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Understanding how to find the roots of a polynomial function is fundamental in algebra and calculus. In this
article, we will explore the roots of the specific function F(x) = (x - 6)^2(x + 2)^2, analyze their
multiplicities, and interpret what these multiplicities mean for the graph of the function. Whether you are
a student seeking to improve your algebra skills or a teacher preparing lesson plans, this comprehensive
guide will provide clarity on root-finding strategies, multiplicity concepts, and their implications.

What Is a Root of a Polynomial Function?

A root (or zero) of a polynomial function F(x) is a value of x for which F(x) equals zero. Geometrically,
roots correspond to the points where the graph of the function crosses or touches the x-axis.

For example, if F(x) = (x - a)^n, then the root at x = a has a multiplicity of n. The multiplicity indicates
how many times a particular root is repeated in the polynomial factorization.

Analyzing the Given Function: F(x) = (x - 6)^2(x + 2)^2

The given function is a product of two binomials raised to the second power. Let's break it down:

- Factors:
- (x - 6)^2
- (x + 2)^2

- Degree of the polynomial:
- The sum of the exponents: 2 + 2 = 4

- Roots:
- x = 6 (from the factor x - 6)
- x = -2 (from the factor x + 2)



Each root's multiplicity is equal to the exponent of the corresponding factor:

- Root at x = 6 has multiplicity 2
- Root at x = -2 has multiplicity 2

These multiplicities tell us about how the graph behaves at each root.

Finding the Roots of F(x)

Since the polynomial is factored, finding roots is straightforward:

Step 1: Set F(x) equal to zero
\[ F(x) = (x - 6)^2(x + 2)^2 = 0 \]

Step 2: Solve each factor for zero
- \( (x - 6)^2 = 0 \Rightarrow x - 6 = 0 \Rightarrow x = 6 \)
- \( (x + 2)^2 = 0 \Rightarrow x + 2 = 0 \Rightarrow x = -2 \)

Step 3: Determine multiplicities
- x = 6 has multiplicity 2
- x = -2 has multiplicity 2

Thus, the roots of F(x) are:

- x = 6 with multiplicity 2
- x = -2 with multiplicity 2

Understanding Multiplicity and Its Effect on the Graph

The multiplicity of a root influences how the graph interacts with the x-axis at that point.



What Does the Multiplicity Tell Us?
- Odd multiplicity: The graph crosses the x-axis at that root.
- Even multiplicity: The graph touches the x-axis and turns around (tangential contact).

In our case, both roots have even multiplicity (2), which implies:

- The graph touches the x-axis at x = 6 and x = -2.
- The graph does not cross the x-axis at these points, but rather "bounces off" or flattens out.

Implications for the Shape of the Graph
- At x = -2: The graph touches the x-axis and is tangent to it, with a flattened point.
- At x = 6: The same behavior occurs; the graph touches and turns around.

Additional Roots and Multiplicities: Clarifying the Confusion

The original prompt mentions roots "with multiplicity 1-6" and "with multiplicity 26," which could cause
confusion. Let's clarify these:

- The roots are specific x-values where the function equals zero.
- The multiplicity is a positive integer indicating how many times each root appears in the factorization.
- The degree of the polynomial is the sum of all multiplicities.

In our specific function:

- The roots are x = -2 and x = 6.
- Their multiplicities are both 2.

The mention of "1-6" and "26" likely refers to the range of possible multiplicities or a different problem
context. If considering roots with multiplicities from 1 to 6, or multiplicity 26, these are different
hypothetical scenarios. For our particular function, the multiplicities are both 2.

Summary of Roots and Multiplicities for F(x) = (x - 6)^2(x + 2)^2

| Root | Multiplicity | Behavior at Root |
|-------|----------------|--------------------------------|
| -2 | 2 | Touches x-axis, bounces off |
| 6 | 2 | Touches x-axis, bounces off |



The total degree of the polynomial is 4, consistent with the sum of multiplicities: 2 + 2 = 4.

Graphing Insights Based on Roots and Multiplicities

Understanding the roots and their multiplicities helps in sketching the graph:

- The roots at x = -2 and x = 6 are points where the graph touches the x-axis.
- Because both roots have even multiplicity (2), the graph will be tangent to the x-axis at these points.
- The multiplicity influences the "flatness" at the roots. Higher even multiplicities make the graph flatter,
while lower ones make it more rounded.

How to Sketch the Graph
1. Mark the roots at x = -2 and x = 6 on the x-axis.
2. Since both roots have multiplicity 2, draw the graph touching and turning around at these points.
3. Determine the end behavior:
- Since the leading coefficient (implied positive here) is positive, as x approaches ±∞, F(x) approaches +∞.
4. Plot additional points to understand the curve's shape between roots.
5. Consider the multiplicity's effect on the slope at roots: higher multiplicity causes flatter contact.

Real-World Applications of Finding Roots and Multiplicities

Finding roots and analyzing their multiplicities is not just an academic exercise; it has practical applications
in various fields:

- Engineering and physics: Analyzing systems modeled by polynomial equations, such as vibrations, where
roots indicate natural frequencies.
- Economics: Polynomial functions model cost, revenue, or profit functions; roots can indicate break-even
points.
- Data science: Polynomial regression models and their roots can reveal critical points or intersections.

Conclusion

In summary, the roots of the function F(x) = (x - 6)^2(x + 2)^2 are x = -2 and x = 6, each with multiplicity
2. The multiplicities determine how the graph behaves at each root, specifically whether it crosses or
touches the x-axis. Both roots with even multiplicity cause the graph to touch and turn around at their
respective points, creating tangential contact. Recognizing these patterns helps in graphing polynomial



functions accurately and understanding their behavior.

By mastering root-finding techniques and interpretation of multiplicities, students and professionals can
analyze complex polynomial functions more effectively, enabling a deeper understanding of their
properties and applications across various disciplines.

Frequently Asked Questions

What are the roots of the function F(x) = (x - 6)^2(x + 2)^2?
The roots are x = 6 and x = -2.

What is the multiplicity of the root x = 6 in F(x) = (x - 6)^2(x + 2)^2?
The multiplicity of x = 6 is 2.

What is the multiplicity of the root x = -2 in F(x) = (x - 6)^2(x + 2)^2?
The multiplicity of x = -2 is 2.

Are the roots x = 6 and x = -2 simple roots or do they have higher
multiplicities?
Both roots have multiplicity 2, so they are roots with multiplicity greater than 1.

How does the multiplicity of a root affect the graph of F(x) = (x - 6)^2(x +
2)^2?
Roots with even multiplicity cause the graph to touch the x-axis and bounce back, indicating the graph is
tangent at those roots.

What is the value of F(x) at x = 0?
F(0) = (0 - 6)^2(0 + 2)^2 = (-6)^2 2^2 = 36 4 = 144.

Does the function F(x) = (x - 6)^2(x + 2)^2 have any roots with
multiplicity 1?
No, both roots have multiplicity 2; there are no roots with multiplicity 1.



How can you find the roots of F(x) = (x - 6)^2(x + 2)^2 without
expanding?
Set each factor equal to zero: x - 6 = 0 gives x = 6, and x + 2 = 0 gives x = -2.

What does the notation '-6 with multiplicity 1-6 with multiplicity 2'
imply in this context?
It appears to be a typo or misstatement; the correct roots are x = 6 and x = -2, each with multiplicity 2,
based on the given function.

Additional Resources
Find The Root(s) Of F(x) = (x - 6)^2 (x + 2)^2 - 6 With Multiplicity 1-6 With Multiplicity 26 With
Multiplicity

---

Introduction

The problem of finding the roots of polynomial functions is a fundamental aspect of algebra, calculus, and
many applied fields such as engineering, physics, and computer science. The specific function under
investigation,

\[ F(x) = (x - 6)^2 (x + 2)^2 - 6 \]

presents a rich case for exploration due to the interplay of quadratic factors and the constant shift, combined
with the inquiry into roots with various multiplicities. This article aims to comprehensively analyze this
function, elucidate the roots, their multiplicities, and the mathematical implications thereof, providing a
detailed and rigorous investigation suitable for a scholarly review or journal publication.

---

Understanding the Function: Structure and Context

The Polynomial Framework

The given function:

\[ F(x) = (x - 6)^2 (x + 2)^2 - 6 \]



is a polynomial of degree 4 when expanded, with quadratic factors multiplied together, then offset by a
constant.

- Quadratic factors:

- \((x - 6)^2\): zero at \(x=6\) with multiplicity 2.
- \((x + 2)^2\): zero at \(x=-2\) with multiplicity 2.

- Constant shift:

The entire product is shifted downward or upward by 6 units.

Significance of Roots and Multiplicities

- Roots' multiplicity indicates the nature of the zero:

- Odd multiplicity: root is simple or has a tangent crossing.
- Even multiplicity: root is a point of tangency, where the graph touches but does not cross the axis.

- The presence of the constant \(-6\) perturbs the roots of the quadratic factors, making the solutions more
complex than simply solving for roots of the quadratic factors.

Relevance in Mathematical Analysis

Understanding the roots' behavior, especially their multiplicities, is crucial in:

- Analyzing the function's behavior near roots.
- Determining the number of real roots.
- Investigating the function's shape and critical points.
- Applying polynomial root-finding algorithms and numerical methods.

---

Analytical Approach to Finding Roots

Step 1: Setting \(F(x) = 0\)

To find the roots of \(F(x)\):

\[
(x - 6)^2 (x + 2)^2 - 6 = 0
\]



which leads to:

\[
(x - 6)^2 (x + 2)^2 = 6
\]

Step 2: Rewriting as a Quadratic in Terms of \((x - 6)(x + 2)\)

Observe that:

\[
(x - 6)(x + 2) = x^2 - 4x - 12
\]

But in our equation, the product is squared:

\[
[(x - 6)(x + 2)]^2 = 6
\]

Therefore:

\[
[x^2 - 4x - 12]^2 = 6
\]

Step 3: Solving the Resultant Quadratic Equation

Taking the square root of both sides yields:

\[
x^2 - 4x - 12 = \pm \sqrt{6}
\]

which gives two separate equations:

1. \(x^2 - 4x - 12 = \sqrt{6}\)

2. \(x^2 - 4x - 12 = -\sqrt{6}\)

---

Roots and Multiplicities: Detailed Solutions



Solving for \(x\)

Equation 1:

\[
x^2 - 4x - (12 + \sqrt{6}) = 0
\]

Equation 2:

\[
x^2 - 4x - (12 - \sqrt{6}) = 0
\]

Each is quadratic, solvable via the quadratic formula:

\[
x = \frac{4 \pm \sqrt{(4)^2 - 4 \times 1 \times (-A)}}{2}
\]

where \(A\) is the constant term in each quadratic.

---

Roots from Equation 1

\[
x = \frac{4 \pm \sqrt{16 - 4 \times 1 \times (-(12 + \sqrt{6}))}}{2}
\]

Simplify the discriminant:

\[
\Delta_1 = 16 + 4(12 + \sqrt{6}) = 16 + 48 + 4\sqrt{6} = 64 + 4\sqrt{6}
\]

Thus,

\[
x = \frac{4 \pm \sqrt{64 + 4\sqrt{6}}}{2}
\]

Roots from Equation 2



Similarly,

\[
x = \frac{4 \pm \sqrt{16 - 4 \times 1 \times (-(12 - \sqrt{6}))}}{2}
\]

Discriminant:

\[
\Delta_2 = 16 + 4(12 - \sqrt{6}) = 16 + 48 - 4\sqrt{6} = 64 - 4\sqrt{6}
\]

and

\[
x = \frac{4 \pm \sqrt{64 - 4\sqrt{6}}}{2}
\]

---

Numerical Approximation and Root Behavior

While exact algebraic expressions are informative, numerical approximations provide clearer insight into
the roots' locations.

Approximate evaluations:

- \(\sqrt{6} \approx 2.45\)

- \(\sqrt{64 + 4 \times 2.45} = \sqrt{64 + 9.8} = \sqrt{73.8} \approx 8.59\)

- \(\sqrt{64 - 4 \times 2.45} = \sqrt{64 - 9.8} = \sqrt{54.2} \approx 7.37\)

Thus, approximate roots:

- From Equation 1:

\[
x \approx \frac{4 \pm 8.59}{2}
\]

Giving:



- \(x \approx \frac{4 + 8.59}{2} \approx 6.295\)

- \(x \approx \frac{4 - 8.59}{2} \approx -2.295\)

- From Equation 2:

\[
x \approx \frac{4 \pm 7.37}{2}
\]

Giving:

- \(x \approx \frac{4 + 7.37}{2} \approx 5.685\)

- \(x \approx \frac{4 - 7.37}{2} \approx -1.685\)

Summary of roots:

| Root Approximate Value | Nature (Real) | Comments |
|--------------------------|----------------|----------|
| \(\approx 6.295\) | Real | Near \(x=6\) |
| \(\approx -2.295\) | Real | Near \(x=-2\) |
| \(\approx 5.685\) | Real | Close to \(x=6\) |
| \(\approx -1.685\) | Real | Close to \(x=-2\) |

---

Roots with Multiplicity Considerations

Are the roots simple or multiple?

To determine the multiplicity, consider the derivatives:

\[
F(x) = (x - 6)^2 (x + 2)^2 - 6
\]

and analyze whether these roots are simple (multiplicity 1) or have higher multiplicity.

Derivative analysis:

\[
F'(x) = \frac{d}{dx} \left[ (x - 6)^2 (x + 2)^2 - 6 \right]



\]

Using the product rule:

\[
F'(x) = 2(x - 6)(x + 2)^2 + (x - 6)^2 \times 2(x + 2)
\]

Simplify:

\[
F'(x) = 2(x - 6)(x + 2)^2 + 2(x - 6)^2 (x + 2)
\]

Factor common terms:

\[
F'(x) = 2(x - 6)(x + 2) \left[ (x + 2) + (x - 6) \right]
\]

\[
F'(x) = 2(x - 6)(x + 2)(2x - 4)
\]

which simplifies to:

\[
F'(x) = 4(x - 6)(x + 2)(x - 2)
\]

The critical points occur at roots of \(F'(x)\):

\[
x = 6, \quad x = -2, \quad x = 2
\]

Implications for root multiplicities:

- At \(x=6\), the derivative is zero, indicating a potential multiplicity greater than 1.
- Similarly, at \(x=-2\), \(F'(x)=0\), indicating a potential multiplicity greater than 1.
- At \(x=2\), \(F'(
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