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Associativity is a fundamental starting point in linear algebra when establishing the invertibility of a
matrix A. Demonstrating that a matrix is invertible involves showing that it is a non-singular matrix,
meaning it has an inverse matrix A such that AA™ = A™A = I, where I is the identity matrix. This
process often involves analyzing the properties of the matrix and understanding the implications of the
equation Ax = 0. In this article, we will explore the concepts of invertibility, the significance of the null

space, and the steps to verify whether a matrix A is invertible, using the initial assumption as a foundation.

Understanding Invertibility in Matrices

‘What Does It Mean for a Matrix to Be Invertible?

A square matrix A is said to be invertible (or non-singular) if there exists another matrix, denoted as Al
such that:

SAATT=ATA=T

where [ is the identity matrix of the same size as A. The existence of such an inverse indicates that the

matrix represents a linear transformation that is both one-to-one (injective) and onto (surjective).

Why Is Invertibility Important?

Invertibility of a matrix is crucial because:
- It guarantees unique solutions to linear systems Ax = b.
- It allows us to express solutions explicitly as x = A™'b.

- It is fundamental in matrix algebra, affecting determinants, eigenvalues, and diagonalization.



Analyzing the Equation Ax =0

Null Space and Its Role

The set of all solutions x to the homogeneous equation Ax = 0 is called the null space (or kernel) of A,
denoted as N(A). If the only solution is the trivial solution x = 0, then A's null space contains only the zero

vector, which is a key indicator of invertibility.

Implications for Invertibility

- If Ax = 0 implies x = 0, then A is invertible.
- Conversely, if there exists a non-zero vector x such that Ax = 0, then A cannot be invertible because it is

not one-to-one.

Connecting to the Given Statement

The initial assumption, "Suppose that Ax = 0," is used to examine whether the only solution is the trivial
one. The subsequent steps involve manipulating this equation to demonstrate that the kernel contains only

the zero vector, thereby confirming invertibility.

Step-by-Step Proof Using the Given Equation

Applying B to the Equation

Starting with Ax = 0, apply a matrix B (which we may suspect to be A's inverse or related to it):
- B(Ax)=B(0)=0

- By associativity of matrix multiplication, this becomes (BA)x = 0

Understanding the Role of B and BA

- If B is the inverse of A, then BA =1.
- Therefore, (BA)x = Ix = x

- The equation reduces to x = 0, confirming the null space contains only the zero vector.



Conclusion from the Manipulation

The key idea is that if B is such that BA = I, then the only solution to Ax = 0 is x = 0. This directly

establishes that A is invertible because the null space is trivial.

Criteria for Invertibility

Equivalent Conditions

Matrix A is invertible if and only if any of the following conditions hold:
1. The determinant of A is non-zero: det(A) # 0
2. The null space of A contains only the zero vector: N(A) = {0}
3. A is row-equivalent to the identity matrix
4. There exists a matrix B such that BA = AB =1

5. The linear transformation represented by A is bijective

Using the Equation Ax = 0 to Verify Invertibility

Given Ax = 0, if it can be shown that x = 0 is the only solution, then A is invertible by the equivalence

condition relating to the null space.

Additional Concepts Related to Invertibility

Invertibility and Rank

- The rank of A, denoted as rank(A), equals the number of linearly independent rows or columns.

- For an nxn matrix, invertibility is equivalent to rank(A) = n.



Determinant and Invertibility

- The determinant provides a quick criterion: if det(A) # 0, then A is invertible.

- If det(A) = 0, then A is singular and not invertible.

Eigenvalues and Invertibility

- A is invertible if and only if zero is not an eigenvalue of A.

Practical Approach to Show A Is Invertible

Step 1: Check the Null Space

- Solve Ax = 0.

- If the only solution is x = 0, then A is invertible.

Step 2: Find or Confirm the Existence of B such that BA =1

- Attempt to find B that satisfies BA = L.
- If such B exists, then A is invertible, and B = A™.

Step 3: Compute the Determinant

- Calculate det(A).
- If det(A) # 0, A is invertible.

Step 4: Use Row Reduction

- Reduce A to row echelon form.

- If it reduces to the identity matrix, then A is invertible.



Conclusion

Demonstrating that a matrix A is invertible often hinges on showing that the only solution to Ax = 0 is the
trivial solution x = 0. The initial assumption and subsequent manipulation involving matrices B and the
properties of associativity serve as tools in this proof. By confirming the null space contains only the zero
vector, establishing the existence of an inverse matrix B, or verifying that the determinant is non-zero, one
can confidently conclude that A is invertible. Understanding these interconnected criteria provides a
comprehensive framework for analyzing invertibility in linear algebra and ensures that solutions to linear

systems are unique and well-defined.

In summary: The process begins with the fundamental assumption Ax = 0 and, through logical deductions
and properties of matrix multiplication, particularly associativity, one can demonstrate that A possesses an
inverse. This approach emphasizes the importance of the null space and the criteria for invertibility,

forming the cornerstone of many theoretical and practical applications in linear algebra.

Frequently Asked Questions

How does the equation Ax = 0 relate to the invertibility of matrix A?

If the only solution to Ax = 0 is the trivial solution x = 0, then A is invertible. Conversely, if A is

invertible, then Ax = 0 implies x = 0.

Why do we multiply both sides of Ax = 0 by B in the proof that A is
invertible?

Multiplying both sides by B (which is assumed to be the inverse of A) helps demonstrate that x must be

zero, confirming the injectivity of A and thus its invertibility.

What is the significance of the associativity property in the proof

involving matrices A and B?

Associativity allows us to regroup matrix products, such as B(Ax) = (BA)x, which is crucial for

manipulating equations to show that x = 0.

How does the equation B(Ax) = B0 lead to the conclusion that x = 0?

Since B is assumed to be the inverse of A, B(0) = 0, and thus B(Ax) = 0 implies (BA)x =Ix = x =0,

demonstrating that the only solution is the trivial one.



‘What assumptions are necessary about matrices A and B to show that A is

invertible using this method?

The key assumption is that B is the inverse of A, meaning AB = BA = |, the identity matrix, which allows

the derivations to conclude invertibility.

Can this method be used to prove invertibility of matrices that are not
square?

No, invertibility in the traditional sense applies to square matrices. For non-square matrices, concepts like

left or right inverses are considered separately.

Is the proof symmetric with respect to A and B? Why or why not?

Yes, because the proof relies on the existence of an inverse B such that BA = AB = I, which implies

symmetry in the argument for both A and B being invertible.

What is the main conclusion derived from showing that Ax = 0 implies x
=07

It concludes that A is injective, and in the context of square matrices, this is equivalent to A being

invertible.

How does this proof relate to the broader concept of invertible matrices in

linear algebra?

It demonstrates that a matrix is invertible if and only if its null space contains only the zero vector, linking

the concepts of invertibility, linear independence, and solutions to homogeneous equations.

Additional Resources

Let Us Show That A Is Invertible: An In-Depth Investigation

In the realm of linear algebra, the concept of invertibility of matrices holds central importance. It underpins
many fundamental results and applications, from solving systems of linear equations to transformations in
higher-dimensional spaces. A crucial step in establishing the invertibility of a matrix A involves
demonstrating that the equation \(A x = 0\) implies \(x = 0\). This article aims to explore, in detail, the

logical and algebraic steps that lead to the conclusion that A is invertible, focusing on the logical sequence:

> Suppose that \(A x = 0\). Then, \(A x = 0\)



> Applying a linear transformation \(B\) to both sides, \(B(A x) = B 0\)
> By associativity, \((B A) x = 0\)

We will dissect this chain of reasoning, analyze its implications, and connect it with broader concepts in

linear algebra, including invertibility criteria, linear transformations, and matrix properties.

Understanding the Statement: The Context of Invertibility

Before delving into the proof structure, it is essential to clarify what it means for a matrix A to be

invertible.

Definition: A square matrix \(A \in \mathbb{R}"{n \times n}\) is invertible (or nonsingular) if there exists
a matrix \(A*{-1} \in \mathbb{R}"*{n \times n}\) such that:

\[
A AN-1) = AM-1Y A =1

\
where \(I\) is the identity matrix of appropriate size.

Equivalent Conditions for Invertibility:

- The linear transformation \(A: \mathbb{R}"n \to \mathbb{R}"n\) is bijective.
- The homogeneous system \(A x = 0\) has only the trivial solution \(x=0\).
- \(\det(A) \neq 0\).

- The columns of \(A\) are linearly independent.

The crux of the proof that A is invertible often hinges on the equivalence between invertibility and the
triviality of the kernel (null space). Specifically, if the only solution to \(A x = 0\) is \(x=0\), then A is

invertible.

Establishing Invertibility via the Kernel of A

Let's formalize the reasoning:



The Kernel and Its Role

Given a matrix \(A\), the kernel (or null space) is defined as:

\[
\operatorname{ker}(A) = \{ x \in \mathbb{R}"n: A x =0 \}

\
Key property: The matrix \(A\) is invertible if and only if \(\operatorname{ker}(A) = \{ 0 \}\).

The Fundamental Implication

Suppose that:

\
A x =0 \implies x = 0

\

This statement indicates that the null space contains only the trivial vector. The goal is to demonstrate that

this property leads directly to the invertibility of A.

The Logical Chain: From Homogeneous Equation to Invertibility

Let's examine the logical steps involved:
Step 1: Starting Assumption

Assume:



Step 2: Application of a Linear Transformation \(B\)

Suppose \(B\) is a linear transformation from \(\mathbb{R}"n\) to \(\mathbb{R }"n\), represented by some
matrix \(B\). Applying \(B\) to both sides of the equation \(A x = 0\):

\[
B(Ax)=B0
\]

Since \(B\) is linear:

This step hinges on the assumption that the composition \(B A\) is well-defined, which it is if both are \(n

\times n\) matrices.
Step 3: Associativity of Matrix Multiplication

Matrix multiplication is associative, meaning:

This property allows us to consider the combined transformation \(B A\) acting on \(x\). The significance of

this step is that it facilitates analyzing the effect of composite transformations on the kernel.
Step 4: Analyzing the Effect of \(B A\) on \(x\)

The key question is: Can we choose \(B\) such that the properties of \(B A\) reveal information about
\(A\)? For example, if \(B\) is the inverse of \(A\), then:

and the equation reduces to:

\
I x = 0 \Rightarrow x = 0

\]



This suggests that, if \(A\) is invertible, applying \(A"{-1}\) (i.e., choosing \(B = A{-1}\)) to \(A x = 0\)

yields the trivial solution:

\
AM-1} A x = A{-1} 0 \Rightarrow I x = 0 \Rightarrow x=0
\

Step 5: Generalization to the Invertibility Criterion

The chain of reasoning indicates that the injectivity of the linear transformation \(A\) (meaning \(A x =0
\Rightarrow x=0\)) is equivalent to surjectivity (every vector in \(\mathbb{R}"n\) is an image of some

vector under \(A\)). When both properties hold, the matrix is invertible.
Thus, the core of the argument can be summarized as:
- If \(A x = 0\) implies \(x=0\), then \(A\) has trivial kernel.

- A linear transformation with trivial kernel is invertible.
- Equivalently, the existence of \(A™{-1}\) satisfies \(AN{-1} A =1\).

Deeper Insights: Connecting the Chain to Invertibility

‘While the above steps provide an intuitive understanding, a rigorous proof involves the following

considerations:
The Role of the Transformation \(B\)

- Choosing \(B\) as \(A*{-1}\): If such a \(B\) exists, then applying \(B\) to \(A x = 0\) yields \(x=0\),
confirming the injectivity of \(A\).

- What if \(B\) is arbitrary?: For the statement \(B (A x) = 0\) to help prove invertibility, \(B\) must be
carefully chosen. In the context of the original statement, \(B\) is often taken as the inverse of \(A\) or a
candidate inverse to test invertibility.

The Significance of Associativity

The step invoking associativity:

\[
(BA)x=B (A x)



\]

is fundamental because it justifies the rearrangement of transformations, enabling the analysis of the

composite map \(B A\). When \(B = A{-1}\), this simplifies the proof that:
\
AM-1} Ax=x

\

and that the only solution to \(A x = 0\) is \(x=0\).

From Theory to Practice: Demonstrating Invertibility

In practical applications, these steps translate to the following procedure:

1. Show that \(A x=0 \implies x=0\): Verify that the homogeneous system has only the trivial solution. This

can be done via:
- Computing \(\det(A)\) and confirming it's non-zero.
- Using row-reduction to echelon form and checking for free variables.

- Confirming linear independence of columns.

2. Establish the existence of \(A"{-1}\): Once the trivial kernel is confirmed, invertibility follows, and

\(AN{-1}\) can be explicitly computed or verified.

3. Utilize \(A"{-1}\) to analyze transformations: Applying the inverse transformation to both sides of

equations reveals solutions and properties of the linear system.

Broader Implications and Applications

Understanding the logical chain from \(A x = 0\) to invertibility is not merely theoretical but has practical

implications across various fields:

- Numerical Analysis: Ensuring matrices are invertible is crucial for solving systems reliably.

- Control Theory: Invertibility relates to controllability and observability of systems.



- Data Science: Invertible matrices underpin transformations such as PCA and other linear feature
mappings.

- Computer Graphics: Transformations must be invertible to preserve spatial relationships.

Conclusion: Establishing Invertibility through Algebraic and
Logical Reasoning

The investigation into the statement "Let us show that \(A\) is invertible" via the sequence:
> Suppose that \(A x=0\). Then: \(A x=0\)

> Applying \(B\) to both sides, \(B (A x) = B 0\)

> By associativity, \((B A) x = 0\)

serves as a foundational argument in linear
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