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When approaching the numerical solution of differential equations, the Euler
method stands out as one of the simplest yet fundamental techniques. MATLAB,
a powerful tool widely used in engineering, mathematics, and sciences,
provides an ideal platform to implement this method efficiently. In this
article, we will guide you through the process of creating a MATLAB script
file that employs the Euler method to solve a specific differential equation.
The goal is to enhance your understanding of numerical methods and MATLAB
programming, enabling you to tackle similar problems confidently.

Understanding the Euler Method

Before diving into the MATLAB implementation, it's crucial to understand the
core concept of the Euler method.

What Is the Euler Method?

The Euler method is an initial value approach used to approximate solutions
to ordinary differential equations (ODEs). It relies on the idea of using the
tangent line at a known point to estimate the value of the solution at the
next step.

Given a differential equation:

\[ \frac{dy}{dt} = f(t, y) \I

with an initial condition:

\[ y(t 0) =y 0\]

The Euler method advances the solution from \( t n \) to \( t {n+l1} =t n + h
\) using:

\[ y {n+1} =y n + h \cdot f(t n, y n) \I

where:



\( h \) is the step size,
- \( y n\) is the current value of the solution,
\( y {n+1} \) is the estimated value at the next step.

Advantages and Limitations

Advantages:

- Simple to understand and implement.

- Computationally inexpensive for small problems.

- Suitable for educational purposes and initial approximations.
Limitations:

- Accumulates errors over larger intervals.

- Not very accurate for stiff or complex equations.
- Requires small step sizes for better accuracy, increasing computation time.

Formulating the Problem

Suppose we are asked to solve the following differential equation:
\[ \frac{dy}{dt} = t \cdot y \]

with the initial condition:

\[ y(0) = 1\]

over the interval \( t \in [0, 2] \).

This problem is a classic example suitable for demonstrating the Euler
method's application.

Step-by-Step Guide to Creating the MATLAB
Script

Creating a MATLAB script to implement the Euler method involves several
steps. Here, we will outline a comprehensive process to develop an effective
and flexible script.

1. Define the Differential Equation



Start by expressing the differential equation as a function in MATLAB.

" “matlab
% Define the differential function dy/dt = f(t, y)
f=a@(t,y) ty;

This anonymous function allows for easy modification if you want to solve
different equations later.

2. Set Initial Conditions and Parameters

Specify the initial time, initial solution value, step size, and total number
of steps.

matlab
t0 = 0; % Initial time
y0 = 1; % Initial value y(0) =1
tf = 2; % Final time

h =0.1; % Step size
nSteps = (tf - tO) / h; % Number of steps

Adjust the step size \( h \) depending on the desired accuracy.

3. Initialize Arrays for Storage

Create arrays to store the computed values of \( t \) and \( y \).

““matlab
t = zeros(1l, nSteps + 1);
y = zeros(l, nSteps + 1);
t(l) = to;
y(1l) = yo;

AN

4. Implement the Euler Iteration Loop

Use a for-loop to iterate through each step and compute the next \( y \)
value.

““matlab
for 1 = 1l:nSteps
t(i+l) = t(i) + h; % Update the time
y(i+l) = y(i) + h f(t(i), y(i)); % Euler formula



end

5. Plot the Results

Visualize the numerical solution alongside the analytical solution for
comparison.

““matlab
% Analytical solution for comparison
y exact = @(t) exp(0.5 t.”2); % For the given DE, this is the exact solution

t fine = linspace(t0, tf, 100);
y exact vals = y exact(t fine);

% Plot numerical and exact solutions

figure;

plot(t, y, 'bo-', 'LineWidth', 1.5);

hold on;

plot(t fine, y exact vals, 'r--', 'LineWidth', 1.5);
xlabel('t');

ylabel('y');

title('Euler Method Solution vs. Exact Solution');
legend('Euler Approximation', 'Exact Solution');
grid on;

hold off;

This visualization helps assess the accuracy of the Euler method over the
interval.

Complete Example MATLAB Script

Here's the consolidated MATLAB script implementing the Euler method for the
given differential equation:

" “matlab

Euler Method Implementation for dy/dt = ty
Differential Equation: dy/dt = ty

Initial Condition: y(0) =1

Interval: [0, 2]

Step size: 0.1

o® o° o° o°

o°

Define the differential function
= @(t, y) ty;

—h o°

o°

Set initial conditions and parameters



t0 = 0; % Start time
y0 = 1; % Initial y value
tf = 2; % End time

h =0.1; % Step size
nSteps = (tf - tO) / h; % Number of steps

o°

Initialize arrays
zeros(1l, nSteps + 1);
= zeros(1l, nSteps + 1);
(1) = to;

(1) = yo;

< <

% Euler iteration

for i = 1:nSteps

t(i+l) = t(i) + h;

y(i+l) = y(i) + h f(t(i), y(i));
end

% Plotting the numerical and exact solutions
t fine = linspace(t0O, tf, 100);

y exact = @(t) exp(0.5 t.72);

y exact vals = y exact(t fine);

figure;

plot(t, y, 'bo-', 'LineWidth', 1.5);

hold on;

plot(t fine, y exact vals, 'r--', 'LineWidth',6 1.5);
xlabel('t');

ylabel('y");

title('Euler Method Solution vs. Exact Solution');
legend('Euler Approximation', 'Exact Solution');
grid on;

hold off;

Tips for Effective Implementation

Implementing the Euler method in MATLAB can be optimized and

flexible with the following tips:

1. Modular Coding

- Encapsulate the code into functions for reusability.

made more

- For example, create a function “eulerSolver(f, t0, y0, tf, h)  that returns

the arrays of \( t \) and \( y \).



2. Variable Step Sizes

- Implement adaptive step size methods for better accuracy, especially for
stiff equations.
- For simplicity, start with fixed step sizes as shown.

3. Error Analysis

- Compute the error between the numerical and analytical solutions to
evaluate the accuracy.
- Use norms like the maximum or mean squared error.

4. Extending to Systems of Equations

- The Euler method can be extended to systems of differential equations by
vectorizing \( y \) and \( f(t, y) \).

Conclusion

Creating a MATLAB script that uses the Euler method to solve differential
equations is a foundational exercise in numerical analysis and programming.
By following the systematic approach outlined above, you can implement the
Euler method efficiently, visualize solutions, and develop a deeper
understanding of numerical approximation techniques. Remember, while the
Euler method is straightforward, always consider its limitations and explore
more accurate methods like Runge-Kutta for complex problems. With practice,
you'll be well-equipped to solve a wide range of differential equations using
MATLAB.

Further Reading and Resources

- MATLAB Documentation on Numerical Methods

- "Numerical Methods for Engineers" by Steven C. Chapra and Raymond P. Canale
- Online tutorials on MATLAB programming and differential equations

- MATLAB Central File Exchange for sample codes and functions

By mastering the implementation of the Euler method, you set a strong
foundation for exploring advanced numerical techniques and applying them to
real-world problems across various scientific disciplines.



Frequently Asked Questions

What are the key steps to implement the Euler method
in a MATLAB script for solving a differential
equation?

The key steps include defining the differential equation as a function,
initializing variables such as initial conditions and step size, creating a
loop to iterate over the interval, updating the solution using Euler's
formula (y {n+1} =y n + hf(t n, y n)), and storing the results for
visualization or analysis.

How do I choose an appropriate step size 'h' when
implementing the Euler method in MATLAB?

The step size 'h' should be small enough to ensure accuracy but large enough
to keep computation efficient. Typically, you start with a small value like
0.01 or 0.1 and perform a convergence test, adjusting 'h' until the solution
stabilizes. Smaller 'h' leads to more accurate results but increases
computational cost.

Can I modify the MATLAB script to compare Euler's
method with other numerical methods like Runge-
Kutta?

Yes, you can extend your MATLAB script by implementing additional methods
such as Runge-Kutta and then compare their solutions against Euler's method.
This involves coding the respective algorithms and plotting their solutions
for the same differential equation to analyze accuracy and stability.

How do I visualize the solution obtained from the
Euler method in MATLAB?

You can store the computed (t, y) pairs during iteration in arrays and then
use plotting functions like 'plot(t, y)' to visualize the approximate
solution curve. Adding labels, titles, and legends helps interpret the
results clearly.

What are common pitfalls to avoid when creating a
MATLAB script for Euler's method?

Common pitfalls include using an excessively large step size, which reduces
accuracy; incorrect implementation of the update formula; not handling
boundary conditions properly; and neglecting to store intermediate results
for plotting or analysis. Always verify the implementation with simple test
cases and compare with analytical solutions if available.



Additional Resources

Create A MATLAB Script File That Uses The Euler Method Discussed In Class To
Solve The Following Differential Equation is a fundamental task for students
and professionals working in numerical analysis, engineering, and applied
mathematics. The Euler Method, one of the simplest numerical techniques for
solving ordinary differential equations (ODEs), provides a practical way to
approximate solutions where analytical solutions are difficult or impossible
to derive. In this guide, we will walk through the process of creating a
MATLAB script file that employs the Euler method to solve a specific
differential equation, detailing each step, including problem setup,
implementation, and analysis of results.

Understanding the Euler Method
Before diving into MATLAB scripting, it's essential to understand the core

idea behind the Euler method. The Euler method approximates the solution to
an initial value problem (IVP) of the form:

\[ \frac{dy}{dt} = f(t, y), \quad y(t_0) =y 0 \]
by taking small steps along the curve of the solution, using the slope at the
current point to estimate the value at the next point. Mathematically, this
is expressed as:
\[ y {n+1} =y n + h \cdot f(t n, y n) \I
where:
- \( h\) is the step size,
- \( t n\) and \( y n\) are the current time and solution estimates,

- \( y {n+1} \) is the next estimate.

The key to using the Euler method effectively lies in selecting an
appropriate step size and carefully implementing the iterative process.

Step 1: Define the Differential Equation and Initial Conditions
Suppose we are given the differential equation:

\[ \frac{dy}{dt} = -2y + 4 \]

with the initial condition:

\[ y(0) = 1\]

Our goal is to approximate the solution over a specified interval, say \( t



\in [0, 2] \).

Step 2: Set Up the MATLAB Script
2.1. Initialize Parameters

Create a new script file in MATLAB, perhaps named “euler method solver.m .
Begin by defining the parameters:

The differential equation as an inline function or anonymous function.
The initial conditions \( t 0 \) and \( y 0 \).
The total interval and step size.

““matlab
Define the differential equation dy/dt = f(t, y)
= @(t, y) -2y + 4;

— o°

% Initial conditions
t0 =
yo = 1

CD

% Interval of interest
t final = 2;

St p size

% Ste

h 0.

2.2. Generate the Time Vector

Create a vector of time points from \( t 0 \) to \( t {final} \):
““matlab

t = t0:h:t final;

The number of points is:

““matlab
N = length(t);

Step 3: Implement the Euler Method Loop
Create an array to store the approximate solutions:

““matlab



y = zeros(1l, N);
y(1l) = y0;

Set up a for-loop to iterate through each time step:

““matlab
for i = 1:N-
y(i+l) = y(i) + h f(t(i), y(i));

end

This loop applies the Euler update formula at each step, progressing along
the interval.

Step 4: Plot and Analyze the Results

Visualizing the approximate solution helps in understanding the behavior of
the differential equation and the accuracy of the Euler method.

" “matlab
figure;
plot(t, y, 'b-o', 'LineWidth', 1.5);
xlabel('Time t');
ylabel('Approximate y(t)');
title('Euler Method Approximation of dy/dt = -2y + 4');
grid on;

Optionally, compare with the analytical solution (if known):
\[ y(t) =2 - er{-2t} \]

You can add the analytical solution to the plot for comparison:

" “matlab
hold on;
y exact = 2 - exp(-2t);
plot(t, y exact, 'r--', 'LineWidth', 1.5);
legend('Euler Approximation', 'Analytical Solution');

hold off;

Step 5: Explore the Effect of Step Size

One of the critical factors influencing the accuracy of the Euler method is
the choice of step size \( h \). Smaller \( h \) yields better approximations



but increases computational effort.

Create a loop or a function to test different step sizes:

““matlab
step sizes = [0.2, 0.1, 0.05, 0.01];
for h test = step sizes
t = t0:h test:t final;
N = length(t);
y = zeros(1l, N);
y(1l) = yo;

for i = 1:N-1
y(i+l) = y(i) + h test f(t(i), y(i));

end

figure;

plot(t, Y, 'b-0');

hold on;

plot(t, y exact(l:length(t)), 'r--');

title(['Euler Method with Step Size h = ', num2str(h_test)]);

xlabel('Time t');
ylabel('y(t)");

legend( 'Approximate', 'Exact');
grid on;

hold off;

end

This process visually demonstrates how decreasing \( h \) produces a solution
closer to the analytical result.

Additional Considerations
Error Analysis
Calculate the error at each step:
““matlab
error = abs(y - y exact(1l:length(t)));
max_error = max(error);
fprintf('Maximum error for h = %.3f is %.4f\n', h, max_error);
Stability and Limitations
The Euler method is conditionally stable and can produce significant errors

for stiff equations or large step sizes. Always evaluate whether more
advanced methods (like Runge-Kutta) are necessary for your problem.



Conclusion

Creating a MATLAB script file that uses the Euler method to solve a
differential equation involves understanding the method's fundamentals,
setting up parameters and initial conditions, implementing the iterative
loop, and analyzing the results through visualization and error estimation.
The approach outlined here serves as a foundational template that can be
adapted to various differential equations and extended with more
sophisticated numerical techniques. As you experiment with different step
sizes and equations, you'll gain insight into the strengths and limitations
of the Euler method, laying the groundwork for more advanced numerical
analysis in MATLAB.
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