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Introduction

In the realm of control systems and electromechanical engineering, understanding how a motor
responds to input signals is fundamental. Specifically, the transfer function of a motor-load system
provides critical insights into its dynamic behavior, stability, and responsiveness. Whether designing
a robotic arm, an industrial conveyor, or an automotive system, engineers rely on transfer functions
to predict how the motor will react under various operational conditions.

This article aims to guide you through the process of deriving the transfer function \( G(s) =
\frac{\Theta(s)}{E(s)} \) for a motor and load setup, as depicted in the figure below. The focus will
be on the torque-speed relationship, which directly influences system stability and performance. By
understanding this transfer function, engineers can design effective controllers, optimize system
performance, and troubleshoot issues more efficiently.

---

Understanding the System Components

Before delving into the mathematical derivation, it’s essential to understand the typical components
involved in a motor-load system:

- DC Motor: Converts electrical energy into mechanical motion. Its behavior is governed by electrical
and mechanical dynamics.
- Load: The mechanical system attached to the motor, which may include gears, shafts, or other
mechanical elements.
- Input Voltage \( E(s) \): The electrical input supplied to the motor.
- Output Angular Displacement \( \Theta(s) \): The rotational position or speed of the motor shaft.
- Torque \( T(s) \): The torque produced by the motor, which drives the load.
- Electrical Parameters: Resistance \( R \), inductance \( L \), and back emf constant \( K_e \).
- Mechanical Parameters: Moment of inertia \( J \), damping coefficient \( B \), and torque constant \(
K_t \).

---

Step-by-Step Derivation of the Transfer Function

1. Electrical Equation of the Motor



The electrical dynamics of a DC motor can be described by:

\[
V(s) = R I(s) + L \frac{dI(s)}{dt} + K_e \omega(s)
\]

In the Laplace domain:

\[
E(s) = R I(s) + L s I(s) + K_e \Omega(s)
\]

Where:

- \( E(s) \): Applied voltage input.
- \( I(s) \): Armature current.
- \( R \): Resistance.
- \( L \): Inductance.
- \( K_e \): Back emf constant.
- \( \Omega(s) \): Angular velocity \( \frac{d\theta}{dt} \).

Rearranged:

\[
E(s) = (R + L s) I(s) + K_e \Omega(s)
\]

---

2. Mechanical Equation of the Motor and Load

The mechanical dynamics are governed by Newton’s second law:

\[
T(s) = J \frac{d^2 \theta}{dt^2} + B \frac{d \theta}{dt}
\]

In Laplace:

\[
T(s) = J s^2 \Theta(s) + B s \Theta(s)
\]

The torque produced by the motor is proportional to the armature current:

\[
T(s) = K_t I(s)
\]

Where:



- \( K_t \): Torque constant.

---

3. Linking Electrical and Mechanical Dynamics

From the electrical equation:

\[
I(s) = \frac{E(s) - K_e \Omega(s)}{R + L s}
\]

Since \( \Omega(s) = s \Theta(s) \):

\[
I(s) = \frac{E(s) - K_e s \Theta(s)}{R + L s}
\]

Substitute \( I(s) \) into the torque equation:

\[
T(s) = K_t \times \frac{E(s) - K_e s \Theta(s)}{R + L s}
\]

From the mechanical equation:

\[
T(s) = J s^2 \Theta(s) + B s \Theta(s)
\]

Set the two expressions for \( T(s) \) equal:

\[
J s^2 \Theta(s) + B s \Theta(s) = K_t \times \frac{E(s) - K_e s \Theta(s)}{R + L s}
\]

---

Deriving the Transfer Function \( G(s) = \frac{\Theta(s)}{E(s)} \)

Multiply both sides by \( R + L s \):

\[
(J s^2 \Theta(s) + B s \Theta(s))(R + L s) = K_t (E(s) - K_e s \Theta(s))
\]

Rearranged:

\[
(J s^2 \Theta(s) + B s \Theta(s))(R + L s) + K_t K_e s \Theta(s) = K_t E(s)
\]



Factor \( \Theta(s) \):

\[
\Theta(s) \left[ (J s^2 + B s)(R + L s) + K_t K_e s \right] = K_t E(s)
\]

Express the transfer function:

\[
G(s) = \frac{\Theta(s)}{E(s)} = \frac{K_t}{(J s^2 + B s)(R + L s) + K_t K_e s}
\]

This is the fundamental transfer function relating the input voltage to the angular displacement of
the motor shaft.

---

Simplified Transfer Function Expression

The transfer function can be expressed explicitly as:

\[
G(s) = \frac{K_t}{(J R + J L s) s + (B R + B L s) + K_t K_e s}
\]

Or, more systematically:

\[
G(s) = \frac{K_t}{J L s^3 + (J R + B L) s^2 + (B R + K_t K_e) s}
\]

This third-order transfer function captures the dynamic behavior of the motor and load system,
including inertia, damping, electrical resistance, inductance, and back emf effects.

---

Analyzing the Torque-Speed Relationship

The derived transfer function provides critical insights into the torque-speed characteristics:

- Steady-State Speed: When a steady voltage \( E \) is applied, the system reaches an equilibrium
where the net torque balances load torque and damping effects.
- Dynamic Response: The poles of \( G(s) \) indicate the system’s stability and transient response,
such as overshoot, settling time, and oscillations.
- Torque-Speed Curve: By plotting the torque \( T \) versus the speed \( \omega \), derived from the
transfer function, engineers can assess the motor’s performance limits.

---

Practical Applications of the Transfer Function



Understanding \( G(s) \) has numerous practical applications:

- Controller Design: Facilitates the design of PID controllers, state feedback, or other control
strategies to achieve desired speed or position tracking.
- System Tuning: Helps in tuning system parameters for optimal performance, minimizing overshoot,
or enhancing stability.
- Fault Diagnosis: Assists in identifying issues like excessive damping or inertia changes by
comparing theoretical and actual responses.
- Simulation and Modeling: Allows for accurate simulation of the motor-load system in software
environments like MATLAB or Simulink.

---

Conclusion

Deriving the transfer function \( G(s) = \frac{\Theta(s)}{E(s)} \) for a motor and load system is a
fundamental task in control engineering, enabling engineers to predict system behavior, design
effective controllers, and optimize performance. The process involves understanding the electrical
and mechanical dynamics, establishing their relationships, and simplifying the equations to obtain a
comprehensive transfer function.

By analyzing the torque-speed characteristics embedded within this transfer function, engineers can
ensure that motor systems operate efficiently, reliably, and safely across various applications.
Whether in robotics, manufacturing, or automotive systems, mastering the derivation and
application of such transfer functions remains a cornerstone of effective control system design.

---
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Frequently Asked Questions

What is the transfer function G(s) = 0 in the context of a
motor and load system?
In this context, G(s) represents the ratio of the motor's output variable (such as angular velocity or
position) to the input voltage or torque, describing how the system responds to inputs in the Laplace



domain. Finding G(s) = 0 indicates analyzing the system's behavior when the transfer function is set
to zero, often to determine system stability or zero-input response.

How do you derive the transfer function G(s) = E(s)/($) in a
motor and load system?
To derive G(s) = E(s)/($), you model the motor's electrical and mechanical equations, including
armature circuit, back emf, torque equations, and load dynamics. By applying Laplace transforms
and solving these equations simultaneously, you obtain G(s) as the ratio of the Laplace transform of
input voltage or torque to the output variable, such as angular velocity.

What role does torque-speed characteristic play in
determining the transfer function?
The torque-speed characteristic defines how torque varies with speed in the motor, influencing the
transfer function by establishing the system's dynamic relationship between input torque and output
speed. Incorporating this characteristic helps accurately model the system's response in G(s).

Why is setting G(s) = 0 important in analyzing motor and load
systems?
Setting G(s) = 0 helps analyze the system's behavior in the absence of input, such as understanding
zero-input response, stability margins, and potential oscillations. It also assists in designing
controllers by providing insight into the system's natural modes.

What assumptions are typically made when calculating the
transfer function G(s) for a motor load system?
Common assumptions include linearity of system components, neglecting friction or damping for
simplicity, constant parameters, negligible inductance or resistance variations, and steady-state
conditions. These assumptions simplify the derivation of G(s) for analytical purposes.

How does the load inertia affect the transfer function G(s)?
Load inertia impacts the system's dynamic response by increasing the time constant and reducing
the system's responsiveness. In the transfer function, higher inertia results in poles closer to the
origin, indicating slower response and affecting stability.

Can the transfer function G(s) be used to design controllers
for the motor and load system?
Yes, knowing G(s) allows engineers to design controllers such as PID or lead-lag compensators to
achieve desired performance specifications like stability, speed of response, and disturbance
rejection by shaping the closed-loop transfer function.



What is the significance of the poles and zeros of G(s) in the
context of the motor and load system?
Poles and zeros determine the system's stability and dynamic response. Poles indicate natural
frequencies and damping, while zeros influence transient behavior. Analyzing their locations helps
predict system stability and response characteristics.

How does the torque-speed relationship influence the stability
of the motor-load system?
The torque-speed relationship affects how the system responds to disturbances and inputs. A stable
torque-speed characteristic ensures that the system can reach equilibrium without oscillations or
divergence, directly impacting the transfer function's stability margins.

What methods can be used to experimentally determine the
transfer function G(s) of a motor and load system?
Experimental methods include applying known input signals (like step or sinusoidal inputs) and
measuring the output response. Techniques such as system identification, frequency response
analysis, or least squares fitting can then be used to derive G(s).

Additional Resources
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Understanding the transfer function \( G(s) = \frac{0,(\$)}{E,(\$)} \) for a motor and load system is a
fundamental aspect of control systems engineering. This function encapsulates how the system's
output—typically the torque or load response—relates to an input voltage or excitation source. In
practical applications, deriving this transfer function allows engineers and designers to predict
system behavior, design appropriate controllers, and ensure stability and performance. Whether
analyzing a simple DC motor with a load or a complex electromechanical system, the principles
remain consistent.

This comprehensive guide will walk through the process of deriving the transfer function \( G(s) \)
for a motor and its attached load, illustrating each step with detailed explanations, assumptions, and
typical circuit considerations. By the end of this article, you'll have a clear methodology to find the
transfer function for similar systems, enabling precise analysis and control design.

---

Understanding the System Components

Before delving into the mathematics, it's essential to understand the typical components involved in
a motor-load system:

- Armature Circuit: Contains the armature resistance \( R_a \) and inductance \( L_a \).
- Back EMF (Electromotive Force): Generated proportionally to the motor's angular velocity \(



\omega \) with a back EMF constant \( K_e \).
- Motor Torque: Generated proportionally to the armature current \( i_a \) with a torque constant \(
K_t \).
- Mechanical Load: Represents the external load torque \( T_L \) and inertia \( J \) connected to the
motor shaft.
- Input Voltage \( E \): The excitation voltage applied to the armature.

---

Step 1: Establish the Electrical Equations

The electrical side of the motor is governed by Kirchhoff's Voltage Law (KVL):

\[
E = R_a i_a + L_a \frac{di_a}{dt} + e_b
\]

where:

- \( E \): Input voltage (Laplace variable \( s \) domain: \( E(s) \))
- \( R_a \): Armature resistance
- \( L_a \): Armature inductance
- \( i_a \): Armature current
- \( e_b \): Back EMF voltage

The back EMF voltage relates to the motor speed:

\[
e_b = K_e \omega
\]

In Laplace domain:

\[
E(s) = R_a I_a(s) + L_a s I_a(s) + K_e \Omega(s)
\]

---

Step 2: Establish the Mechanical Equations

The motor torque \( T_m \) is proportional to the armature current:

\[
T_m = K_t i_a
\]

The load torque \( T_L \) opposes the motor torque and is related to the angular velocity \( \omega \).
The mechanical dynamics are described by Newton's second law:

\[



J \frac{d\omega}{dt} + B \omega = T_m - T_L
\]

where:

- \( J \): Moment of inertia
- \( B \): Viscous damping coefficient

In Laplace domain:

\[
J s \Omega(s) + B \Omega(s) = T_m(s) - T_L(s)
\]

Assuming the load torque \( T_L \) is zero or a disturbance input, the transfer function will primarily
relate the input voltage \( E(s) \) to the motor speed \( \Omega(s) \).

---

Step 3: Derive the Electrical Transfer Function

Rearranged from the electrical equation:

\[
E(s) = (R_a + L_a s) I_a(s) + K_e \Omega(s)
\]

Express \( I_a(s) \) in terms of \( \Omega(s) \):

\[
I_a(s) = \frac{E(s) - K_e \Omega(s)}{R_a + L_a s}
\]

---

Step 4: Relate Mechanical Output to Electrical Input

The mechanical torque:

\[
T_m(s) = K_t I_a(s) = K_t \frac{E(s) - K_e \Omega(s)}{R_a + L_a s}
\]

Substitute \( T_m(s) \) into the mechanical equation:

\[
J s \Omega(s) + B \Omega(s) = T_m(s)
\]

which yields:



\[
(J s + B) \Omega(s) = K_t \frac{E(s) - K_e \Omega(s)}{R_a + L_a s}
\]

Now, solve for \( \Omega(s) \):

\[
(J s + B) \Omega(s) (R_a + L_a s) = K_t (E(s) - K_e \Omega(s))
\]

Expanding:

\[
(J s + B)(R_a + L_a s) \Omega(s) = K_t E(s) - K_t K_e \Omega(s)
\]

Bring all \( \Omega(s) \) terms to one side:

\[
[(J s + B)(R_a + L_a s) + K_t K_e] \Omega(s) = K_t E(s)
\]

Finally, the transfer function from input voltage \( E(s) \) to angular velocity \( \Omega(s) \) is:

\[
G(s) = \frac{\Omega(s)}{E(s)} = \frac{K_t}{(J s + B)(R_a + L_a s) + K_t K_e}
\]

This is the fundamental transfer function of the motor system.

---

Interpreting the Transfer Function

Key Components:

- Numerator \( K_t \): Represents the torque constant, linking electrical input to mechanical output.
- Denominator: Encapsulates the combined electrical and mechanical dynamics, incorporating
inertia, damping, resistance, inductance, and back EMF effects.

Simplifications:

- In many practical scenarios, the armature inductance \( L_a \) is small and can be neglected,
simplifying the transfer function to a second-order form.
- When neglecting \( L_a \), the transfer function simplifies to:

\[
G(s) = \frac{K_t}{(J s + B) R_a + K_t K_e}
\]

which is easier to analyze for steady-state and transient responses.



---

Analyzing the Transfer Function

Step Response:

- The system's transient response indicates how quickly and smoothly the motor reaches a desired
speed.
- Parameters like inertia \( J \) and damping \( B \) influence the response's speed and overshoot.

Stability:

- The roots of the denominator determine system stability.
- Proper control strategies can be designed based on the pole locations derived from this transfer
function.

Frequency Response:

- Bode plots can be generated to analyze how the system reacts to sinusoidal inputs over a range of
frequencies.
- This helps in designing compensators and controllers.

---

Including Load Dynamics

If the load torque \( T_L \) is significant, its effect can be incorporated into the transfer function as
an input disturbance or as part of the system dynamics. Typically, for a complete system:

\[
(J s + B) \Omega(s) = T_m(s) - T_L(s)
\]

The transfer function from \( E(s) \) to \( \Omega(s) \) remains as derived, but with an added
consideration of how \( T_L \) affects the steady-state and transient behavior.

---

Practical Considerations and Applications

- Design of Controllers: Using the transfer function, PID or lead-lag controllers can be designed to
achieve desired speed regulation or torque control.
- System Identification: Experimental data can be used to estimate parameters like \( K_t \), \( K_e \),
\( J \), \( B \), and \( R_a \) for accurate modeling.
- Simulation Tools: MATLAB/Simulink and other software facilitate the creation of models based on
the transfer function, enabling simulation and controller testing.

---

Summary and Final Remarks



Finding the transfer function \( G(s) = \frac{\Omega(s)}{E(s)} \) for a motor and load system
involves:

1. Modeling the electrical circuit equations, including armature resistance, inductance, and back
EMF.
2. Modeling the mechanical dynamics, including inertia and damping.
3. Combining electrical and mechanical equations to eliminate internal variables and derive a single
transfer function.
4. Simplifying the transfer function based on assumptions or specific system parameters.

This process provides a powerful analytical tool for understanding motor behavior, designing
controllers, and ensuring system stability. By mastering the derivation and interpretation of these
transfer functions, engineers can optimize electromechanical systems for a wide range of industrial,
robotics, and automation applications.

---

In conclusion, the ability to derive and analyze the transfer function \( G(s) = \frac{0,(\$)}{E,(\$)} \)
of a motor and load system is essential for advanced control system design. It offers insights into
system dynamics, stability, and performance, enabling engineers to develop robust, efficient, and
responsive electromechanical systems.
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