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Introduction

In the realm of multivariable calculus, understanding the continuity of functions at specific
points is fundamental. The function \( F(x, y) = 1 - |xy| \) presents an interesting case study
as it involves the absolute value of the product of two variables. Analyzing whether this
function is continuous at the origin \((0, 0)\) and exploring other related theorems provides
valuable insights into the behavior of such functions. This article will examine the
continuity of \(F\) at \((0, 0)\), discuss the underlying principles, and address the question
of whether such properties can be extended or generalized.

---

Understanding the Function \(F(x, y) = 1 - |xy|\)

Definition and Basic Properties

The function \(F(x, y) = 1 - |xy|\) combines a constant term with the absolute value of the
product of \(x\) and \(y\). Key features include:

- Domain: The entire \(\mathbb{R}^2\) plane, since the absolute value is defined
everywhere.
- Range: Since \(|xy| \geq 0\), the range of \(F\) is \([-\infty, 1]\), but more specifically,
because \(xy\) can be arbitrarily large or small in magnitude, the range is \((-\infty, 1]\).
- Behavior near \((0, 0)\): As \((x, y) \to (0, 0)\), the product \(xy \to 0\), so \(F(x, y) \to 1 - 0
= 1\).

---

Analyzing Continuity at \((0, 0)\)

Definition of Continuity in Multiple Variables

A function \(F(x, y)\) is continuous at a point \((a, b)\) if:

\[
\lim_{(x, y) \to (a, b)} F(x, y) = F(a, b)
\]



In our case, at \((0, 0)\), the question is whether:

\[
\lim_{(x, y) \to (0, 0)} F(x, y) = F(0, 0)
\]

Given:

\[
F(0, 0) = 1 - |0 \times 0| = 1 - 0 = 1
\]

To establish continuity at \((0, 0)\), we need to verify that the limit of \(F(x, y)\) as \((x, y)\)
approaches \((0, 0)\) is 1.

Computing the Limit

Let us examine the limit along different paths approaching \((0, 0)\):

Path 1: \( y = 0 \)

\[
F(x, 0) = 1 - |x \times 0| = 1 - 0 = 1
\]

As \(x \to 0\), \(F(x, 0) \to 1\).

Path 2: \( x = 0 \)

\[
F(0, y) = 1 - |0 \times y| = 1 - 0 = 1
\]

As \(y \to 0\), \(F(0, y) \to 1\).

Path 3: \( y = mx \) (a straight line through the origin)

\[
F(x, mx) = 1 - |x \times m x| = 1 - |m| x^2
\]

As \(x \to 0\), \(F(x, mx) \to 1 - 0 = 1\).

Since along these paths, the limit approaches 1, and because the function is continuous
along these paths, initial evidence suggests that the limit might be 1.

Confirming the Limit

To be thorough, consider the general approach:

\[



\lim_{(x, y) \to (0, 0)} F(x, y) = \lim_{(x, y) \to (0, 0)} (1 - |xy|)
\]

Note that:

\[
|xy| \leq \frac{x^2 + y^2}{2}
\]

by the AM-GM inequality or by noting that:

\[
|xy| \leq \frac{|x|^2 + |y|^2}{2}
\]

which implies:

\[
0 \leq |xy| \leq \frac{x^2 + y^2}{2}
\]

As \((x, y) \to (0, 0)\), both \(x^2\) and \(y^2\) tend to zero, so:

\[
|xy| \to 0
\]

and consequently:

\[
F(x, y) = 1 - |xy| \to 1 - 0 = 1
\]

Therefore, the limit of \(F(x, y)\) as \((x, y) \to (0, 0)\) is indeed 1.

Conclusion on Continuity

Since:

\[
\lim_{(x, y) \to (0, 0)} F(x, y) = 1 = F(0, 0),
\]

the function \(F\) is continuous at \((0, 0)\).

---

Generalizing the Continuity and Theorems

Part b): Is It Possible to Extend or Apply Similar Theorems?



The analysis above hinges on the properties of absolute value and the behavior of the
product \(xy\). Similar theorems in multivariable calculus can be applied to analyze other
functions involving absolute values, products, or compositions.

Key Theoretical Tools:

- Limit theorems for multivariable functions: If the limit exists and is independent of the
path taken toward the point, the function is continuous there.
- Squeeze (Sandwich) Theorem: Useful when the function can be bounded between two
other functions that have the same limit.
- Continuity of elementary functions: Absolute value and multiplication are continuous
functions, and compositions of continuous functions are continuous.

Applying These Theorems to Similar Functions

Suppose we consider functions of the form:

\[
G(x, y) = 1 - |h(x, y)|
\]

where \(h(x, y)\) is a continuous function at a point \((a, b)\). Then, \(G\) will be continuous
at \((a, b)\) if:

\[
\lim_{(x, y) \to (a, b)} h(x, y) = h(a, b)
\]

and the composition with the absolute value preserves continuity.

Examples of Similar Functions:

- \(H(x, y) = 1 - |x^2 y|\)
- \(K(x, y) = 1 - |\sin(x y)|\)
- \(L(x, y) = 1 - |x - y|\)

In each case, the key is verifying the limit behavior near the point of interest, often
leveraging known continuity properties of the functions involved.

---

Summary and Final Remarks

Summary of Findings:

- The function \(F(x, y) = 1 - |xy|\) is continuous at the point \((0, 0)\) because the limit of
\(F\) as \((x, y)\) approaches \((0, 0)\) is 1, which equals \(F(0, 0)\).
- The approach involved checking the limit along multiple paths and using inequalities to
confirm that the limit exists and is independent of the path.
- The properties of absolute value, multiplication, and the continuity of these elementary
functions underpin the analysis.



Broader Implications:

The methodology used here exemplifies a general approach to verifying continuity of
functions involving absolute values and products:

- Path analysis: Check limits along different paths.
- Bounding techniques: Use inequalities to establish the behavior of the function near the
point.
- Limit invariance: Confirm that the limit is the same regardless of the approach.

Final Thoughts:

The ability to analyze and confirm the continuity of complex functions involving multiple
variables is crucial in advanced calculus, especially in applications like optimization,
differential equations, and mathematical modeling. Recognizing the properties of
elementary functions and their compositions allows mathematicians and engineers to
determine the well-behaved nature of functions and ensure the validity of various
analytical techniques.

---
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Frequently Asked Questions

Is the function F(x,y) = 1 - |xy| continuous at the point
(0,0)?
Yes, F is continuous at (0,0) because as (x,y) approaches (0,0), |xy| approaches 0, making
F(x,y) approach 1.

What is the value of F(0,0)?
F(0,0) = 1 - |0 0| = 1 - 0 = 1.

Does the function F(x,y) exhibit continuity at points
other than (0,0)?
Yes, since |xy| is continuous everywhere, F(x,y) = 1 - |xy| is continuous at all points in its
domain.

What role does the absolute value play in the continuity
of F?
The absolute value function is continuous everywhere, which helps ensure F is continuous



where |xy| is continuous, i.e., everywhere.

Could F(x,y) be discontinuous at points other than
(0,0)?
No, since |xy| is continuous everywhere, F remains continuous everywhere.

Is the function F differentiable at (0,0)?
No, F is not differentiable at (0,0) because the absolute value function introduces a cusp,
preventing differentiability at that point.

How does the theorem on continuity of compositions
apply to F?
Since |xy| is a composition of continuous functions, and the subtraction from 1 is
continuous, F is continuous everywhere.

Are there any special considerations for the continuity
of F at points where xy = 0?
At points where xy = 0, F = 1, and since the absolute value function is continuous, F
remains continuous at these points.

What is the significance of the theorems regarding the
continuity of functions involving absolute values in this
context?
They confirm that functions composed of continuous functions, including absolute value,
are continuous, ensuring F's continuity at all points.

If the function F were modified to include other
operations, how would that affect its continuity?
Any modification involving continuous functions would generally preserve continuity, but
introducing discontinuous operations could break it; each case must be analyzed
individually.

Additional Resources
Consider The Function F(x,y) = 1 - |xy| And The Following Theorems: A Deep Dive into
Continuity and Mathematical Analysis

When exploring the fascinating world of multivariable calculus, one of the fundamental
concepts that often arises is the continuity of functions. The function \(F(x,y) = 1 - |xy|\)



serves as a compelling example to analyze, especially in understanding how the behavior
of a function near a point influences its continuity at that point. In this article, we will
undertake a comprehensive examination of consider the function \(F(x,y) = 1 - |xy|\),
focusing on whether it is continuous at the origin \((0,0)\), and exploring the broader
implications of such a function in the context of theorems related to continuity.

---

Understanding the Function \(F(x,y) = 1 - |xy|\)

Before diving into the main questions, it's essential to understand the nature of the
function:

- Definition: The function takes two real variables, \(x\) and \(y\), and maps them to a real
number based on the product \(xy\), then subtracts the absolute value of this product from
1.
- Key features:
- The function is non-negative near the origin since the absolute value is always non-
negative.
- The function reaches its maximum value of 1 when \(xy = 0\), i.e., along the axes \(x=0\)
or \(y=0\).
- The function decreases from 1 as \(|xy|\) increases, approaching \(-\infty\) if \(|xy|\)
becomes large, but within bounded regions, it remains well-behaved.

---

Is \(F\) Continuous at \((0,0)\)?

Theorem Recap: Continuity at a Point

From basic calculus, the formal definition of continuity at a point \((a,b)\) is:

> A function \(F(x,y)\) is continuous at \((a,b)\) if:
> \[
> \lim_{(x,y) \to (a,b)} F(x,y) = F(a,b)
> \]

In our case, we want to verify whether:
\[
\lim_{(x,y) \to (0,0)} F(x,y) = F(0,0)
\]

---

Step 1: Evaluate \(F(0,0)\)

Plugging into the function:
\[
F(0,0) = 1 - |0 \times 0| = 1 - 0 = 1
\]



So, at the point \((0,0)\), the function's value is 1.

---

Step 2: Explore the Limit \(\lim_{(x,y) \to (0,0)} F(x,y)\)

The critical part is to examine whether the limit exists and equals 1.

Recall:
\[
F(x,y) = 1 - |xy|
\]

As \((x,y) \to (0,0)\), both \(x\) and \(y\) tend to zero, implying \(|xy| \to 0\). Therefore,
intuitively:
\[
\lim_{(x,y) \to (0,0)} F(x,y) = 1 - 0 = 1
\]

But to be rigorous, we need to verify this limit along different paths approaching \((0,0)\)
because multivariable limits can sometimes be path-dependent.

---

Step 3: Path Analysis

Let's evaluate the limit along various paths:

Path 1: \(y = 0\)

- \(F(x,0) = 1 - |x \times 0| = 1 - 0 = 1\)
- As \(x \to 0\), \(F(x,0) \to 1\)

Path 2: \(x = 0\)

- \(F(0,y) = 1 - |0 \times y| = 1 - 0 = 1\)
- As \(y \to 0\), \(F(0,y) \to 1\)

Path 3: \(y = x\)

- \(F(x,x) = 1 - |x \times x| = 1 - |x^2| = 1 - x^2\)
- As \(x \to 0\), \(F(x,x) \to 1\)

Path 4: \(y = kx\), where \(k\) is a constant

- \(F(x, kx) = 1 - |x \times kx| = 1 - |k| x^2\)
- As \(x \to 0\), \(F(x, kx) \to 1\)

All paths lead to the same limit, 1, indicating that the limit exists and equals 1.

---



Conclusion on Continuity at \((0,0)\)

Since:

- \(F(0,0) = 1\),
- \(\lim_{(x,y) \to (0,0)} F(x,y) = 1\),

and the limit is independent of the path taken, the function \(F(x,y)\) is continuous at
\((0,0)\).

---

Broader Theorems and Considerations

Theorem 1: Continuity of Basic Operations

The function \(F(x,y) = 1 - |xy|\) is composed of elementary functions:

- The multiplication \(xy\),
- The absolute value \(|xy|\),
- The subtraction from 1.

Each of these functions is continuous:

- Multiplication: Continuous everywhere.
- Absolute value: Continuous everywhere.
- Constant functions: Continuous everywhere.

Since the composition and combination of continuous functions are continuous, \(F\) is
continuous everywhere in \(\mathbb{R}^2\).

Theorem 2: Continuity at a Point for Composite Functions

If \(f\) and \(g\) are continuous at a point, then their composition is continuous at that
point. Here:

- \(g(x,y) = xy\), continuous everywhere.
- \(h(t) = 1 - |t|\), continuous everywhere.
- \(F(x,y) = h(g(x,y))\).

Thus, by the composition of continuous functions, \(F\) is continuous everywhere,
including at \((0,0)\).

---

Additional Considerations: Is \(F\) Differentiable at \((0,0)\)?

While we've established continuity, differentiability is a more nuanced property.

Differentiability at \((0,0)\):



- The partial derivatives at \((0,0)\):

\[
\frac{\partial F}{\partial x} = - \frac{\partial |xy|}{\partial x}
\]
\[
\frac{\partial F}{\partial y} = - \frac{\partial |xy|}{\partial y}
\]

- But \(|xy|\) is not differentiable where \(xy = 0\), i.e., along the axes, because of the
absolute value function's non-differentiability at zero.

Therefore, \(F\) is not differentiable at \((0,0)\) due to the non-differentiability of the
absolute value function at zero.

---

Summary and Key Takeaways

- Continuity at \((0,0)\):
- The function \(F(x,y) = 1 - |xy|\) is continuous at \((0,0)\).
- This is verified through direct substitution and path analysis, confirming the limit
matches the function value at the point.

- Global continuity:
- Since the function is composed of continuous elementary functions, \(F\) is continuous
everywhere in \(\mathbb{R}^2\).

- Differentiability:
- Despite being continuous everywhere, \(F\) is not differentiable at \((0,0)\) because of the
absolute value's non-differentiability at zero.

- Implications for theorems:
- The example illustrates the importance of understanding the properties of individual
component functions when analyzing continuity.
- It also emphasizes that continuity does not imply differentiability, especially where
absolute value functions are involved.

---

Final Thoughts

The exploration of consider the function \(F(x,y) = 1 - |xy|\) offers valuable insights into the
foundational principles of multivariable calculus. It demonstrates how, through examining
paths and applying core theorems, we can rigorously establish the behavior of functions at
specific points. Whether you're a student, educator, or professional, understanding such
functions deepens your grasp of continuity, composition, and the subtleties involved in
higher-dimensional analysis.

---



By mastering these concepts, you'll be better equipped to analyze more complex functions,
understand their properties, and apply theorems effectively in your mathematical journey.
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