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Find The Volume Of The Solid Obtained By Rotating The Region Bounded By The Given Curves About

The Specified is a fundamental problem in calculus that combines the concepts of area, curves, and

solids of revolution. Understanding how to calculate the volume of such solids is essential for students

and professionals working in fields like engineering, physics, and mathematics. This article provides a

comprehensive guide to solving these problems, including methods, step-by-step procedures, and

examples to enhance your understanding.

Understanding the Concept of Solids of Revolution

What Is a Solid of Revolution?

A solid of revolution is a three-dimensional object created when a two-dimensional region is rotated

about a specified axis. This process generates a symmetrical shape whose volume can be calculated

using integral calculus. Examples include spheres, cylinders, and more complex shapes formed by

rotating irregular regions.

Common Axes of Rotation

The most typical axes about which regions are rotated include:

the x-axis



the y-axis

vertical or horizontal lines (like x = a or y = b)

The choice of axis influences the method used to calculate the volume.

Setting Up the Problem: Bounded Regions and Curves

Defining the Region Bounded by Curves

Before calculating the volume, clearly identify the region bounded by given curves. This involves:

Finding the points of intersection

Sketching the region for visualization

Determining the bounds of integration based on these intersections

Commonly used curves include lines, circles, parabolas, and other polynomial functions.

Choosing the Axis of Rotation

The axis about which the region is rotated significantly affects the method:

Rotation about the x-axis

Rotation about the y-axis



Rotation about other lines (e.g., x = c, y = c)

The axis choice impacts whether you integrate with respect to x or y.

Methods for Calculating Volume of Revolution

Disk Method

The disk method is used when the cross-sections perpendicular to the axis of rotation are circular

disks. It is suitable when the region is bounded by a curve y = f(x) and rotated about the x-axis or y-

axis.

Rotation about the x-axis: The volume V is given by

V = π ∫a
b [f(x)]² dx

Rotation about the y-axis: The volume V is

V = π ∫a
b [g(y)]² dy

Washer Method

The washer method extends the disk method for regions with gaps or holes, creating washers (disks

with holes). It is used when the region is between two curves, and the solid has a hollow interior.



Rotation about the x-axis: The volume is

V = π ∫a
b [R(x)² - r(x)²] dx

where R(x) is the outer radius and r(x) is the inner radius.

Rotation about the y-axis: Similar formula with respect to y.

Shell Method

The shell method considers cylindrical shells obtained by revolving vertical or horizontal strips. It is

particularly useful when integrating with respect to y for rotations about vertical lines or with respect to

x for horizontal lines.

Rotation about the y-axis: The volume V is

V = 2π ∫a
b x f(x) dx

Rotation about the x-axis: Similar in form, integrating with respect to y.



Step-by-Step Procedure to Find the Volume

1. Identify the Curves and Region

- Write down the equations of the bounding curves.

- Find their points of intersection by solving equations simultaneously.

- Sketch the region to visualize the shape and the bounds.

2. Determine the Axis of Rotation

- Decide whether the solid is rotated about the x-axis, y-axis, or another line.

- This choice guides the selection of the integration method.

3. Decide the Method

- Use the disk method if the cross-sections are disks.

- Use the washer method if there are hollow regions.

- Use the shell method if the region is better described via cylindrical shells.

4. Set Up the Integral

- Express the radii and bounds in terms of x or y.

- Write the integral formula based on the chosen method.

5. Compute the Integral

- Integrate with respect to the appropriate variable.

- Simplify the integral and evaluate to find the volume.



Example Problem: Rotating a Region About the x-Axis

Suppose the region bounded by y = x² and y = 4 is rotated about the x-axis.

Step 1: Find the points of intersection

- Set x² = 4 → x = ±2

- Region bounds: x from -2 to 2

Step 2: Sketch and visualize the region

- Parabola y = x² and line y=4 form a bounded region between x = -2 and x = 2.

3. Choose the method

- Since the region is rotated about the x-axis, and the curves are functions of x, the disk method is

appropriate.

4. Set up the integral using the disk method

- The outer radius at each x is y = 4.

- The inner radius is y = x².

- The volume V is:

V = π ∫-2
2 [outer radius² - inner radius²] dx

- For rotation about the x-axis, the outer radius is constant at y=4, and the inner radius is y=x².

- The disks are formed from y=0 up to y, so the radius is y, but since y varies with x, the volume

simplifies to:

V = π ∫-2
2 [ (4)² - (x²)² ] dx

= π ∫-2
2 [16 - x⁴] dx



5. Compute the integral

- Evaluate:

V = π [ ∫-2
2 16 dx - ∫-2

2 x⁴ dx ]

- Calculate separately:

∫-2
2 16 dx = 16[x]-2

2 = 16(2 - (-2)) = 16  4 = 64

∫-2
2 x⁴ dx = [x⁵/5]-2

2 = (2⁵/5) - (-2)⁵/5 = (32/5) - (-32/5) = 32/5 + 32/5 =
64/5

- Final volume:

V = π [64 - 64/5] = π [(320/5) - (64/5)] = π (256/5) = (256π)/5

Therefore, the volume of the solid is (256π)/5 cubic units.

Additional Tips for Solving Volume Problems of Revolution

Always sketch the region: Visualization helps in choosing the correct method and bounds.

Verify the bounds: Ensure the points of intersection are correctly identified.

Choose the most straightforward method: Sometimes the shell method simplifies the integration.

Check the symmetry: Symmetries can simplify calculations by halving the integral.

Practice with diverse problems: Different curves and axes develop your understanding and

flexibility.



Conclusion

Finding the volume of a solid obtained by rotating a

Frequently Asked Questions

How do I determine the volume of a solid obtained by rotating a region

bounded by curves about a given axis?

First, identify the region bounded by the curves and the axis of rotation. Then, choose an appropriate

method (washer or shell method) based on the axis and region. Set up the integral to compute the

volume accordingly, integrating the cross-sectional areas along the relevant variable.

What is the difference between using the disk/washer method and the

shell method for finding volume?

The disk/washer method involves integrating cross-sectional disks or washers perpendicular to the axis

of rotation, suitable when the slices are perpendicular to the axis. The shell method involves

integrating cylindrical shells parallel to the axis, often easier when the region is described vertically or

horizontally. Choose based on the region's orientation and the axis of rotation.

How do I set up the integral if the region is bounded by two curves

y=f(x) and y=g(x), rotated about the x-axis?

Use the washer method: the volume V = π∫[a to b] [R(x)^2 - r(x)^2] dx, where R(x) and r(x) are the

outer and inner radii from the x-axis to the curves. Determine the bounds a and b from the intersection

points of the curves.



What are common mistakes to avoid when calculating volumes of

solids of revolution?

Common mistakes include confusing the method (washer vs. shell), mixing up bounds of integration,

misidentifying the outer and inner radii or shells, and neglecting to simplify the integrand. Carefully

analyze the region and choose the correct method before setting up the integral.

Can I rotate the region about any arbitrary line, and how does that

affect the volume calculation?

Yes, you can rotate about any line, but the setup of the integral changes depending on the axis. You

may need to shift or reorient the coordinate system to simplify the problem, and choose the

appropriate method to account for the new axis of rotation.

How do I handle regions bounded by curves with intersection points

when calculating volume?

Find the points of intersection to determine the bounds of integration. If the curves intersect at multiple

points, split the integral into sections over each interval. Set up the integral for each section and sum

the results for the total volume.

What are some tips for choosing between the shell and washer

methods?

Choose the washer method when the slices are perpendicular to the axis of rotation and easier to

express as functions of the variable of integration. Use the shell method when the shells are easier to

describe, especially when the region's description aligns better with cylindrical shells, or when the axis

of rotation is parallel to the axis of the variable.



Are there any tools or software that can help me compute volumes of

solids of revolution?

Yes, graphing calculators, computer algebra systems (like WolframAlpha, GeoGebra, or Desmos), and

mathematical software such as Mathematica or MATLAB can help visualize the region and compute

the integrals for volume calculation. These tools can verify your manual calculations and provide

approximate results.

Additional Resources

Find The Volume Of The Solid Obtained By Rotating The Region Bounded By The Given Curves

About The Specified

In the realm of calculus, one of the most intriguing and visually captivating problems involves

determining the volume of a three-dimensional object generated by rotating a two-dimensional region

around a specified axis. This process, known as solid of revolution, transforms a simple bounded

region into a complex three-dimensional shape, revealing insights into physical phenomena,

engineering designs, and mathematical beauty. Whether you're a student grappling with the

fundamentals or a professional seeking precise calculations, understanding how to find the volume of

such solids is essential. This article aims to demystify the process, providing a comprehensive, reader-

friendly guide that combines technical accuracy with clarity.

---

Understanding the Concept of Solids of Revolution

Before diving into the calculation methods, it’s vital to grasp what a solid of revolution entails. Imagine

taking a planar region—say, the area between two curves—and spinning it around a line (called the axis

of rotation). The resulting three-dimensional object is a solid of revolution. Examples include:



- A wine glass shape, generated by revolving a parabola.

- A torus, created by revolving a circle around an external axis.

- A vase shape, formed by rotating a curve about a vertical line.

Why is this important? Because many real-world objects and physical concepts can be modeled as

such solids. Calculating their volumes accurately enables better design, analysis, and understanding of

their physical properties.

---

Setting Up the Problem: Defining the Region and Axis

The initial step involves clearly defining:

1. The bounded region: Usually described by two functions, \( y = f(x) \) and \( y = g(x) \), over an

interval \([a, b]\). Alternatively, in some cases, the region may be bounded by curves in the x-y plane.

2. The axis of rotation: This could be the x-axis, y-axis, or any vertical/horizontal line.

Example scenario:

Suppose you have the curves \( y = x^2 \) and \( y = 4 \), over the interval \( x \in [0, 2] \), and you

want to rotate the enclosed region about the x-axis.

---

Visualizing the Region and the Resulting Solid

Visualization plays a critical role in understanding the problem:

- Sketch the region: Plot the curves to see the bounded area.

- Identify the axis of rotation: Is it horizontal or vertical? Does it intersect the region?



- Imagine the rotation: Envision spinning the region around the axis to understand the resulting 3D

shape.

This mental model guides the selection of the appropriate method to calculate the volume.

---

Methods for Calculating the Volume of Solids of Revolution

There are primarily two techniques used:

1. The Disk/Washer Method

2. The Shell Method

Each method applies best under specific circumstances, depending on the axis of rotation and the

shape of the region.

---

The Disk/Washer Method

When to Use

- The axis of rotation is perpendicular to the axis along which the functions are expressed.

- The cross-sections of the solid perpendicular to the axis are disks or washers.

Conceptual Overview

Imagine slicing the solid perpendicular to the axis of rotation, resulting in a series of disks or washers.

The volume of each thin disk/washer is approximately the area of the cross-section times its thickness

\( dx \) or \( dy \).

- Disk: When the region is bounded by a single function and rotated about the x-axis, the cross-section



is a solid disk.

- Washer: When the region is between two curves and rotated about an axis, creating a hollowed-out

shape.

Mathematical Formulation

- For rotation about the x-axis:

\[

V = \pi \int_{a}^{b} [f(x)]^2 \, dx

\]

- For rotation about the y-axis:

\[

V = \pi \int_{c}^{d} [g(y)]^2 \, dy

\]

In cases involving washers:

\[

V = \pi \int_{a}^{b} \left( R_{\text{outer}}^2 - R_{\text{inner}}^2 \right) dx

\]

or

\[

V = \pi \int_{c}^{d} \left( R_{\text{outer}}^2 - R_{\text{inner}}^2 \right) dy

\]

where \( R_{\text{outer}} \) and \( R_{\text{inner}} \) are the radii of the washers.



---

The Shell Method

When to Use

- When the axis of rotation is parallel to the axis along which the functions are expressed.

- The method often simplifies integrals in cases where the disk method becomes complicated.

Conceptual Overview

Envision slicing the region into cylindrical shells, each obtained by revolving a vertical or horizontal

strip around the axis. The volume of each shell is approximately its lateral surface area times its

thickness.

Mathematical Formulation

- For rotation about the y-axis:

\[

V = 2\pi \int_{a}^{b} x \, f(x) \, dx

\]

- For rotation about the x-axis:

\[

V = 2\pi \int_{c}^{d} y \, g(y) \, dy

\]

where \( x \) or \( y \) represents the radius of the shell, and \( f(x) \) or \( g(y) \) is the height or

thickness.

Advantages



- Often reduces the complexity of the integral.

- Particularly useful when the region is bounded by functions expressed as \( y = f(x) \) with respect to

\( x \).

---

Step-by-Step Calculation: An Illustrative Example

Let’s consider a specific example to demonstrate the process:

Problem: Find the volume of the solid obtained by revolving the region bounded by \( y = x^2 \) and \(

y = 4 \) about the x-axis.

Step 1: Sketch and Identify the Region

- The curves intersect where \( x^2 = 4 \Rightarrow x = \pm 2 \).

- The region is between \( x = -2 \) and \( x = 2 \).

- The area enclosed is between the parabola \( y = x^2 \) and the line \( y = 4 \).

Step 2: Choose the Method

Since we are rotating about the x-axis, and the region is bounded vertically between \( y = x^2 \) and \(

y = 4 \), the washer method is suitable.

Step 3: Set Up the Integral

- Outer radius \( R_{\text{outer}} \): from x-axis to \( y=4 \), so \( R_{\text{outer}} = 2 \).

- Inner radius \( R_{\text{inner}} \): from x-axis to \( y = x^2 \), so \( R_{\text{inner}} = x^2 \).

But since the rotation is about the x-axis, the volume element at each x is:



\[

V_x = \pi \left( R_{\text{outer}}^2 - R_{\text{inner}}^2 \right)

\]

which simplifies to:

\[

V_x = \pi \left( 4 - x^4 \right)

\]

over \( x \in [-2, 2] \).

Step 4: Write the Integral

\[

V = \int_{x=-2}^{2} \pi \left( 4 - x^4 \right) dx

\]

\[

V = \pi \int_{-2}^{2} \left( 4 - x^4 \right) dx

\]

Step 5: Compute the Integral

\[

V = \pi \left[ 4x - \frac{x^5}{5} \right]_{-2}^{2}

\]

Calculate at \( x=2 \):

\[



4(2) - \frac{(2)^5}{5} = 8 - \frac{32}{5} = 8 - 6.4 = 1.6

\]

Calculate at \( x=-2 \):

\[

4(-2) - \frac{(-2)^5}{5} = -8 - \frac{-32}{5} = -8 + 6.4 = -1.6

\]

Subtract:

\[

V = \pi (1.6 - (-1.6)) = \pi (3.2) = 3.2\pi

\]

Result: The volume of the solid is \( 3.2\pi \) cubic units.

---

Practical Considerations and Tips

- Choosing the correct method: Recognize the symmetry and the position of the axis to select the most

straightforward approach.

- Setting bounds carefully: Always verify the limits of integration based on the intersection points of the

curves.

- Simplify the integrand: Use algebraic identities to make the integral manageable.

- Use symmetry: If the region or the functions are symmetric, leverage this to simplify calculations.

---

Advanced Topics and Real-World Applications



Beyond the basic methods, several advanced concepts and applications enhance the understanding of

solids of revolution:

- Cylindrical shells in engineering: Designing tanks and pipes.

- Medical imaging: Reconstructing 3D models from 2D slices.

-
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