a function \(f(x)\) into an infinite
sum of terms calculated from the derivatives of \(f\) at zero. Formally, it
is expressed as:

\ [
f(x) = \sum_{n=0}"{\infty} \frac{f~{(n)}(0)}{n!'} x"n
\1

where \(f*{(n)}(0)\) denotes the \(n\)th derivative of \(f\) evaluated at
Zero.

Maclaurin Polynomial Approximation

Since infinite series are often impractical for computation, we truncate the
series at a finite degree \(n\), obtaining the Maclaurin polynomial of degree
\(n\):



\ [
P n(x) = \sum_{k=0}"{n} \frac{f~{(k)}(0)}{k!} x"k
\]

This polynomial provides an approximation to \(f(x)\) near zero. The accuracy
of this approximation depends on the degree \(n\) and the behavior of the
higher derivatives of \(f\).

The Remainder or Error Term in Maclaurin
Approximation

Formulation of the Remainder

When using a polynomial approximation, the difference between the actual
function and its polynomial- called the remainder or error term— determines
the quality of the approximation:

\ [
R n(x) = f(x) - P_n(x)
\1

The Lagrange form of the remainder provides an explicit expression:

\ [
R n(x) = \frac{f*{(n+1)}(\x1i)}{(n+1) '} x~{n+1}
\1

for some \(\xi\) between 0 and \(x\). This expression links the error to the
\((n+1)\)th derivative of \(f\) evaluated at some point \(\xi\).

Importance of the Error Term

Understanding and bounding \ (R n(x)\) is crucial for determining the degree
\(n\) necessary for a desired accuracy. If the remainder can be made smaller
than a specified tolerance, then the polynomial of degree \(n\) is sufficient
for the approximation.

Determining the Degree of Polynomial Needed for



a Given Error Bound

Step-by-Step Approach

To find the minimum degree \(n\) such that the error \(R n(x)\) is within a
desired tolerance \(\varepsilon\), follow these steps:

1. Identify the target function \(f(x)\) and the interval of approximation,
say \(x \in [a, b]\).

2. Determine the derivatives \(f~{(k)}(x)\), especially the \((n+1)\)th
derivative, to estimate or bound \(|f~{(n+1)}(\xi)]|\).

3. Establish an upper bound \ (M {n+1}\) for \(|[f~{(n+1)}(\xi)|\) over the
interval, such that:

\ [
| f~{(n+1)}(\xi)| \leq M_{n+1}
\1

for all \(\xi \in [a, b]\).
4. Apply the error bound formula:

\ [
IR n(x)| \leq \frac{M {n+1}}{(n+1)!'} |x|"~{n+1}
\1]

5. Solve for \(n\) to satisfy:

\ [
\frac{M {n+1}}{(n+1)!'} |x|~{n+1} \leq \varepsilon
\1]

for the maximum \(x\) in the interval or a specific point.

6. Select the smallest \(n\) satisfying this inequality for your interval and
tolerance.

Practical Considerations

- Behavior of derivatives: For many functions, derivatives grow or decay at
certain rates. Recognizing patterns helps in estimating \ (M {n+1}\).

- Interval size: The larger the interval, the higher the degree needed, since
the term \(|x|~{n+1}\) grows with \(|x]|\).



- Error tolerance: Tighter tolerances require higher degrees.

- Computational cost: Higher degree polynomials are more accurate but also
more computationally expensive.

Examples of Determining Polynomial Degree for
Error Control

Example 1: Approximating \(e”x\) near zero

Suppose we want to approximate \(e”x\) on \ ([0, 1]\) with an error less than
\(107{-4}\).

Solution:

- The derivatives of \(e”x\) are all \(e”x\), and over \([0,1]\), \(e"x \leq
e\).

- The remainder in Lagrange form:

\ [

IR n(x)| \leq \frac{e}{(n+1)!'} [x]|~{n+1}

\1]

- For \(x \in [0,1]\), the maximum is at \(x=1\):
\ [

IR n(1)| \leq \frac{e}{(n+1)!'}

\1]

- Set the error bound:

\ [

\frac{e}{(n+1)!} \leq 107{-4}

\1]

- Calculate the smallest \(n\):

\ [

(n+1)! \geq e \times 1074 \approx 2.718 \times 1074
\1]

- Checking factorials:

\ [



6! = 720 \\
7' = 5040 \\
8! = 40320
\]

Since \ (8! = 40320 \geq 27180\), the degree \(n=7\) (since \(n+1=8\))
suffices.

Result: Use a Maclaurin polynomial of degree 7 to approximate \(e”x\) on
\([0,1]\) with an error less than \(10"{-4}\).

Example 2: Approximating \(\sin x\) near zero

Estimate the degree needed to approximate \(\sin x\) on \([-\pi/2, \pi/2]\)
with an error less than \(107{-5}\).

Solution:
- Derivatives of \(\sin x\) are bounded by 1 in magnitude over the interval.
- The remainder:

\ [
IR n(x)| \leq \frac{1}{(n+1)!'} |\pi/2|~{n+1}
\1

- Set:

\ [
\frac{(\pi/2)~{n+1}}{(n+1)'} \leq 10~{-5}
\1]

- Test for \(n=4\):

\ [

\frac{(\pi/2)7"5}{5!'} \approx \frac{(1.5708)"5}{120} \approx \frac{9.63}{120}
\approx 0.080

\1]

Too large.

- For \(n=6\):

\ [

\frac{(\pi/2)"7}{7'} \approx \frac{(1.5708)"7}{5040} \approx

\frac{24.1}{5040} \approx 0.0048
\1



Still too large.
- For \(n=8\):

\ [

\frac{(\pi/2)"9}{9!'} \approx \frac{(1.5708)"9}{362880} \approx
\frac{61.8}{362880} \approx 0.00017

\1

Close but still above \(10"{-5}\).

- For \(n=10\):

\ [

\frac{(\pi/2)~{11}}{11!} \approx \frac{(1.5708)"{11}}{39916800} \approx

\frac{157.4}{39916800} \approx 3.94 \times 10"{-6}
\1]

This satisfies the error criterion.

Result: Using a Maclaurin polynomial of degree 10 for \(\sin x\) over \([-
\pi/2, \pi/2]\) achieves an error less than \(107{-5}\).

Advanced Topics and Additional Techniques

Using the Lagrange Remainder for Error Bounds

The Lagrange form provides a concrete way

Frequently Asked Questions

How do I decide the degree of the Maclaurin
polynomial needed for a specific accuracy in
function approximation?

To determine the degree, analyze the remainder (error) term of the Maclaurin
series. Choose the degree so that the remainder is less than your desired
error tolerance within the interval of interest.

What role does the Lagrange form of the remainder



play in determining the polynomial degree?

The Lagrange remainder provides an explicit bound on the error based on
higher-order derivatives. Using this, you can estimate the minimum degree
needed to keep the error below a specified threshold.

Can the Taylor series's radius of convergence
influence the choice of polynomial degree for
approximation?

Yes, the radius of convergence indicates the interval where the series
converges. Within this radius, increasing the degree improves accuracy, but
outside it, the approximation may diverge regardless of degree.

How does the behavior of higher derivatives of the
function affect the degree required for an accurate
Maclaurin approximation?

Higher derivatives determine the size of the remainder term. Larger
derivatives can lead to larger errors, often necessitating higher-degree
polynomials to achieve the same accuracy.

What is the practical approach to determine the
degree of the Maclaurin polynomial when
approximating complex functions?

Practically, start with a low degree, estimate the error bound using
derivatives, and increase the degree until the estimated error falls below
your desired threshold, verifying with numerical tests if needed.

How do error bounds in Maclaurin series help in
determining the optimal polynomial degree for
approximation?

Error bounds provide a quantitative measure of the maximum possible error for
a given degree. Using these bounds, you can select the minimal degree that
guarantees the error stays within acceptable limits.

Is it always necessary to use high-degree
polynomials for accurate function approximation near
zero?

Not necessarily. The required degree depends on the function's behavior and
the desired accuracy. Sometimes, low-degree polynomials suffice, especially
if the function is smooth and the interval is small.



Additional Resources
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In the world of mathematical analysis and computational mathematics,
approximating functions with polynomials is a fundamental technique. When
exact evaluation proves complex or computationally expensive, polynomial
approximations—particularly Maclaurin polynomials—serve as powerful tools to
estimate function values with acceptable accuracy. However, a critical
question naturally arises: How many terms should we include in the polynomial
to ensure the approximation is sufficiently precise? This question is central
not only to theoretical mathematics but also to practical applications such
as numerical simulations, engineering computations, and scientific modeling.
In this article, we explore the process of determining the degree of the
Maclaurin polynomial required to control the error in the approximation of a
function, providing insights into the underlying principles, methods, and
considerations involved.

Understanding Maclaurin Polynomials and Their Role in Function Approximation

Before delving into how to determine the necessary degree, it is essential to
understand what Maclaurin polynomials are and why they are useful.

What Is a Maclaurin Polynomial?

A Maclaurin polynomial is a special case of the Taylor polynomial centered at
zero. For a sufficiently smooth function \(f(x)\), its Maclaurin polynomial
of degree \(n\) is given by:

\ [
P n(x) = \sum {k=0}"n \frac{f"{(k)}(0)}{k!} x"k
\]

where \(f*{(k)}(0)\) is the \(k\)-th derivative of \(f\) evaluated at 0.

This polynomial provides a local approximation of \(f(x)\) near \(x=0\). The
power of such an approximation lies in its simplicity and the fact that
derivatives at a single point can be used to generate an entire polynomial
that mimics the behavior of a more complicated function in a neighborhood of
that point.

Why Use Maclaurin Polynomials?

- Ease of computation: Derivatives at zero are often easier to compute or
approximate.

- Local approximation: They give accurate estimates near the expansion point.
- Analytical insight: They help understand the function's behavior near the
point of expansion.



- Numerical methods: Used in algorithms requiring function evaluations, such
as root-finding or integration.

The Error in Polynomial Approximation: The Remainder Term

While Maclaurin polynomials are useful, they are approximations, not exact
representations. The difference between the actual function \(f(x)\) and its
polynomial approximation \(P n(x)\) is called the remainder or error term.

The Lagrange Form of the Remainder
A commonly used form to express the error is the Lagrange remainder:

\ [
R n(x) = \frac{f*{(n+1)}(\x1i)}{(n+1) !} x~{n+1}
\1

for some \(\xi\) between 0 and \(x\). This formulation indicates that the
error depends on the \((n+1l)\)-th derivative of the function evaluated at
some point within the interval and on the size of \(x\).

Implications of the Remainder

- The error diminishes as \(n\) increases, provided the derivatives are
bounded.

- The size of the error is influenced by the magnitude of the higher-order
derivatives.

- To guarantee a specific accuracy, we need to choose \(n\) such that the
remainder \(R n(x)\) is less than a predetermined tolerance.

How to Determine the Degree of the Maclaurin Polynomial for a Desired
Accuracy

The core challenge is: Given a target error bound \(\varepsilon\), how do we
select the degree \(n\) of the Maclaurin polynomial so that \(|R n(x)]| \leq
\varepsilon\)? The process involves understanding the behavior of the
derivatives and employing bounds to estimate the remainder.

Step-by-Step Approach

1. Identify the target interval:

Decide the range of \(x\) over which the approximation is needed. The error
bound depends on the maximum value of \(x\) within this interval.

2. Determine the behavior of derivatives:



- Find or estimate bounds for \(f~{(k)}(x)\). For many functions, derivatives
can be bounded over a given interval.

- For the remainder estimate, particularly focus on \(f*{(n+1)}(\xi)\), where
\(\xi \in [0, Xx]\).

3. Express the remainder bound:
Using the Lagrange form:

\ [

IR n(x)| \leq \frac{\max {0 \leq \xi \leq x} |f~{(n+1)}(\x1i)|}{(n+1)!}
| x|~ {n+1}

\1]

4. Set the error bound:
Enforce:

\ [

IR n(x)| \leq \varepsilon

\1]

Substituting the bounds:

\ [

\frac{M {n+1}}{(n+1)!'} |x|*{n+1} \leq \varepsilon

\1]

where \ (M {n+1}\) is an upper bound of \(|f~{(n+1)}(\xi)]|\).
5. Solve for \(n\):

Find the smallest integer \(n\) satisfying the inequality. This often
involves iterative or logarithmic calculations.

Practical Examples and Strategies
Let's consider some concrete examples to clarify this process.
Example 1: Approximate \(e”x\) near 0

Suppose we want to approximate \(f(x) = e”™x\) near 0, for \(x\) in \ ([0,
0.5]\), with an error less than \(\varepsilon = 0.001\).

- Derivatives: For \(e”x\), all derivatives are \(e”x\). Over \ ([0, 0.5]\),
\(e™x \leq e~{0.5} \approx 1.6487\).

- Remainder estimate:



\ [
IR n(x)| \leq \frac{e~{0.5}}{(n+1)!} |x|~{n+1}
\1

To ensure:

\ [
\frac{1.6487}{(n+1)!'} (0.5)"{n+1} \leq 0.001
\1]

- Calculating \(n\):

Try \(n=4\):

\ [

\frac{1.6487}{5'!'} (0.5)"5 \approx \frac{1.6487}{120} \times 0.03125 \approx

0.000429
\]

Which is less than 0.001. Thus, a polynomial of degree 4 suffices.
Example 2: Approximating \(\sin x\)

Suppose we want to approximate \(\sin x\) on \ ([0, \pi/4]1\), with error less
than 0.0001.

- Derivatives: The derivatives of \(\sin x\) cycle through \(\sin x, \cos X,
-\sin x, -\cos x\), all bounded by 1.

- Remainder estimate:

\ [
IR n(x)| \leq \frac{1}{(n+1)!'} \left(\frac{\pi}{4}\right)~{n+1}
\1]

- Determine \(n\):
Find the smallest \(n\) such that:

\ [
\frac{1}{(n+1)!} \left(\frac{\pi}{4}\right)~{n+1} \leq 0.0001
\1]

Testing \(n=4\):

\ [

\frac{1}{5!} \left(\frac{\pi}{4}\right)”5 \approx \frac{1}{120} \times 1.23
\approx 0.0103

\1

Too large.



\ (n=6\):

\ [

\frac{1}{7'} \left(\frac{\pi}{4}\right)”~7 \approx \frac{1}{5040} \times 4.84
\approx 0.00096

\1

Still above 0.0001.

\(n=7\):

\ [

\frac{1}{8!} \left(\frac{\pi}{4}\right)~8 \approx \frac{1}{40320} \times 15.2
\approx 0.000377

\1

Closer, but still above 0.0001.

\(n=8\):

\ [

\frac{1}{9'} \left(\frac{\pi}{4}\right)”~9 \approx \frac{1}{362880} \times
47.5 \approx 0.000131

\1

Slightly above 0.0001.

\(n=9\):

\ [

\frac{1}{10!'} \left(\frac{\pi}{4}\right)~{10} \approx \frac{1}{3,628,800}
\times 149 \approx 0.000041
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