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Distribution G, Find The Probability is a fundamental question in the study
of queueing theory, especially in systems where customers arrive randomly and
service times follow a general distribution. This model, often referred to as
the M/G/∞ queue, has widespread applications in telecommunications, cloud
computing, healthcare, and manufacturing processes, where understanding the
probability distribution of the number of customers in the system at any
given time is crucial for system design and performance evaluation.

In this article, we will explore the core concepts behind the M/G/∞ queue,
derive the probability distribution of the number of customers in the system,
and explain how to find specific probabilities related to the number of
customers present. We will also discuss the significance of these
probabilities in real-world applications, methods for calculating them, and
advanced topics related to this queueing model.

Overview of the M/G/∞ Queue Model

What Does M/G/∞ Stand For?
- M: Memoryless arrivals, modeled as a Poisson process.
- G: General service time distribution.
- ∞: Infinite number of servers, meaning no waiting line or queue exists;
customers are served immediately upon arrival.

This model assumes:
- Customers arrive according to a Poisson process with rate λ.
- Service times are independent and identically distributed (i.i.d.) random
variables with an arbitrary distribution G, characterized by its probability
density function (pdf) or cumulative distribution function (CDF).
- Since there are infinite servers, no customer waits; each gets served
immediately.



Why Is the M/G/∞ Queue Important?
- It models systems where resources are abundant or scalable.
- It simplifies analysis because customers do not queue, making the system's
state easier to analyze.
- It helps in understanding the distribution of the number of active
customers at any point, which is critical for capacity planning and resource
allocation.

Mathematical Foundations of the M/G/∞ Queue

Poisson Arrivals and the Superposition Principle
- The arrival process being Poisson implies that the inter-arrival times are
exponentially distributed.
- The superposition of independent Poisson processes is also Poisson, which
simplifies the analysis of arrivals over time.

Distribution of the Number of Customers in the
System
- The key to understanding the probability distribution is recognizing that
the number of customers in the system at any time is related to the number of
arrivals that are still in service.
- Because service times are generally distributed, the analysis involves
convolution of the arrival process with the service time distribution.

Deriving the Probability Distribution

Poisson Process and Service Time Distribution
- Let’s denote:
- λ as the rate of Poisson arrivals.
- G(t) as the cumulative distribution function of the service time.
- \(\bar{G}(t) = 1 - G(t)\) as the survival function, representing the
probability that service time exceeds t.

Number of Customers in the System at a Given Time
- The number of customers present at time t, denoted as \(N(t)\), depends on
the arrivals up to time t and their respective service durations.
- The key insight is that \(N(t)\) follows a Poisson distribution with mean:



\[
\mathbb{E}[N(t)] = \lambda \int_0^t \bar{G}(s) ds
\]

- For a stationary system (steady state), the distribution becomes time-
independent, simplifying to:

\[
\boxed{
P(N = n) = \frac{(\lambda \mathbb{E}[S])^n}{n!} e^{-\lambda \mathbb{E}[S]}
}
\]

where:
- \(\mathbb{E}[S]\) is the expected value of the service time distribution G.

Probability of Having Exactly n Customers in the
System
- The probability that there are exactly \(n\) customers in the system at
steady state is given by the Poisson probability:

\[
P(N = n) = \frac{(\lambda \mathbb{E}[S])^n}{n!} e^{-\lambda \mathbb{E}[S]}
\]

This result is remarkably simple and elegant, highlighting that in the M/G/∞
queue, the number of customers in the system follows a Poisson distribution
with mean \(\lambda \mathbb{E}[S]\).

Interpreting the Results and Practical
Implications

Key Takeaways
- The number of customers in the system at equilibrium is Poisson-distributed
with parameter \(\lambda \mathbb{E}[S]\).
- The distribution does not depend on the specific form of the service
distribution G, only on its mean, making the model flexible and widely
applicable.
- For different service distributions, you can compute \(\mathbb{E}[S]\) and
plug it into the formula for the probability.



Applications in Real-World Systems
- Telecommunications: Modeling the number of active calls or data sessions.
- Cloud Computing: Estimating the number of active virtual machines or
processes.
- Healthcare: Predicting the number of patients being served in a hospital.
- Manufacturing: Assessing the number of products being processed at any
given time.

Calculating Specific Probabilities and System
Metrics

Probability that Zero Customers Are in the System
- The probability the system is empty:

\[
P(N=0) = e^{-\lambda \mathbb{E}[S]}
\]

Probability that the Number of Customers Is Less
Than or Equal to a Certain Number
- For any integer \(k\):

\[
P(N \leq k) = \sum_{n=0}^k \frac{(\lambda \mathbb{E}[S])^n}{n!} e^{-\lambda
\mathbb{E}[S]}
\]

Expected Number of Customers in the System
- The mean number of customers:

\[
\mathbb{E}[N] = \lambda \mathbb{E}[S]
\]

Variance of the Number of Customers
- Since \(N\) is Poisson distributed:

\[
\text{Var}(N) = \lambda \mathbb{E}[S]



\]

Extensions and Advanced Topics

Non-Poisson Arrival Processes
- In systems where arrivals are not Poisson, the analysis becomes more
complex.
- Renewal processes or Markovian arrivals require different approaches.

Service Time Distributions Beyond the Mean
- While the probability depends only on the mean service time, other
performance metrics may involve the entire distribution G.
- For example, the residual life distribution impacts the system's dynamics.

Transient Analysis vs. Steady-State
- The formulas derived here assume the system has reached equilibrium.
- Transient analysis involves time-dependent calculations and often more
complex differential equations.

Conclusion

The problem of finding the probability in the infinite server queue with
Poisson arrivals and general service distribution G is both fundamental and
practical. The key takeaway is that the number of customers in such a system
follows a Poisson distribution with mean \(\lambda \mathbb{E}[S]\), where
\(\lambda\) is the arrival rate, and \(\mathbb{E}[S]\) is the expected
service time.

This elegant result simplifies the analysis of complex systems, allowing
practitioners and researchers to accurately estimate system load, plan
capacity, and optimize resource allocation efficiently. Whether modeling
telecommunications traffic, cloud computing environments, or healthcare
services, understanding the probability distribution in the M/G/∞ queue is
essential for effective system management and performance enhancement.

By mastering these concepts, you can confidently analyze and predict the
behavior of infinite server systems under Poisson arrivals and general
service times, ensuring optimal operation and strategic planning in various
industries.



Frequently Asked Questions

What is the probability that an arbitrary customer
finds the system empty in an M/G/∞ queue with
Poisson arrivals?
In an M/G/∞ queue, the probability that the system is empty at an arbitrary
time is given by e^{-λE[S]}, where λ is the arrival rate and E[S] is the
expected service time.

How can we determine the probability that exactly n
customers are in the system in an M/G/∞ queue?
The number of customers in the system follows a Poisson distribution with
parameter λE[S]. Therefore, P(N = n) = [ (λE[S])^n / n! ] e^{-λE[S]}.

What is the significance of the number of customers
in an M/G/∞ queue being Poisson distributed?
It reflects the independence and memoryless nature of arrivals combined with
the infinite server capacity, making the number of customers at any time
follow a Poisson distribution with mean λE[S].

How does the general service distribution G
influence the probability calculations in an
infinite server queue?
The general service distribution G determines the mean service time E[S],
which directly affects the Poisson distribution's parameter λE[S], thereby
influencing the probability of system occupancy.

Is the probability that the system is empty affected
by the service distribution in an infinite server
queue?
Yes, because the probability of being empty is e^{-λE[S]}, which depends on
the expected value of the service time distribution G.

Can the probability distribution of the number of
customers be derived for any general service
distribution G in the infinite server queue?
Yes, since the number of customers is Poisson with mean λE[S], the
distribution is always Poisson regardless of the specific form of G, provided



E[S] exists.

What is the probability that the system has at least
one customer in an M/G/∞ queue?
The probability that the system has at least one customer is 1 minus the
probability that the system is empty, which is 1 - e^{-λE[S]}.

How do the properties of Poisson arrivals simplify
the calculation of probabilities in the infinite
server queue with general service times?
Poisson arrivals ensure the number of arrivals in any interval is independent
and Poisson distributed, simplifying the analysis such that the number in the
system depends only on the mean service time, leading to straightforward
probability calculations.

What is the general formula for the probability of
having n customers in the system in an M/G/∞ queue?
The probability is P(N = n) = [ (λE[S])^n / n! ] e^{-λE[S]}, where λ is the
arrival rate and E[S] is the mean of the service distribution G.

Additional Resources
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---

Introduction to Infinite Server Queues and
Their Significance

The study of queueing systems is fundamental in operations research,
telecommunications, computer science, and various engineering disciplines.
Among the many types of queues, the infinite server queue (also known as the
M/G/∞ queue) holds a special place due to its analytical tractability and
practical applications.

An infinite server queue is characterized by having an unlimited number of
servers; thus, arriving customers (or jobs, tasks, data packets, etc.) are
immediately served without waiting. This feature simplifies the analysis
significantly because there's no queueing delay, and the focus shifts
primarily to the process governing arrivals and service times.



The classical model is denoted as M/G/∞, where:
- M indicates Markovian (Poisson) arrivals,
- G signifies a general (arbitrary) service time distribution,
- and ∞ denotes an infinite number of servers.

This model accurately describes high-capacity systems such as cloud computing
environments, large-scale telecommunications networks, and biological systems
where delays are negligible because of abundant resources.

---

Understanding the Poisson Arrival Process

The Poisson process is fundamental in queueing theory due to its mathematical
simplicity and the realistic modeling of random, independent arrivals over
time.

Key properties of Poisson arrivals:
- Memoryless inter-arrival times: The time between arrivals follows an
exponential distribution.
- Independent increments: The number of arrivals in disjoint time intervals
are independent.
- Poisson distribution of arrivals: The probability of observing a specific
number of arrivals in a fixed interval follows the Poisson distribution.

Mathematically, if \(\lambda > 0\) is the arrival rate, then the number of
arrivals \(N(t)\) in time \(t\) follows:

\[
P(N(t) = n) = \frac{(\lambda t)^n e^{-\lambda t}}{n!}
\]

This property simplifies the analysis of the overall system, especially when
combined with the general service distribution.

---

General Service Distribution G: Characteristics
and Implications

The service time distribution \(G\) in the G component of the model can be
any probability distribution — exponential, deterministic, Erlang,
hyperexponential, or even more complex forms.

Important characteristics of \(G\):
- Cumulative Distribution Function (CDF): \(G(t) = P(\text{service time} \leq



t)\)
- Probability Density Function (PDF): \(g(t) = G'(t)\), when differentiable
- Mean service time: \(\mathbb{E}[S] = \int_0^\infty t\, g(t) dt\)
- Variance: \(\text{Var}(S) = \int_0^\infty (t - \mathbb{E}[S])^2 g(t) dt\)

Using a general distribution introduces complexity because many classical
results (like exponential service times) rely on the memoryless property.
However, in the context of an infinite server queue, the analysis remains
tractable because each customer’s process is independent, and the lack of
queueing delays simplifies the joint distributions.

Implication: The process of the number of customers in service at any time,
\(Q(t)\), can be characterized explicitly using the properties of \(G\) and
the Poisson arrival process.

---

Number in System: Distribution and Key Results

In an M/G/∞ queue, the number of customers in the system at time \(t\),
\(Q(t)\), is a well-studied stochastic process. Since customers arrive
according to a Poisson process and have independent, identically distributed
(iid) service times, the system exhibits particular probabilistic properties.

Key results:
- Poisson distribution of the number in system: For any fixed time \(t\),
\(Q(t)\) is Poisson-distributed with parameter \(\lambda \times
\mathbb{E}[\text{remaining service time at } t]\).

- Stationarity (steady-state): When the system is stable, and \(t\) is large,
the distribution of \(Q(t)\) approaches a Poisson distribution with
parameter:

\[
\boxed{\Lambda = \lambda \mathbb{E}[S]}
\]

where \(\mathbb{E}[S]\) is the mean service time.

This remarkable result indicates that, in the stationary regime, the number
of customers in the system is Poisson with mean \(\lambda \mathbb{E}[S]\),
regardless of the specific form of \(G\).

---



Deriving the Probability Distribution: Detailed
Interpretation

The core question is: "Find the probability that the number of customers in
the system at a given time \(t\) is \(n\)" — i.e., compute \(P(Q(t) = n)\).

Approach:

1. Conditional on the arrival process:
- Since arrivals are Poisson, the number of arrivals in any interval is
independent and Poisson distributed.

2. Service times and remaining lifetime:
- For each customer who arrived at time \(\tau \leq t\), their remaining
service time at \(t\) is \(S - (t - \tau)\), provided \(S > t - \tau\).

3. Number of in-service customers at time \(t\):
- Count all arrivals prior to \(t\) whose remaining service time exceeds \(t
- \tau\).

Putting these together, the probability that exactly \(n\) customers are in
the system at time \(t\) can be derived via the Poisson thinning argument:

\[
P(Q(t) = n) = \frac{(\Lambda_t)^n e^{-\Lambda_t}}{n!}
\]

where

\[
\Lambda_t = \lambda \int_0^t \bar{G}(t - \tau) d\tau = \lambda \int_0^t P(S >
t - \tau) d\tau = \lambda \int_0^t \bar{G}(u) du
\]

and \(\bar{G}(u) = 1 - G(u)\) is the tail distribution of the service time.

---

Steady-State Distribution: The Limit as \(t \to
\infty\)

In many practical scenarios, especially for systems that run over long
periods, the distribution of \(Q(t)\) stabilizes. The limiting distribution
(steady-state) is particularly important.

Key result:



\[
\boxed{
Q \sim \text{Poisson}(\lambda \mathbb{E}[S])
}
\]

This result hinges on the fact that, in the limit, the process becomes
stationary, and the number of customers in the system at any time is Poisson
with mean \(\lambda \mathbb{E}[S]\).

Derivation intuition:

- The number of arrivals in a long interval is Poisson with large mean.
- For each arrival, the probability that the customer is still in service at
a large time \(t\) is approximately the mean of the tail distribution
\(\bar{G}(u)\) integrated over \(u\).
- As time progresses, the process "forgets" initial conditions, and the
distribution stabilizes.

---

Explicit Expression for the Probability \(P(Q =
n)\)

In the steady-state:

\[
\boxed{
P(Q = n) = \frac{(\lambda \mathbb{E}[S])^{n} e^{-\lambda \mathbb{E}[S]}}{n!}
}
\]

This formula mirrors the classic Poisson distribution, emphasizing the
system’s elegant simplicity despite the general service distribution.

---

Special Cases and Examples

Understanding particular instances helps illuminate the general formula:

- Exponential Service Distribution \(G(t) = 1 - e^{-\mu t}\):

- \(\mathbb{E}[S] = 1/\mu\),
- \(Q \sim \text{Poisson}(\lambda / \mu)\).



- Deterministic Service \(S = s\):

- \(\mathbb{E}[S] = s\),
- \(Q \sim \text{Poisson}(\lambda s)\).

- Erlang or Hyperexponential Distributions:

- The mean \(\mathbb{E}[S]\) can be computed explicitly.
- The distribution of \(Q\) remains Poisson with parameter \(\lambda \times
\mathbb{E}[S]\).

Note: While the distribution of the number in system is Poisson, the joint
distribution of the customer ages or residual times can be more complex and
depends on the specific \(G\).

---

Implications and Applications of the Result

The key takeaway is that, for an M/G/∞ queue, the probability distribution of
the number of customers in the system at equilibrium is Poisson with mean
\(\lambda \mathbb{E}[S]\).

Practical implications include:

- Capacity Planning: Knowing the probability of having exactly \(n\)
customers can assist in resource allocation.
- Performance Evaluation: The mean and variance are both \(\lambda \math
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