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Understanding the domain and inverse of a function is fundamental in algebra and calculus. In this
article, we will explore how to find the domain of the inverse function \(F_1(x)\) of a given function
\(F(x) = x^2 + 6\), and then proceed to determine the inverse function itself, carefully showing all
work and reasoning involved. This step-by-step guide aims to clarify the process, making it
accessible for students and learners seeking to deepen their understanding of inverse functions and
their domains.

---

Understanding the Original Function \(F(x) = x^2 + 6\)

Before diving into the inverse function, it is essential to analyze the original function \(F(x) = x^2 +
6\), its properties, and its domain.

1. Basic Characteristics of \(F(x) = x^2 + 6\)

- Type of Function: Quadratic function.
- Standard Form: \(f(x) = ax^2 + bx + c\), with \(a=1\), \(b=0\), \(c=6\).
- Graph: A parabola opening upwards with vertex at \((0,6)\).

2. Domain of \(F(x)\)

- Since quadratic functions are defined for all real numbers, the domain of \(F(x)\) is:

\[
\boxed{\text{Domain of } F(x): \quad (-\infty, \infty)}
\]

- The range of \(F(x)\) is:

\[
\boxed{\text{Range of } F(x): \quad [6, \infty)}
\]



because the minimum value of \(x^2\) is 0 at \(x=0\), and adding 6 shifts the parabola upward.

---

Finding the Inverse Function \(F^{-1}(x)\)

The inverse function \(F^{-1}(x)\) "undoes" what \(F(x)\) does. To find it, we need to:

- Swap the roles of \(x\) and \(y\).
- Solve for \(x\) in terms of \(y\).

Note: Since \(F(x) = x^2 + 6\) is not one-to-one over its entire domain (it's a parabola symmetric
about the y-axis), we need to restrict the domain to ensure the inverse function is a proper function.

---

1. Restricting the Domain for a One-to-One Function

- To define an inverse, \(F(x)\) must be one-to-one.
- The parabola \(x^2 + 6\) is symmetric, so restrict the domain to:

- Option 1: \(x \ge 0\), the right branch.
- Option 2: \(x \le 0\), the left branch.

- For simplicity, we'll consider the domain \(x \ge 0\), which makes the function increasing and
invertible in this domain.

---

2. Find the Inverse Function Step-by-Step

Let's denote \(y = F(x) = x^2 + 6\). To find the inverse:

Step 1: Write the equation:

\[
y = x^2 + 6
\]

Step 2: Swap \(x\) and \(y\):

\[
x = y^2 + 6
\]



Note: This is a misstep—remember, the original \(F(x)\) is \(x^2 + 6\), with \(x\) as input and \(y\) as
output. To find the inverse, we swap \(x\) and \(y\):

\[
x = y^2 + 6
\]

Step 3: Solve for \(y\):

\[
x - 6 = y^2
\]

\[
y = \pm \sqrt{x - 6}
\]

Step 4: Apply the restriction \(x \ge 0\) (domain of original function) to determine the correct branch:

- Since \(F(x)\) is increasing for \(x \ge 0\), the inverse function should be the positive square root:

\[
F^{-1}(x) = \sqrt{x - 6}
\]

Step 5: State the domain of the inverse:

- Because the square root function requires the expression under the radical to be non-negative:

\[
x - 6 \ge 0 \Rightarrow x \ge 6
\]

- This matches the range of the original function \(F(x)\), which is \([6, \infty)\).

---

Domain of the Inverse Function \(F^{-1}(x)\)

The domain of the inverse function is the range of the original function over the restricted domain:

\[
\boxed{\text{Domain of } F^{-1}(x): \quad [6, \infty)}
\]

which makes sense because:

- The original function \(F(x)=x^2+6\) over \(x \ge 0\) maps \([0, \infty)\) into \([6, \infty)\).
- The inverse function takes inputs \(x \ge 6\) and outputs the corresponding \(x\)-value in the domain



of \(F\).

---

Summary of the Inverse Function \(F^{-1}(x)\)

\[
\boxed{
F^{-1}(x) = \sqrt{x - 6}, \quad x \ge 6
}
\]

This inverse function maps from \([6, \infty)\) back to \([0, \infty)\).

---

Visualizing the Function and Its Inverse

Graphing both \(F(x)\) and \(F^{-1}(x)\) provides valuable insight:

- The original function \(F(x) = x^2 + 6\), restricted to \(x \ge 0\), is a parabola opening upward
starting at \((0,6)\).
- The inverse \(F^{-1}(x) = \sqrt{x - 6}\) is the right half of a square root curve starting at \((6,0)\).

The graphs of \(F\) and \(F^{-1}\) are reflections of each other across the line \(y = x\).

---

Additional Considerations

1. Extending the Domain

- If we consider the entire quadratic \(F(x) = x^2 + 6\), the inverse is not a function across the entire
domain because the parabola is symmetric.
- To define a true inverse over the entire domain, the domain must be restricted to either \(x \ge 0\)
or \(x \le 0\).

2. Inverse over the Negative Domain

- If we instead restrict \(F(x)\) to \(x \le 0\), the inverse would be:



\[
F^{-1}(x) = -\sqrt{x - 6}
\]

- The domain of the inverse in this case would be \(x \ge 6\), but the range of the inverse would be
\((-\infty, 0]\).

3. Verifying the Inverse Function

- To verify, compose \(F\) and \(F^{-1}\):

\[
F(F^{-1}(x)) = (\sqrt{x - 6})^2 + 6 = x - 6 + 6 = x
\]

- Similarly,

\[
F^{-1}(F(x)) = \sqrt{(x^2 + 6) - 6} = \sqrt{x^2} = |x|
\]

- Since we've restricted \(x \ge 0\), this simplifies to \(x\), confirming the correctness.

---

Conclusion

In summary:

- The original function \(F(x) = x^2 + 6\) has a domain of \((-\infty, \infty)\) and a range \([6, \infty)\).
- To find its inverse, restrict the domain to \(x \ge 0\) to ensure the function is one-to-one.
- The inverse function is:

\[
\boxed{
F^{-1}(x) = \sqrt{x - 6}, \quad x \ge 6
}
\]

- The domain of the inverse is \([6, \infty)\), matching the range of the original function, and the
inverse maps back to the domain.

Understanding how to find the inverse function and determine its domain is crucial for solving
equations, transforming functions, and exploring real-world applications where inverse functions
model reverse processes, such as converting cumulative data back to original variables or solving for
inputs given outputs.



---

If you practice these steps with various functions and carefully consider domain restrictions, you'll
strengthen your proficiency in inverse functions and their properties.

Frequently Asked Questions

What is the domain of the function F1(x) = 2x + 6?
The domain of F1(x) = 2x + 6 is all real numbers, since there are no restrictions on x for a linear
function. In interval notation, it is (-∞, ∞).

How do you find the domain of a function like F(x) = x^2 + 6?
Since F(x) = x^2 + 6 is a quadratic function, its domain is all real numbers, or (-∞, ∞), because
polynomials are defined for every real value.

What steps are involved in finding the inverse of a function?
To find the inverse, first replace F(x) with y, then swap x and y, and solve for y in terms of x. The
resulting expression is the inverse function F^{-1}(x).

Can you show the work to find the inverse of F(x) = 2x + 6?
Yes. Start with y = 2x + 6. Swap x and y: x = 2y + 6. Solve for y: y = (x - 6)/2. Therefore, the inverse
function is F^{-1}(x) = (x - 6)/2.

Why is it important to show work when finding the inverse of a
function?
Showing work ensures clarity in the steps taken, verifies the correctness of the inverse, and helps
identify any algebraic mistakes during the process.

What is the domain of the inverse function F^{-1}(x) = (x -
6)/2?
Since the inverse is a linear function, its domain is all real numbers, (-∞, ∞).

Are there functions for which the inverse does not exist? If so,
why?
Yes. Functions that are not one-to-one (not injective) do not have an inverse over their entire
domain. For example, quadratic functions like x^2 are not invertible over all real numbers unless
restricted.



What is the significance of the domain in understanding the
inverse of a function?
The domain of the original function dictates the range of the inverse, and vice versa. Understanding
the domain is crucial to correctly defining and using the inverse function.

How does the notation F^{-1}(x) relate to the original
function F(x)?
F^{-1}(x) denotes the inverse function of F(x), meaning that F^{-1}(F(x)) = x and F(F^{-1}(x)) = x
for all x in the respective domains, effectively reversing the original function's mapping.

Additional Resources
Understanding the Domain and Inverse of a Function: A Comprehensive Guide

When working with functions in algebra and calculus, two fundamental concepts often come into
play: finding the domain and determining the inverse function. These are critical skills that not only
underpin more advanced topics but also enhance your overall understanding of how functions
behave. This guide provides a detailed, step-by-step exploration of these concepts, focusing
specifically on the function \( F(x) = x^2 \) with the domain \( x \neq 0 \). We'll walk through how to
find the domain of \( F(x) \), determine its inverse, and understand the underlying principles
involved.

---

Understanding the Domain of a Function

What is the Domain?

The domain of a function is the complete set of all possible input values (\( x \)-values) for which the
function is defined. In other words, it's the collection of all \( x \) that you can substitute into the
function without encountering undefined expressions or contradictions.

Why is the domain important?
- It tells us the "scope" of the function's applicability.
- It influences the range (possible outputs) of the function.
- It helps prevent errors in calculations and ensures the function's validity in real-world applications.

---



Analyzing \( F(x) = x^2 \) with \( x \neq 0 \)

Given the function:

\[
F(x) = x^2
\]

with the restriction:

\[
x \neq 0
\]

Let's analyze the domain:

- Standard domain of \( x^2 \):
Typically, the quadratic function \( x^2 \) is defined for all real numbers, i.e., \( x \in \mathbb{R} \).

- Given restriction \( x \neq 0 \):
This excludes zero from the domain, so the domain becomes:

\[
\boxed{
\text{Domain of } F(x) = \{ x \in \mathbb{R} \mid x \neq 0 \}
}
\]

- Notation:
The domain can also be expressed in interval notation as:

\[
(-\infty, 0) \cup (0, +\infty)
\]

This means all real numbers except zero are acceptable inputs.

---

Implications of the Domain Restriction

- Excluding \( x=0 \):
Since \( F(0) = 0^2 = 0 \), zero would normally be in the domain. But the restriction explicitly
excludes it. Therefore, the value \( x=0 \) is not permissible input, and the point \( (0,0) \) is not part
of the graph of \( F \).

- Effect on the function's behavior:
The function behaves normally for all \( x \neq 0 \), but the exclusion might impact properties like



invertibility (discussed later).

---

Finding the Inverse Function: Step-by-Step Process

What is an Inverse Function?

An inverse function essentially reverses the effect of the original function. If \( F \) maps \( x \) to \( y
\), then the inverse \( F^{-1} \) maps \( y \) back to \( x \).

Formally, for a function \( F \):

\[
F^{-1}(y) = x \quad \text{such that} \quad F(x) = y
\]

Key points:

- The inverse exists only if \( F \) is bijective (both injective and surjective).
- For functions like \( x^2 \), which are not one-to-one over their entire domain, restrictions are often
necessary to find an inverse.

---

Step 1: Write the original function

Given:

\[
F(x) = x^2
\]

with the domain:

\[
x \neq 0
\]

Note: The domain excludes zero, but includes both positive and negative real numbers except zero.

---



Step 2: Restrict the domain to ensure invertibility

Why?
Because \( x^2 \) is a many-to-one function over all real numbers—both negative and positive \( x \)
give the same \( y \). To define an inverse function (which must be a function), the original must be
one-to-one on its domain.

Standard approach:
Restrict the domain to either:

- \( x \geq 0 \), or
- \( x \leq 0 \)

Given the restriction \( x \neq 0 \), the domain becomes:

\[
(-\infty, 0) \cup (0, +\infty)
\]

But to find the inverse, we need to choose a branch, i.e., either positive or negative \( x \), to ensure
the function is invertible on that subset.

Assumption for this guide:
Let's consider the domain:

\[
x > 0
\]

which makes \( F \) strictly increasing and invertible. If you prefer the negative branch, the process
is similar.

---

Step 3: Express \( y = F(x) \) and solve for \( x \)

Set:

\[
y = x^2
\]

where:

\[
x > 0
\]



Now, solve for \( x \):

\[
x = \pm \sqrt{y}
\]

Since we've restricted to \( x > 0 \), we take the positive root:

\[
x = \sqrt{y}
\]

---

Step 4: Write the inverse function

Inverse function:

\[
F^{-1}(y) = \sqrt{y}
\]

Domain of the inverse:

- Since \( y = x^2 \), and \( x > 0 \), the range of \( F \) is:

\[
(0, +\infty)
\]

- Therefore, the domain of \( F^{-1} \) is:

\[
(0, +\infty)
\]

- The range of \( F^{-1} \), which is the domain of the original \( F \), is:

\[
(0, +\infty)
\]

Final inverse function:

\[
\boxed{
F^{-1}(y) = \sqrt{y}, \quad y > 0
}
\]



---

Alternative: Considering Negative \( x \) Branch

If instead, the domain is restricted to \( x < 0 \):

- The inverse would be:

\[
F^{-1}(y) = -\sqrt{y}
\]

- with the same domain \( y > 0 \).

This highlights the importance of domain restrictions when finding inverses of quadratic functions.

---

Summary of Key Points

- The domain of \( F(x) = x^2 \) with \( x \neq 0 \) is \( (-\infty, 0) \cup (0, +\infty) \).

- To find an inverse, restrict the domain to make the function one-to-one.
- For example, choose \( x > 0 \) or \( x < 0 \).

- The inverse of \( F(x) = x^2 \) on \( x > 0 \) is:
\[
F^{-1}(y) = \sqrt{y}
\]
with the domain \( y > 0 \).

- If the domain is \( x < 0 \), the inverse is:
\[
F^{-1}(y) = -\sqrt{y}
\].

- The range of \( F \) on the restricted domain determines the domain of the inverse.

---

Deeper Insights and Practical Applications



Why Domain Restrictions Matter

Quadratic functions are symmetric about the y-axis, which causes them to be not invertible over
their entire natural domain (\( \mathbb{R} \)). To define a proper inverse, you must restrict the
domain to a half of the parabola:

- Positive branch: \( x \geq 0 \)
- Negative branch: \( x \leq 0 \)

This restriction ensures the function is bijective (both one-to-one and onto), which is essential for the
inverse to exist as a function.

In real-world applications:
- When modeling physical phenomena, such as heights or distances, negative values might not make
sense, so the positive branch is often chosen.
- In engineering, choosing the correct branch avoids ambiguities.

---

Visualizing the Function and Its Inverse

- Graph of \( y = x^2 \) (restrict to \( x > 0 \)) is a parabola opening upwards, right of the y-axis.
- Its inverse, \( x = \sqrt{y} \), is the upper half of the square root curve.
- Reflecting the original over the line \( y = x \) visually demonstrates the inverse relationship.

---

Common Mistakes to Avoid

- Neglecting domain restrictions:
Trying to define the inverse over the entire
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