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Introduction
Root-finding is a fundamental aspect of numerical analysis, with numerous applications across
engineering, physics, and applied mathematics. When attempting to find solutions to nonlinear
equations, iterative methods such as the Newton-Raphson method are commonly employed due to
their efficiency and convergence properties. This article explores how to determine the number of
iterations required to approximate the root of a specific function, given an initial approximation and
a desired tolerance. The function in question is f(x) = x^3 - x^2 + 4, starting from an initial guess of
x₀ = 1, and aiming for an accuracy of 0.001.

Understanding the Problem

Function Details
The function provided is f(x) = x^3 - x^2 + 4. Its properties influence the convergence of iterative
methods. The key points include:

Degree of the polynomial: 3 (cubic)

Presence of a constant term (+4), which shifts the graph vertically

Potential for multiple roots or no real roots, depending on the function behavior

Initial Approximation and Tolerance
The starting point for the iteration is x₀ = 1. The specified tolerance, 0.001, indicates that the
iterative process should continue until the absolute difference between successive approximations is
less than this value or until the function value at the approximation is sufficiently close to zero.



Choosing the Appropriate Root-Finding Method

Newton-Raphson Method
The Newton-Raphson method is a popular choice due to its quadratic convergence near the root,
provided the initial guess is sufficiently close. Its iterative formula is:

x_{n+1} = x_n - \frac{f(x_n)}{f'(x_n)}

where f'(x) is the derivative of f(x).

Alternative Methods
Other methods like the Secant method or Bisection could be used, but for this problem, Newton-
Raphson offers a good balance of efficiency and ease of implementation.

Calculating the Derivative

Derivative of the Function
Given f(x) = x^3 - x^2 + 4, its derivative is:

f'(x) = 3x^2 - 2x

Iterative Process and Convergence Criteria

Defining Convergence
Convergence can be assessed via:

The absolute difference between successive approximations: |x_{n+1} - x_n| < tolerance

The absolute value of the function at the current approximation: |f(x_{n+1})| < tolerance

Typically, the process continues until one of these criteria is satisfied.

Estimating the Number of Iterations
In the case of quadratic convergence (as with Newton-Raphson near the root), the error decreases
approximately quadratically. The general error estimate is:



|x_{n+1} - r| ≈ C  |x_n - r|^2

where r is the actual root and C is a constant depending on the function's derivatives near the root.

To estimate the number of iterations required, we need to consider the initial error and the
convergence rate.

Step-by-Step Calculation

1. Initial Function Evaluation at x=1

f(1) = 1^3 - 1^2 + 4 = 1 - 1 + 4 = 4

- The function value is quite large, indicating the initial guess is far from the root.

2. Derivative at x=1

f'(1) = 3(1)^2 - 2(1) = 3 - 2 = 1

- The derivative is non-zero, so Newton-Raphson can proceed.

3. First Iteration

x_1 = x_0 - f(x_0)/f'(x_0) = 1 - 4/1 = 1 - 4 = -3

- The new approximation is at x = -3.

4. Subsequent Iterations
- Repeat the process:

Second iteration:

f(-3) = (-3)^3 - (-3)^2 + 4 = -27 - 9 + 4 = -32
f'(-3) = 3(9) - 2(-3) = 27 + 6 = 33
x_2 = -3 - (-32)/33 ≈ -3 + 0.9697 ≈ -2.0303

Third iteration:

f(-2.0303) ≈ (-2.0303)^3 - (-2.0303)^2 + 4 ≈ -8.362 + -4.122 + 4 ≈ -8.484
f'(-2.0303) ≈ 3(4.122) - 2(-2.0303) ≈ 12.366 + 4.0606 ≈ 16.4266
x_3 ≈ -2.0303 - (-8.484)/16.4266 ≈ -2.0303 + 0.516 ≈ -1.5143

- Continue iterating until the difference |x_{n+1} - x_n| < 0.001.



Estimating the Number of Iterations Needed

Error Reduction per Iteration
- Given the initial approximation jumps from 1 to -3, the process suggests the root is somewhere
between these points.
- The function appears to have a real root near the value where the function crosses zero.

Applying Quadratic Convergence
- For Newton-Raphson, quadratic convergence implies:

|x_{n+1} - r| ≈ K  |x_n - r|^2

- Since the initial error is roughly |x_0 - r| ≈ |1 - r|, and the derivative is non-zero near the root, the
error shrinks rapidly with each iteration.

Practical Calculation
- Using the error estimate, the number of iterations N to reach tolerance ε = 0.001 can be
approximated by solving:

|x_N - r| ≈ (initial error)  (convergence factor)^{2^N}

- Alternatively, considering the rapid quadratic convergence, only a few iterations are necessary
once close to the root.

Conclusion
Based on the initial evaluations and the properties of the Newton-Raphson method, we can estimate
that approximately 4 to 6 iterations are sufficient to achieve the desired tolerance of 0.001, starting
from an initial approximation of 1. The process involves repeatedly applying the Newton-Raphson
update formula, evaluating the function and its derivative, and checking the convergence criteria. As
the iterations progress, the approximations rapidly approach the actual root due to the quadratic
convergence characteristic of Newton-Raphson, assuming the initial guess is reasonably close and
the derivative does not vanish near the root.

Final Remarks

Always verify that the derivative is not zero at the current approximation to ensure the
Newton-Raphson method's applicability.

In cases where the derivative is small or zero, alternative methods like the Secant or Bisection
methods may be used.



Estimating the number of iterations before starting the process helps in computational
planning and resource allocation.

Frequently Asked Questions

How many iterations are required to find the root of the
function X3 - X2 starting with an initial approximation of 1
and a tolerance of 0.001?
The number of iterations depends on the specific method used (e.g., Newton-Raphson, Secant) and
its convergence properties. Typically, iterative methods will converge within a few iterations if the
initial approximation is close to the root. Without the exact method specified, a common estimate is
around 4 to 6 iterations to reach a tolerance of 0.001.

What is the initial approximation provided for solving the
function X3 - X2 in the iterative process?
The initial approximation given is 1.

What is the specified tolerance for the root-finding process of
the function X3 - X2?
The specified tolerance is 0.001.

Which iterative method is most likely used to solve for the
root of X3 - X2 with the given details?
While not explicitly specified, common methods include Newton-Raphson or Secant method, which
are suitable for such polynomial equations and can achieve the desired tolerance efficiently.

How does the initial approximation influence the number of
iterations needed in solving X3 - X2?
A closer initial approximation to the actual root generally reduces the number of iterations required
to reach the specified tolerance, as the method converges faster.

Additional Resources
Given The Following Details: Function: X3 - X2 4 Initial Approximation: 1 Tolerance: .001 How Many
Iterations

---



Introduction

In the realm of numerical analysis and scientific computing, iterative methods are fundamental tools
for finding approximate solutions to equations that are difficult or impossible to solve analytically.
One common goal is to determine the root(s) of a function—points where the function evaluates to
zero—using iterative algorithms that progressively refine estimates until a desired level of accuracy
is achieved.

This article delves into a specific case: estimating the number of iterations required to approximate
the root of the function f(x) = x³ - x² - 4 with an initial guess of 1 and a tolerance of 0.001. We will
explore the underlying principles of iterative methods, examine relevant formulas for convergence,
and perform detailed calculations to determine how many iterations are necessary under the given
conditions. This discussion aims to provide a clear, comprehensive understanding for students,
engineers, and enthusiasts interested in the practical aspects of numerical root-finding.

---

Understanding the Function and Its Characteristics

Before diving into the iterative process, it’s essential to understand the behavior of the function in
question:

The Function: f(x) = x³ - x² - 4

This cubic function exhibits specific features that influence the convergence of iterative methods:

- Roots and Sign Changes:
To locate the root, we first identify where the function crosses the x-axis.
- At x=1: f(1) = 1 - 1 - 4 = -4 (negative)
- At x=2: f(2) = 8 - 4 - 4 = 0 (exact root at x=2)
- At x=1.5: f(1.5) = 3.375 - 2.25 - 4 = -2.875 (negative)
- At x=2.5: f(2.5) = 15.625 - 6.25 - 4 = 5.375 (positive)

The root lies between x=1.5 and x=2.5, specifically at x=2, as indicated by the calculations.

- Derivative and Its Significance:
The derivative, f'(x) = 3x² - 2x, influences the convergence rate of methods like Newton-Raphson.
- At x=1: f'(1) = 3 - 2 = 1
- At x=2: f'(2) = 12 - 4 = 8

The derivative at the approximate root is moderate, which suggests potential for quadratic
convergence with Newton-Raphson, provided the initial guess is sufficiently close.

---

Choosing the Appropriate Numerical Method

Given the initial approximation (x₀=1) and the function’s characteristics, the Newton-Raphson
method is a suitable choice for root-finding due to its typically rapid convergence.

The Newton-Raphson Method Overview



The iterative formula is:

\[ x_{n+1} = x_n - \frac{f(x_n)}{f'(x_n)} \]

This method is known for quadratic convergence near the root, meaning that the number of accurate
digits roughly doubles with each iteration once sufficiently close. However, the initial guess’s
proximity to the actual root impacts the convergence speed.

Assumptions for Our Calculations

- Initial approximation: x₀ = 1
- Tolerance: 0.001 (we want the absolute error |xₙ - x| < 0.001)
- Function and derivative: as defined above

---

Estimating the Number of Iterations

While the Newton-Raphson method converges rapidly, predicting the exact number of iterations
needed to reach a specified tolerance involves understanding the convergence properties and error
bounds.

Error Bound and Convergence Rate

For quadratic convergence, the error at iteration n+1 can be approximated as:

\[ |x_{n+1} - x| \approx \frac{1}{2} |f''(\xi)| \frac{|x_n - x|^2}{|f'(x_n)|} \]

where \(\xi\) lies between \(x_n\) and the root \(x\).

However, directly applying this formula requires knowledge of the second derivative and the actual
root, which may not be known precisely. Instead, a practical approach involves estimating the
number of iterations based on the convergence rate and initial error.

Step 1: Calculate Initial Function Value and Derivative

- At x=1:
\(f(1) = -4\)
\(f'(1) = 1\)

- At initial guess x₀=1, the error estimate is roughly the difference between the guess and the true
root. Since the root is at x=2, initial error is approximately:

\[ |x_0 - x| \approx 1 \]

Step 2: Approximate Error Reduction per Iteration

Newton-Raphson's quadratic convergence implies that:

\[ |x_{n+1} - x| \approx C \times |x_n - x|^2 \]



where \(C\) is a constant related to the second derivative and derivatives at the root.

To estimate \(C\), consider:

\[ C \approx \frac{|f''(x)|}{2|f'(x)|} \]

Calculate \(f''(x)\):

\[ f''(x) = 6x - 2 \]

At x=2:

\[ f''(2) = 12 - 2 = 10 \]

At the root (x=2):

\[ C \approx \frac{10}{2 \times 8} = \frac{10}{16} = 0.625 \]

Step 3: Iterative Error Estimation

Starting with an initial error of approximately 1 (from guess x=1 to root at x=2):

1. First iteration:
\[
|x_1 - x| \approx C \times |x_0 - x|^2 = 0.625 \times 1^2 = 0.625
\]

2. Second iteration:
\[
|x_2 - x| \approx 0.625 \times (0.625)^2 \approx 0.625 \times 0.3906 \approx 0.244
\]

3. Third iteration:
\[
|x_3 - x| \approx 0.625 \times (0.244)^2 \approx 0.625 \times 0.0595 \approx 0.0372
\]

4. Fourth iteration:
\[
|x_4 - x| \approx 0.625 \times (0.0372)^2 \approx 0.625 \times 0.00139 \approx 0.00087
\]

At this point, the error (~0.00087) is less than the desired tolerance of 0.001.

Step 4: Summary of Iterations Needed

Based on the above estimates:

- After 1 iteration: error ≈ 0.625 (> 0.001)
- After 2 iterations: error ≈ 0.244 (> 0.001)
- After 3 iterations: error ≈ 0.0372 (> 0.001)



- After 4 iterations: error ≈ 0.00087 (< 0.001)

Thus, approximately 4 iterations of Newton-Raphson are needed to reach the specified tolerance
starting from the initial approximation of 1.

---

Practical Implementation and Confirmation

While theoretical estimates provide a good approximation, practical computation involves actual
iteration steps:

Iteration 1:

\[
x_1 = x_0 - \frac{f(x_0)}{f'(x_0)} = 1 - \frac{-4}{1} = 1 + 4 = 5
\]

This is a significant jump, indicating the initial guess may not be ideal for rapid convergence. To
improve efficiency, a better initial guess closer to the root (say, x=1.5 or x=2) might be used.

Iteration 2:

\[
x_2 = 5 - \frac{f(5)}{f'(5)} = 5 - \frac{125 - 25 -4}{75 - 10} = 5 - \frac{96}{65} \approx 5 - 1.477 =
3.523
\]

The estimate is moving away from the root at x=2. This indicates that starting at x=1 leads to
divergence, not convergence, for Newton-Raphson in this case.

Alternative Approach: Secant or Bisection Method

Given the divergence with Newton-Raphson from the initial guess, a more stable approach would be
the bisection method, which guarantees convergence.

Bisection Method:

- Initial interval: [1, 2], since f(1) < 0 and f(2) = 0
- Midpoint: 1.5, check sign of f(1.5) = -2.875 (<0)
- New interval: [1.5, 2]

Iterate until the interval width is less than 0.001:

Number of iterations:

\[
n \geq \frac
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