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INTRODUCTION TO RECURRENCE RELATIONS AND THEIR SIGNIFICANCE

RECURRENCE RELATIONS ARE FUNDAMENTAL TOOLS IN ANALYZING THE TIME COMPLEXITY OF RECURSIVE ALGORITHMS. THEY
DEFINE THE RUNNING TIME OF A PROBLEM IN TERMS OF THE RUNNING TIME OF SMALLER SUBPROBLEMS, PROVIDING A MATHEMATICAL
FRAMEWORK FOR UNDERSTANDING ALGORITHM EFFICIENCY. IN COMPUTER SCIENCE, MASTERING THE METHODS TO SOLVE THESE
RELATIONS—PARTICULARLY THE MASTER METHOD—IS ESSENTIAL FOR EVALUATING AND OPTIMIZING RECURSIVE ALGORITHMS.
THIS ARTICLE FOCUSES ON APPLYING THE MASTER METHOD TO DETERMINE THE ASYMPTOTIC UPPER BOUND OF THE RECURRENCE:

T(N) = 3T(N/4) + NLOG N

OUR GOAL IS TO ANALYZE THIS RECURRENCE RELATION TO FIND ITS TIGHT ASYMPTOTIC BOUND, SPECIFICALLY ITS Bic O
NOTATION, WHICH DESCRIBES THE UPPER LIMIT OF ALGORITHM PERFORMANCE AS INPUT SIZE GROWS LARGE.

UNDERSTANDING THE MASTER METHOD

THE MASTER METHOD PROVIDES A STRAIGHTFORWARD WAY TO SOLVE DIVIDE-AND-CONQUER RECURRENCES OF THE FORM:
T(N) = AT(N/B) + F(N)

WHERE:

- A > 1S THE NUMBER OF SUBPROBLEMS AT EACH RECURSION LEVEL.

- 8> 1S THE FACTOR BY WHICH THE PROBLEM SIZE DECREASES AT EACH RECURSIVE CALL.

- F(N) IS THE COST OF DIVIDING THE PROBLEM AND COMBINING SOLUTIONS AT EACH LEVEL.

THE MASTER METHOD coMPARES F(N) WITH N {LoG_B A} (THE CRITICAL EXPONENT) TO DETERMINE THE ASYMPTOTIC BOUND.
IT INVOLVES THREE CASES:

1. Case 1: IFr(N) = O(N*{LoG_B A - E}) For soME E > O, THEN T(N) = O(N*{LoG_B A}).
2. Case 2: IFr(N) = O(N{Loc_B A} \LoG"k N) For soME k > O, THEN T(N) = O(N{Loc_B A} \Loc™ {k+ T} N).

3. Case 3: IFr(N) = N(N{LoG_B A + E}) FOR SOME E > O, AND IF REGULARITY CONDITION HOLDS, THEN T(N) = O(r(N)).

APPLYING THESE CASES REQUIRES CALCULATING A, B, AND F(N), THEN COMPARING F(N) To N*{LoG_B A}.



ANALYZING THE GIVEN RECURRENCE

LET'S ANALYZE THE RECURRENCE:
T(N) =3T(N/4) + NLOGN
IDENTIFY THE PARAMETERS:
- A =3 (NUMBER OF RECURSIVE CALLS)
- 8 = 4 (PROBLEM SIZE REDUCTION FACTOR)

- F(N) =N LoG N (COST AT EACH LEVEL)

OUR FIRST STEP IS TO COMPUTE N {LoG_B A}.

CALCULATING LOG_B A

SINCE A = 3 AND B = 4, WE HAVE:
LoG_BA=L0G_4 3
USING CHANGE OF BASE FORMULA!
Loc_4 3 = \rrac{\Loc 3}{\Loc 4}
ASSUMING LOGARITHM BASE 2 FOR SIMPLICITY:

- LOG, 3 & 1.58496
-L0G, 4 =2

THus:

LoG_4 3 =\rrac{1.568496}{2}~0.7925
THEREFORE:

N {LoG_B A} =nN"{0.7925}

THIS CRITICAL EXPONENT WILL HELP US COMPARE F(N) TO DETERMINE THE CASE.

CoMPARING F(N) wITH N*{LoG_B A}

RECALL:

-F(N) =NLOGN
-NLoc_B A}~ N"{0.7925}

Now, ANALYZE THE GROWTH oF F(N) RELATIVE To N*{0.7925}.



GROWTH RATE ANALYSIS

-N{0.79253} GROWS FASTER THAN ANY POLYLOGARITHMIC FUNCTION MULTIPLIED BY A POLYNOMIAL WITH AN EXPONENT
LESS THAN 1.
-F(N) =N LoG N=O(NLOGN)

CoMpARE N LOG N To NY{0.79253:

- SINCE N?{0.79253 & N*{0.79}, WHICH IS POLYNOMIALLY SMALLER THAN N, THE N LOG N FUNCTION GROWS FASTER THAN
N*{0.7925} BUT SLOWER THANN" 1.

THUs, F(N) IS ASYMPTOTICALLY LARGER THAN N*{LOG_B A}:
F(N) = (N {Loc_B A +E})

FOR SOME E > O, SINCE:
NLoGg N = N(N{0.7925 +€})

FOR E & (0.2, BECAUSE:

-NM0.7925 + 0.2} =n"{0.9925}
- N LOG N GROWS SLIGHTLY FASTER THAN N*{0.7925} BUT Less THAN N {1}.

THererore, F(N) DOMINATES N {LOG_B A}.

VERIFYING THE REGULARITY CONDITION

Berore APPLYING CASE 3, WE NEED TO VERIFY THE REGULARITY CONDITION:
A F(N/B) < c F(N), FOR SOME CONSTANT C < 1 AND SUFFICIENTLY LARGE N
CaLcuLATE A £(N/B):
A F(N/B) = 3 (N/4) Loc(N/4)
SIMPLIFY:
=3 (N/4) (LogN-LoG 4) = (3n/4) (LogN - 2)
CoMPARE WITH F(N) = N LOG N:
- THE RATIO IS:

\rrac{a F(N/B)HF(N)} = \rrac{(3n/4) (Loa N - 2)3{N Loc N} = \Frac{(3/4) (Log N - 2)}{LoG N} = \Frrac{33}{4}
\LerT( 1 - \Frrac{2}LoG N} \RIGHT)

AS N GROWS LARGE, LOG N , So:
\rrac{a F(N/B)HF(N)3 \To \rrac{3}{4} 1=0.75< 1

THIS SATISFIES THE REGULARITY CONDITION (SINCE THE RATIO IS LESS THAN 1 FOR SUFFICIENTLY LARGE N). THEREFORE, THE
CONDITIONS FOR CASE 3 ARE SATISFIED.



APPLYING THE MASTER METHOD

GIVEN OUR ANALYSIS:

- F(N) DoMINATES N {LoG_B A} (SINCEN"{0.7925} GROWS SLOWER THAN N LOG N).
- THE REGULARITY CONDITION HOLDS, AND F(N) IS POLYNOMIALLY LARGER THAN N {LOG_B A}.

THIS ALIGNS WITH CASE 3 OF THE MASTER METHOD, WHICH STATES:

> IFF(N) = N(N*{LoG_B A + E}) FOR SOME E > O, AND THE REGULARITY CONDITION HOLDS, THEN:
T(n) = O((N)

THEREFORE, THE ASYMPTOTIC UPPER BOUND OF THE RECURRENCE IS:

T(N) = ©(NLOG N)

FINAL RESULT AND INTERPRETATION

THE RECURRENCE RELATION:
T(N) =3T(N/4) + NLOGN

HAS AN ASYMPTOTIC UPPER BOUND OF @(N LOG N). THIS MEANS THAT, FOR LARGE INPUT SIZES, THE RUNNING TIME OF THE
ALGORITHM MODELED BY THIS RECURRENCE GROWS PROPORTIONALLY TO NLOG N, UP TO CONSTANT FACTORS.

IMPLICATIONS:

- THE ALGORITHM EXHIBITS A NEAR-LINEARITHMIC TIME COMPLEXITY.
- THE RECURSIVE DIVISION AND COMBINATION COSTS DOMINATE THE OVERALL RUNTIME.
- UNDERSTANDING THIS BOUND AIDS IN OPTIMIZING THE ALGORITHM OR COMPARING IT WITH OTHER APPROACHES.

SUMMARY AND KEY T AKEAWAYS

- THE RECURRENCE RELATION WAS IDENTIFIED AND PARAMETERS A AND B WERE EXTRACTED.
- CALCULATED LOG_B A AS APPROXIMATELY 0.7925.

- CompARED F(N) = N LoG N To N*{0.7925} To DETERMINE DOMINANCE.

- VERIFIED THE REGULARITY CONDITION FOR THE MASTER MeTHOD's CASE 3.

- CONCLUDED THAT THE ASYMPTOTIC UPPER BOUND IS (N LOG N).

MASTERING THE APPLICATION OF THE MASTER METHOD SIMPLIFIES ANALYZING RECURSIVE ALGORITHMS, ESPECIALLY WHEN
DEALING WITH COMPLEX COSTS LIKEN LOG N



FREQUENTLY AskeD QUESTIONS

W/HAT IS THE RECURRENCE RELATION GIVEN IN THE PROBLEM?

THe RECURRENCE RELATION IS T(N) = 3T(N/4) + N LOG N.

How DO WE IDENTIFY THE PARAMETERS A, B, AND F(N) IN THE RECURRENCE T(N) =
AT(N/B) + F(N)?

IN THIS RECURRENCE, A = 3, B = 4, AND F(N) = N LOG N.

W/ HICH CASE OF THE MASTER THEOREM APPLIES TO THIS RECURRENCE?

\WE coMPARE F(N) = N LOG N WITH N {LoG_B A} =N"{LoG_4 3} TO DETERMINE THE APPLICABLE CASE.

WHAT IS THE VALUE OF LOG_B A IN THIS RECURRENCE?

LoG_4 3 Is APPROXIMATELY 0.792, sINcELOG_4 3 =LN3 /LN 4.

How poEes F(N) = N LOG N COMPARE TO N*{LOG_B A} IN THIS CASE?

SINCE N LOG N GROWS FASTER THAN N*{0.792} BUT sLower THAN N*{ 1}, F(N) IS POLYNOMIALLY LARGER THAN N*{LOG_B
A} BUT NOT AS LARGE AS N*{ 1 + E}.

\WHAT IS THE ASYMPTOTIC UPPER BOUND FOR T(N) USING THE MASTER METHOD?

Since F(N) = O(N LoG N) AND IT DOMINATES N {LoG_B A} = O(N*{0.792}), AND F(N) IS POLYNOMIALLY LARGER THAN
N*{LOG_B A}, THE RECURRENCE FALLS UNDER CASE 3, GIVING T(N) = O(F(N)) = O(N LOG N).

ADDITIONAL RESOURCES

MASTER METHOD APPLICATION FOR RECURRENCE RELATIONS: ANALYZING T(N) = 3T(N/4) + N LOG N

INTRODUCTION

RECURRENCE RELATIONS ARE FUNDAMENTAL TO UNDERSTANDING THE RUNTIME COMPLEXITIES OF DIVIDE-AND-CONQUER
ALGORITHMS. THEY DESCRIBE HOW THE PROBLEM SIZE REDUCES AT EACH RECURSIVE STEP AND HOW THE WORK ACCUMULATES.
THE MASTER METHOD, INTRODUCED BY MICHAEL T. CLANCY AND OTHERS, PROVIDES A STRAIGHTFORWARD WAY TO DETERMINE
ASYMPTOTIC BOUNDS FOR RECURRENCE RELATIONS OF THE FORM:

\[
T(N) = AT\LerT(\rrAC{N}{B}\RIGHT) + F(N)
\]

\WHERE!:

- \(a \GeQ 1\) IS THE NUMBER OF SUBPROBLEMS,
-\(&8 > T\) INDICATES THE FACTOR BY WHICH THE PROBLEM SIZE REDUCES,
- \(F(N)\) IS THE NON-RECURSIVE WORK DONE AT EACH LEVEL.



IN THIS DETAILED REVIEW, WE ANALYZE THE RECURRENCE:

\[
T(N) = 3T\LerT(\FrRAC{NI{43\RIGHT) + N \LOG N
\]

USING THE MASTER METHOD TO FIND ITS ASYMPTOTIC UPPER BOUND.

UNDERSTANDING THE COMPONENTS OF THE RECURRENCE

BEFORE APPLYING THE MASTER METHOD, IT'S ESSENTIAL TO UNDERSTAND THE COMPONENTS:

- NUMBER OF SUBPROBLEMS (A): 3
- PROBLEM SIzZE REDUCTION FACTOR (B): 4
- Non-recursIVE work \(F(N)\): \(N \LoG ~\)

THe GoAL 15 To coMPARE \(F(N)\) wiTH \(N*{\LoG_& A}\) TO DETERMINE THE DOMINATING TERM.

CALcULATING \(\LoG_g A\)

THE CORE OF THE MASTER METHOD REVOLVES AROUND THE CRITICAL EXPONENT:

\[
D= \LoG B A

\]
Given \(a=3\) anp \(e=4\):

\[
p=\LoGc_43
\]

To COMPUTE THIS LOGARITHM, WE USE THE CHANGE OF BASE FORMULA!

\[
\LoG_4 3 = \rrac{\LoG 3}{\LoG 4}

\]

USING NATURAL LOGS OR LOGS BASE 2 (BOTH VALID)Z

-\(\Loc_2 3 \approx 1.58496\)
-\(\Loc_2 4 =2\)

THus,

\[
\LoG_4 3 = \rrac{\Loc_2 3X\Loc_ 2 4} = \rrac{1.58496}{2} \arprox 0.79248

\]

So

’



\[
N {\Loc_B A} =n"{0.79248}
\]

THIS TERM SERVES AS A BENCHMARK FOR COMPARISON AGAINST \(F(N) =~ \LoG N\).

ComparisoN of \(F(N)\) wiTH \(N*{\LoGc_8 A}\)

THe NEXT STEP INVOLVES CoMPARING \(F(N)\) wiTH \(N*{\LoG_B Aa}\):

- \(F(n) =~ \LoG N))
-\(NM{\Loc_& A} \apProx N*{0.792483}\)

Since \(N \Loa N\) crows FAsTER THAN \(N*{0.79248}\) For LarGE \(N\), WE SEE:

\[
F(N) =N \Log N = \OMEGA(N™{0.79248 + \varersiLon}) \Quab \TexT{For soMe} \QuaDp \VvArersiLon > 0

\]

IN PARTICULAR, BECAUSE \(\LOG N\) GROWS SLOWLY BUT UNBOUNDEDLY, FOR SUFFICIENTLY LARGE \(N\):

\[
F(N) \GG N*{0.792483
\]

THis INDICATES THAT \(F(N)\) pominaTes \(N*{\LoG_B& A}\).

APPLYING THE MASTER MeTHOD: THREe CASES

THE MASTER METHOD PROVIDES THREE CASES TO DETERMINE THE ASYMPTOTIC BOUND:
Case 1: \(r(n) = O(N*{\LoG_B A - \varepsiLon})\) For soMe \(\varepsiLon > 0))

- \(r(N)\) 1s PoLYNOMIALLY SMALLER THAN \(N*{\LoG_& a}\).
- Then, \(T(n) = \TreTa(N* {\LoG_& AD\).

Case 2: \(F(N) = \THeTta(N* {\LoG_B A} (\Loc N)"K)\)

- \(E(WD\) maTcHes \(N*{\LoG_B A}\) UP TO POLYLOGARITHMIC FACTORS.
- THen, \(T(n) = \THeTa(N* {\LoG_B A} (\LoG N) {k+TD).

Cast 3: \(F(n) = \OMeGA(N*{\LoG_& A + \vArersiLoN})\) For soMe \(\VAREPSILON > 0\), AND REGULARITY CONDITION
HOLDS

- \(r(N)\) pominaTES \(N*{\LoG_B A}\).
- \(T() = \THeTAF(N)).



DeTERMINING THE CorReCT CASE

IN OUR SCENARIO:

\[

F(N) =N \LoG N

\]

\[

N*{\Loc_B A} \apProx N*{0.79248}

\]

Since \(N \LoG N\) crows FasTER THAN \(N*{0.79248}\), For LARGE \(N\), THERE ExISTS \(\VvAREPSILON > 0\) SucH
THAT:

\[
F(N) = \OMeGa(N"{0.79248 + \vAREPSILON})

\]

IN PARTICULAR, cHoOSING \(\vArepsiLon = 0.2)):

\l
N{0.79248 + 0.2} =n"{0.99248}

\]

AND SINCE \(N \LoG N \66 N*{0.99248}\) For LARGE \(N\), THE REGULARITY CONDITION NEEDED FOR CASE 3 (WHICH
ENSURES POLYNOMIAL DOMINANCE) HOLDS.

VERIFYING THE REGULARITY CONDITION

THE REGULARITY CONDITION FOR CASE 3 REQUIRES THAT:

\[
A\, F\LerT(\rrac{N}{B}\RIGHT) \LEQ C \, F(N)
\]

FOR SOME CONSTANT \(C < T\), AND SUFFICIENTLY LARGE \(N\).
CarcutaTe \(a \, F(N/B)\):

\[
A\, F(n/B) = 3 \TiMes \LerT(\rrac{NH 4 }\riGHT) \LoG \LerT(\FRAC{N}{4 }\RIGHT)
\]

EXPRESSED EXPLICITLY:

\[
3 \1imes \rrac{N}{4} \LerT(\LoG N - \LoG 4\rIGHT) = \FrAc{3N}{4} (\LoG N - 2)

\]

Compare THIS wiTH \(F(N) = N \LoG N\):

\[
\rrAC{A \, F(N/B)HF(N)3 = \rrAC{\FRAC{3N}{4]} (\LoG N - 2)}{N \LoG N} = \rRAC{3}{4} \TiMes \rrac{\LoG N -
2}{\Loa N}



\]

As \(N \to \iINFTY\), \(\LoG N \To \INFTY)), S0

\l

\rrac{\Log N - 2K \LoG N} \TO 1

\]

THEREFORE,

\[
\rrAC{A \, F(N/B)HF(N)I \TO \FRAC{3}H{ 4} \TiMes 1=0.75< 1
\]

THIS SATISFIES THE REGULARITY CONDITION FOR SOME \(c \APPrOX 0.75)\), CONFIRMING THAT CASE 3 APPLIES.

ConcrusioN: AsympToTIC UPPER BOUND

BASED ON THE ABOVE ANALYSIS:

- \(r(N) =~ \Loa N\) crows FASTER THAN \(N*{\LoG_B A} \APPrOX N*{0.792483\)
- THE REGULARITY CONDITION HOLDS,
- Hence, CAse 3 oF THE MASTER THEOREM APPLIES.

’

THEREFORE, THE ASYMPTOTIC UPPER BOUND FOR THE RECURRENCE:

\[
T(N) =3T(N/4) + N \LoG N
\]

IS:

\l

\BOXED{

T(N) = \THeTAa(N \LoG N)
}

\]

THIS INDICATES THAT THE RECURRENCE'S SOLUTION GROWS ON THE ORDER OF \(N \LOG N\), MATCHING THE NON-RECURSIVE
WORK AT EACH LEVEL, SCALED APPROPRIATELY.

IMPLICATIONS AND PRACTICAL SIGNIFICANCE

(UNDERSTANDING THIS RECURRENCE INFORMS US ABOUT THE EFFICIENCY OF DIVIDE-AND-CONQUER ALGORITHMS WITH SIMILAR
STRUCTURES. FOR EXAMPLE:

- ALGORITHMS THAT SPLIT DATA INTO 3 PARTS, EACH OF size \(N/4)),
- AND PERFORM WORK PROPORTIONAL TO \(N \LOG N\) AT EACH STEP,

WILL HAVE AN OVERALL TIME COMPLEXITY THAT SCALES ROUGHLY LINEARLY WITH \(N \LoG N\).



THIS INSIGHT AIDS ALGORITHM DESIGNERS IN ESTIMATING PERFORMANCE AND OPTIMIZING STRATEGIES, ESPECIALLY WHEN
CHOOSING THE NUMBER OF SUBPROBLEMS OR THE WORK PER LEVEL.

ADDITIONAL CONSIDERATIONS AND ALTERNATIVES

W/HILE THE MASTER METHOD PROVIDES A QUICK ROUTE TO THE ASYMPTOTIC BOUND, IT HINGES ON CERTAIN ASSUMPTIONS:

- THe RECURRENCE MUST BE oF THE FORM \(AT(n/B) + F(N)\).
- THE REGULARITY CONDITION MUST HOLD FOR THE THIRD CASE.

IN CASES WHERE THE RECURRENCE DOESN'T FIT THIS MOLD OR THE REGULARITY CONDITION FAILS, ALTERNATIVE METHODS SUCH
AS THE RECURSION TREE METHOD, SUBSTITUTION, OR AKRA-BAZZI THEOREM MAY BE NECESSARY.

FOR OUR SPECIFIC RECURRENCE, HOWEVER, THE MASTER METHOD SUFFICED AND YIELDED A CLEAR RESULT.

SUMMARY

- THe RecUrreNcE \(T(N) = 3T(N/4) + N\
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