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Understanding how to evaluate indefinite integrals as power series is a fundamental skill in
advanced calculus, especially when dealing with functions like arctangent and their integrals. This
process involves expressing the integrand as a power series, integrating term-by-term, and
determining the resulting series' radius of convergence. Specifically, when considering the integral
of the inverse tangent function, \( \tan™{-1}(x) \), and its indefinite integral, it becomes essential to
analyze the series representation for convergence and accuracy. This article explores the
methodology to evaluate such integrals as power series, with a focus on the integral \( \int
\tan~{-1}(x) \, dx\), the constants involved, and the critical concept of the radius of convergence.

Understanding Power Series and Their Significance in
Integration

What Is a Power Series?

A power series is an infinite sum of the form:

\[
\sum {n=0}"{\infty} a n(x-c)"™n
\]

where:

-\(a n\) are the coefficients,

-\( ¢) is the center of the series,
-\(x) is the variable.

Power series are invaluable for approximating functions within a certain interval, especially when
functions are difficult to integrate directly.

Why Use Power Series for Integration?

Using power series expansion simplifies the process of integrating complex functions:

- It allows term-by-term integration.

- It provides explicit formulas for indefinite integrals.

- It helps analyze the behavior of the integral within specific intervals via convergence properties.



Series Expansion of \( \tan™{-1}(x) \)

Deriving the Power Series for \( \tan™{-1}(x) \)

The inverse tangent function has a well-known power series expansion valid for \( |x| \leq 1 \):

\[
\tan™{-1}(x) = \sum {n=0}"{\infty} \frac{(-1)"n}{2n+1} x~{2n+1}
\]

This series converges for \( |x| \leq 1), with convergence at \( |x|=1\) depending on the specific
value of \( x\).

Convergence of the Series

The series converges:
- Absolutely for \( x| < 1).
- Conditionally at \( x = \pm 1\).

This convergence radius, \( R = 1), is crucial when evaluating integrals involving \( \tan”™ {-1}(x) \),
especially when extending the integral's representation beyond the initial interval.

Evaluating the Indefinite Integral \( \int \tan"~{-1}(x) \,
dx \) as a Power Series

Step-by-Step Process

To evaluate \( \int \tan™{-1}(x) \, dx \) as a power series, follow these steps:

1. Write the power series expansion of \( \tan” {-1}(x) \):
\[
\tan”~{-1}(x) = \sum {n=0}"{\infty} \frac{(-1)"n}{2n+1} x~{2n+1}
\]

2. Integrate term-by-term:
\[
\int \tan" {-1}(x) \, dx = \int \left(\sum {n=0}~{\infty} \frac{(-1)"n}{2n+1} x~{2n+1}
\right) dx
\]

3. Interchanging the order of integration and summation (valid within the radius of



convergence):

\[
\int \tan"~{-1}(x) \, dx = \sum_{n=0}"{\infty} \frac{(-1)"n}{2n+1} \int x~{2n+1} dx
\]

4. Perform the integral of each term:

\[
\int x~{2n+1} dx = \frac{x"~{2n+2}}{2n+2} + C

\]
where \( C) is the constant of integration.

5. Combine the results:

\[
\int \tan"{-1}(x) \, dx = \sum {n=0}"{\infty} \frac{(-1)"n}{(2n+1)(2n+2)} x~{2n+2} + C
\]

Resulting Power Series Expression

The indefinite integral expressed as a power series becomes:

\[
\boxed{
\int \tan™{-1}(x) \, dx = \sum_{n=0}"{\infty} \frac{(-1)"n}{(2n+1)(2n+2)} x~{2n+2} + C

}
\]

where \( C) is the constant of integration.

Radius of Convergence of the Resulting Series

Determining the Radius of Convergence

The radius of convergence of the power series for \( \tan”{-1}(x) \) is known to be \( R = 1\). When
integrating term-by-term, the convergence properties are typically preserved, provided the resulting
series remains valid within the same interval.

The key considerations are:
- Since the original series converges for \( x| < 1),

- The integrated series, being composed of powers of \( x \), will also converge for \( |x| < 1).

Thus, the radius of convergence for the indefinite integral’s power series remains:

\[
\boxed{



—_— - =
]
—_—

This means the series representation converges for all \( x \) such that \( |x| < 1). At the boundary
points, convergence may be conditional, requiring further analysis.

Implications of the Radius of Convergence

The radius of convergence indicates:

- The interval within which the power series provides an accurate approximation of the indefinite
integral.

- Beyond \( |[x|=1), the series diverges, and alternative methods or analytic continuation are
necessary.

Applications and Significance

Practical Uses of Power Series in Integration

Expressing integrals as power series is useful in numerous contexts:

- Numerical approximation for small or moderate \( x \).

- Analytical insights into the behavior of functions near specific points.
- Solving differential equations involving inverse tangent functions.

Extending the Series Beyond the Radius of Convergence

Techniques such as:

- Analytic continuation,

- Series acceleration,

- Use of functional identities,

can be employed to extend the applicability of the series beyond \( [x|=1).

Conclusion

Evaluating the indefinite integral of \( \tan”™{-1}(x) \) as a power series involves expanding the
integrand into its known series form, integrating term-by-term, and analyzing the convergence
properties. The resulting series:

\[
\int \tan™{-1}(x) \, dx = \sum_{n=0}"{\infty} \frac{(-1)"n}{(2n+1)(2n+2)} x~{2n+2} + C

\]

converges for \( |x| < 1), establishing the radius of convergence as \( R = 1\). This approach not



only provides an explicit formula for the indefinite integral but also offers insights into its behavior
within the convergence interval. Such techniques are fundamental in advanced calculus,
mathematical analysis, and computational methods, contributing to a deeper understanding of
function behavior and approximation.
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Frequently Asked Questions

How do you find the power series expansion of the indefinite
integral of tan” {-1}(x)?

To find the power series of ftan” {-1}(x) dx, first recall the power series expansion of tan” {-1}(x):
tan™{-1}(x) =3 {n=0}" (-1)"n x~{2n+1}/(2n+1) for |x| < 1. Integrate this series term-by-term
to obtain the power series for the indefinite integral, adding a constant of integration.

What is the general form of the power series for tan” {-1}(x)?

The power series for tan”™ {-1}(x) is given by 3 {n=0}"« (-1)"n x~{2n+1}/(2n+1), valid for |x| < 1.

How is the radius of convergence determined for the power
series of the indefinite integral of tan” {-1}(x)?

The radius of convergence is the same as that of the original series for tan” {-1}(x), whichisR =1,
since the series converges for |[x| < 1. When integrating term-by-term, the radius of convergence
remains unchanged.

What is the significance of the constant C and the term N=0 in
the integral expression involving power series?

The constant C represents the constant of integration after indefinite integration. The term N=0
indicates the starting index in the power series expansion, which begins at n=0 for the summation.

Can the power series for the indefinite integral of tan” {-1}(x)
be used to evaluate the integral at points outside the radius of
convergence?

No, the power series converges only for |x| < 1. To evaluate the integral outside this interval,
alternative methods such as analytic continuation or different series expansions are required.



How does the addition of the constant C affect the power
series representation of the indefinite integral?

The constant C accounts for the indefinite nature of the integral. In the power series, it appears as
an added constant term, representing the family of antiderivatives differing by a constant.

What is the practical importance of knowing the radius of
convergence when working with power series integrals like
Stan™ {-1}(x) dx?

Knowing the radius of convergence helps determine the interval where the power series reliably
represents the function, ensuring accurate approximations and understanding the limits of series-
based calculations.

Additional Resources
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When approaching the evaluation of an indefinite integral involving the inverse tangent function,
such as \(\int \tan"{-1}(x) \, dx\), a powerful technique is to express the integrand as a power series.
This approach not only simplifies complex functions into manageable terms but also provides
insights into the behavior of the series, particularly through the concept of the radius of
convergence. In this article, we will explore how to evaluate the indefinite integral as a power series,
analyze the series' convergence properties, and understand what the radius of convergence tells us
about the domain of the series representation.

Introduction to Power Series and Their Importance
A power series is an infinite sum of the form:

\[
\sum {n=0}"\inftya n (x-a)"n,
\]

where \(a n\) are coefficients, and \(a\) is the center of the series. Power series are fundamental in
mathematical analysis because they allow us to represent functions locally as infinite polynomials,
enabling easier differentiation, integration, and approximation.

When dealing with functions like \(\tan™ {-1}(x)\), expressing them as power series can be
particularly advantageous because:

- It simplifies integration and differentiation.

- It facilitates the analysis of the function's behavior near specific points.

- It helps determine the domain where the series converges, which is crucial for understanding the
function's validity.



The Indefinite Integral of \(\tan"{-1}(x)\)
The indefinite integral:

\[
\int \tan"~{-1}(x) \, dx,
\]

can be evaluated directly or by expressing \(\tan” {-1}(x)\) as a power series and integrating term-
by-term. The latter method is especially useful when dealing with functions that are difficult to
integrate directly or when an approximate expression is sufficient.

Direct Integration Approach

The indefinite integral of \(\tan" {-1}(x)\):

\[

\int \tan~{-1}(x) \, dx = x \tan"™{-1}(x) - \frac{1}{2} \In(1 + x"~2) + C,
\]

where \(C\) is the constant of integration.

Power Series Approach

Alternatively, by expressing \(\tan" {-1}(x)\) as a power series, we can write:

\[
\tan”{-1}(x) = \sum _{n=0}"\infty (-1)"n \frac{x~{2n+1}}{2n + 1},
\]

valid for \(|x| < 1\). This series expansion is derived from the Taylor series expansion of
\(\tan”™ {-1}(x)\) centered at 0.

Deriving the Power Series for \(\tan” {-1} (x)\)
Taylor Series of \(\tan"{-1 }(x)\)
The function \(\tan” {-1}(x)\) has a well-known Taylor series expansion about \(x=0\):

\[
\tan™{-1}(x) = x - \frac{x"3}{3} + \frac{x"5}{5} - \frac{x"7}{7} + \cdots,
\]

which can be expressed as:

\[
\tan”{-1}(x) = \sum {n=0}"\infty (-1)"n \frac{x~{2n+1}}{2n + 1}.



\]

Range of validity: \(|x| < 1\).
This series converges absolutely within this interval, and converges conditionally at \(|x|=1\).

Why Use the Power Series?
Expressing \(\tan" {-1}(x)\) as a power series allows us to perform integrals term-by-term:

\[
\int \tan"{-1}(x) \, dx = \int \sum {n=0}"\infty (-1)"n \frac{x"{2n+1}}{2n + 1}, dx,
\]

which, under appropriate convergence, can be written as:

\[
\sum {n=0}"\infty (-1)"n \frac{1}{2n + 1} \int x~{2n+1} \, dx.
\]

Integrating the Series Term-by-Term
Performing the integration:

\[
\int x~{2n+1}\, dx = \frac{x"{2n+2}}{2n+2} + C,
\]

we obtain:

\[

\int \tan"{-1}(x) \, dx = \sum {n=0}"\infty (-1)"n \frac{1}{2n + 1} \cdot \frac{x"{2n+2}}{2n +
2} + C,

\]

which simplifies to:

\[

\boxed{

\int \tan” {-1}(x) \, dx = \sum_{n=0}"\infty (-1)"n \frac{x~{2n+2}}{(2n + 1)(2n + 2)} + C.
}

\]

This power series representation provides an explicit approximation to the indefinite integral in the
domain where the series converges.

Radius of Convergence: What Is It?



The radius of convergence of a power series is the distance from the center within which the series
converges absolutely. It is a critical concept because it delineates the domain over which the power
series accurately represents the function.

Determining the Radius of Convergence for \(\tan” {-1}(x)\)

The series expansion of \(\tan" {-1}(x)\):

\[
\sum {n=0}"\infty (-1)"n \frac{x"~{2n+1}}{2n+1},
\]

is derived from the geometric series and converges when:

\[
x| < 1.

\]

At \(Jx|=1\), the series converges conditionally but not absolutely, due to the alternating nature and
the diminishing terms.

Thus, the radius of convergence \(R\) is 1.
For the Integrated Series

Since integrating term-by-term does not alter the radius of convergence (provided the convergence
is uniform within the interval), the power series for \(\int \tan”~{-1}(x) \, dx\):

\[
\sum {n=0}"\infty (-1)"n \frac{x"™{2n+2}}{(2n + 1)(2n + 2)},
\]

also converges for \(Jx| < 1\).

Note: The convergence at the boundary points \(|x|=1\) must be checked separately, often through
tests such as the Alternating Series Test or Dirichlet's Test.

Practical Implications and Applications

Approximation of \(\tan” {-1}(x)\) and Its Integral

- Power series provide efficient ways to approximate \(\tan” {-1}(x)\) and its indefinite integral,
especially for small \(|x]|\).

- In computational contexts, truncating the series after a finite number of terms yields an
approximation with a known error bound.

Domain of Validity

- The radius of convergence \(R=1\) indicates that these series are valid and convergent for \(|x|<1\).



- Outside this interval, alternative representations or analytic continuation methods are necessary.
Error Estimation

- The error in truncating the series after \(N\) terms can be estimated using the next term's
magnitude.
- For \(|x|<1\), the error diminishes rapidly as \(N\) increases.

Summary: Key Takeaways

- Power Series Representation: \(\tan”™ {-1}(x) = \sum_{n=0}"\infty (-1)"n
\frac{x"~{2n+1}}{2n+1}), valid for \(|x|<1\).

- Indefinite Integral as a Power Series: \(\int \tan™ {-1}(x) \, dx = \sum_{n=0}"\infty (-1)"n
\frac{x~{2n+2}}{(2n+1)(2n+2)} + C\).

- Radius of Convergence: The power series converges absolutely within \(|x|<1\), and the radius of
convergence is 1.

- Implications: The series provides a means of approximation, analysis, and understanding the
behavior of the integral near the center of expansion.

Final Thoughts

Expressing indefinite integrals as power series is a powerful technique in mathematical analysis,
especially when dealing with functions like \(\tan” {-1}(x)\) that have well-known Taylor expansions.
Understanding the radius of convergence not only guides where these series are valid but also sheds
light on the function's domain and behavior. Whether used for approximation, theoretical
exploration, or computational purposes, the power series approach remains an essential tool in the
mathematician’s toolkit.
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