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Understanding and solving differential equations is fundamental in mathematical modeling, especially
when describing systems that grow or decay over time, such as populations, chemical reactions, or
economic systems. The logistic differential equation is a classic model used to describe population
dynamics where growth is limited by resources. In this article, we will explore how to analyze and

solve the given differential equation, interpret the solution, and understand its implications.

Understanding the Logistic Differential Equation

What is a Logistic Differential Equation?

A logistic differential equation models situations where growth accelerates rapidly at first but then
slows as the population approaches a maximum sustainable limit, called the carrying capacity. It is

characterized by the general form:

\[Y' = rY \left(1 - \frac{YKKM\right) \]



where:

-\(Y(t)\) is the quantity of interest (e.g., population size),
- \("\) is the intrinsic growth rate,

- \(K\) is the carrying capacity.

Rearranged, it becomes:

\[Y'=rY - \frac{rKK} Y*2\]

which fits the form of a quadratic growth model.

Analyzing the Given Differential Equation

Given Equation

The problem provides the differential equation:
\[Y'=28y -4y\]

which simplifies to:

\[Y'=(28-4)y=24y\]

and the initial condition:

\[ Y(0) = 3 \]



This is a first-order linear differential equation that models exponential growth, as the rate of change of

\(Y\) is proportional to \(Y\).

Solving the Differential Equation

Step 1: Recognize the Type of Differential Equation

Since the differential equation simplifies to:
\[ \frac{dY}{dt} = 24Y \]

it is a separable differential equation that describes exponential growth.

Step 2: Separate Variables

Rearranged as:

\[ frac{dY}Y} = 24 dt \]

Step 3: Integrate Both Sides

Integrate:

\[\int \frac{1}{Y} dY = \int 24 dt \]



which yields:

\[\Mn [Y| =24 t+C\]

where \(C)) is the constant of integration.

Step 4: Solve for \(Y(t)\)

Exponentiating both sides gives:

\[ Y| = eM24 t + C} = e"C \cdot eM24 1} \]

Let \(A = e*C\), which is a positive constant:

\[Y() = A eM24 t} ]

Using the initial condition to find \(A\):

[Y@0)=3=AeMN0}=A\

Thus,

\[A=31)]

and the solution function is:

\[ \boxed{Y(t) = 3 eM{24 t}} \]



Interpreting the Solution

Behavior of the Population over Time

Since the solution is exponential, the population \(Y(t)\) grows rapidly over time:
- At \(t=0\), \(Y(0) = 3\).

- As \(t\) increases, \(Y(t)\) increases exponentially.

- No limiting factor is present in this simplified model, unlike in true logistic growth.

Implications of the Growth Rate

The growth rate, 24, indicates a very rapid increase in the population:
- Doubling time can be calculated as:
\[ T_{double} = \frac{\in 2}{24} \approx \frac{0.6931}24} \approx 0.0289 \]

- The population doubles approximately every 0.029 units of time, indicating aggressive growth.

Extensions: Considering Logistic Growth

While the current differential equation models exponential growth, many real-world systems involve

saturation effects leading to logistic growth.



Standard Logistic Differential Equation

The general form:

\[ \frac{dY}Hdt} = rY \left( 1 - \frac{Y}K} \right) \]

has the solution:

\[ Y(t) = \frac{K}{1 + \left( \frac{K - Y_OKY_0} \right) e*-r t}} \]
where:

- \(Y_0\) is the initial population,

- \(K\) is the carrying capacity,

- \("\) is the growth rate.

Adapting the Given Data

Suppose we interpret the original differential equation as a logistic growth model with specific

parameters. For example, if the initial data suggests a saturation point, we could model it with:
-\(r = 24\),

-\(Y_0 = 3)),

- \(K\) as a parameter to be estimated.

The solution becomes:

\[Y(t) = \frac{KH1 + \left( \frac{K - 33} \right) e*{-24 t}} \]

which describes the population approaching the carrying capacity \(K\) over time.



Practical Application and Significance

Population Dynamics

Understanding the solutions of differential equations like the one above is crucial for ecologists and
biologists modeling population growth. The exponential model applies in situations with unlimited

resources, but in nature, populations tend to follow logistic patterns due to limited resources.

Resource Management

Accurate models help in planning for resource allocation, conservation efforts, and understanding the

impact of environmental changes.

Engineering and Physics

Differential equations similar to \(Y' = 24Y\) are also used in fields such as chemical kinetics,

epidemiology, and financial modeling.

Summary and Key Takeaways



- The differential equation \(Y' = 28y - 4y\) simplifies to exponential growth \(Y' = 24Y\).

- The solution with initial value \(Y(0) = 3\) is:

\[Y(t) =3 eM24 t}\]

- This model predicts rapid exponential growth without saturation.

- Understanding the behavior of solutions helps in predicting long-term trends and making informed
decisions.

- For systems with limited resources, a logistic model incorporating a carrying capacity provides a

more accurate representation.

Conclusion

In conclusion, solving the differential equation \(Y' = 28y - 4y\) with the initial condition \(Y(0) = 3\)

reveals exponential growth behavior characterized by the solution \(Y(t) = 3 e*24 t}\). While this model

simplifies real-world systems, it provides foundational insights into the dynamics of growth processes.

Recognizing when to apply exponential versus logistic models is vital for accurate predictions in

various scientific and engineering contexts.

Further Reading and Resources

- Differential Equations Textbooks: For a comprehensive understanding of solving various types of
differential equations.

- Mathematical Modeling Resources: To explore how differential equations are used to model real-



world phenomena.
- Online Calculators and Software: Tools like WolframAlpha, MATLAB, or Python libraries (SciPy) can

help solve and simulate differential equations.

By mastering the techniques discussed in this article, students and professionals can effectively

analyze similar differential equations and interpret their solutions in practical scenarios.

Frequently Asked Questions

What is the general solution to the differential equation dy/dt = 28y -
4y?

First, combine like terms: dy/dt = (28 - 4)y = 24y. The general solution is y(t) = Ce™24t}, where C is a

constant determined by initial conditions.

Given the initial value y(O) = 3, what is the specific solution to the
differential equation?

Using y(0) = 3, substitute t=0 into the general solution: 3 = C eM0} = C. Therefore, the specific solution
is y(t) = 3 e"{24t}.

How do you verify that y(t) = 3 e”{24t} satisfies the differential
equation?

Differentiate y(t): dy/dt = 3 24 e?{24t} = 72 e{24t}. Substitute into the differential equation: dy/dt = 24
y(t). Since 24 3 eM24t} = 72 eM24t}, the solution satisfies the equation.



What is the behavior of y(t) as t approaches infinity?

As t approaches infinity, y(t) = 3 e®24t} grows exponentially without bound, indicating rapid growth

over time.

How can the solution y(t) = 3 e*{24t} be used in modeling real-world
phenomena?

This solution can model phenomena exhibiting exponential growth, such as population growth under

ideal conditions, where the rate of increase is proportional to the current size.

What is the significance of the initial value y(O) = 3 in the context of
the differential equation?

The initial value y(0) = 3 determines the constant C in the solution, setting the starting point of the

modeled process at t=0.

Additional Resources

Given the Logistic Differential Equation \(Y' = 28y - 4y*2\) and Initial Value \(Y(0) = 3\): An In-Depth

Investigation

Introduction

Differential equations are fundamental tools in modeling real-world phenomena across disciplines such
as biology, economics, physics, and engineering. Among these, the logistic differential equation holds
a special place due to its ability to model population growth with natural limits, resource constraints,

and saturation effects. In this investigation, we delve into the specific logistic differential equation:



\[
Y' = 28y - 4y"2
\]

with the initial condition:

\[

Y(0) = 3.

\

This equation exemplifies a classic logistic model with parameters that influence growth and saturation.

Our goal is to analyze this differential equation thoroughly, explore its solutions, interpret their

behaviors, and contextualize these findings within applied scenarios.

The Nature of the Logistic Differential Equation

General Form and Biological Interpretation

The standard logistic differential equation is expressed as:

\[

\frac{dy}{dt} = r y \left(1 - \frac{y{K}\right),

\

where:

- \(r\) is the intrinsic growth rate,

- \(K\) is the carrying capacity.



Rearranging the given equation:

\[
Y' = 28y - 4y"2,
\]

we observe a similar structure. Factoring out \(y\):

\[

Y' = y(28 - 4y),

\

which aligns with the logistic form with:

-\(r = 28)\),
-\(K = \frac{28}{4} = 7\).

This indicates that the growth rate decreases as \(Y\) approaches 7, the equilibrium or carrying

capacity, reflecting resource limitations or other saturation effects.

Significance of Parameters

- Growth Rate (\(r = 28\)): The initial exponential growth rate when the population is small.

- Carrying Capacity (\(K = 7\)): The maximum sustainable value that the model predicts as \(t \to

\infty\).

Understanding these parameters helps in interpreting the solution's long-term behavior and the initial

dynamics.



Solving the Differential Equation

Separation of Variables

Starting from:

\[

\frac{dy}{dt} = y(28 - 4y),

\

we separate variables:

\[

\frac{dyXy(28 - 4y)} = dt.

\

To integrate the left side, we perform partial fraction decomposition.

Partial Fraction Decomposition

Express:

\[

\frac{1Ky(28 - 4y)} = \frac{AKy} + \frac{B}{28 - 4y}.

\

Multiplying through by the denominator:

\[

1=A(28 - 4y) + By,
\]



which simplifies to:

\[

1=28A-4Ay+By.

\

Matching coefficients for powers of \(y\):

- Constant term:

\[
28A = 1 \Rightarrow A = \frac{1}{28}.
\]

- Coefficient of \(y\):

\[

-4A + B = 0 \Rightarrow B = 4A = 4 \times \frac{1}{28} = \frac{1K7}.

\

Thus,

\[

\frac{1Ky(28 - 4y)} = \frac{1}{28} \cdot \frac{1}y} + \frac{1H7} \cdot \frac{1}28 - 4y}.

\

Note that:

\[

\frac{1}{28 - 4y} = - \frac{1}{4} \cdot \frac{1}{y - 7},
\



since:

\[
28 -4y = -4y - 7).
\]

Therefore, the integral becomes:

\[

\int \left(\frac{1}{28} \frac{1}Hy} - \frac{1}{28} \frac{1}{y - 7}\right) dy =t + C,

\

which simplifies to:

\[

\frac{1K28} \int \left(\frac{1Ky} - \frac{1Ky - 7}\right) dy =t + C.
\]

Deriving the Explicit Solution

Performing the integrals:

\[

\frac{1K28} \left( \In|y| - \In]y - 7] \right) =t + C,

\

which simplifies to:

\[



\frac{1}{28} \In \left| \frac{yKy - 7} \right| =t + C.
\

Multiplying through by 28:

\[

\In \left| \frac{y}y - 7} \right| = 28t + C_1,

\

where \(C_1 = 28C\).

Exponentiating both sides:

\[
\left] \frac{y}y - 7} \right| = eN28t + C_1} = A eM28t},
\]

where \(A = eMC_1}\) is an arbitrary positive constant.

Rearranged:

\[

\frac{yHy - 7} = \pm A e”28t}.

\

Choosing the positive branch (since \(A\) can absorb the sign):

\[

\frac{yXy - 7} = A e28t}.
\]



Solving for \(y\):

\[
y=(y-7)Ae28t},
\]

\[
y =y A eM28t} - 7 A eN28t},
\

which leads to:

\[
y -y A eN28t) = -7 A er28t),
\]

\[
y (1 - A eMN28t)) = -7 A eM28t),
\]

\[
y = \frac{-7 A eM28t}{1 - A eM{28t}).
\]

Multiplying numerator and denominator by \(-1\):

\[

y(t) = \frac{7 A eM28tIHA er28t) - 1.
\]



Applying Initial Conditions

Given \(Y(0) = 3\):

\[
3 = \frac{7 A eMOIMA eMNO} - 1} = \frac{7AHNA - 1}.
\]

Cross-multiplied:

\[
3(A-1)=T7A,
\]

\
3A-3=TA,
\

\[
3 = 4A,
\]

\[
A = \frac{3}{4}.
\]

Substituting back:

\[

y(t) = \frac{7 \times (-\frac{3}{4}) e™28t}}{(-\frac{3}{4}) eM{28t} - 1} = \frac{-\frac{21}{4} e"{28t}}{-
\frac{3H4} e”28t} - 1}.



\

Multiplying numerator and denominator by 4 to clear fractions:

\[
y(t) = \frac{-21 eM28t}H{-3 eM{28t} - 4} = \frac{-21 eN28t}}{-3 {28t} - 4}.
\]

Simplify numerator and denominator:

\[
y(t) = \frac{21 eM28t{3 eM{28t) + 4).
\]

Thus, the explicit solution is:

\[
\boxed{
Y(t) = \frac{21 eM28t}}{3 eN{28t} + 4}.

}
\

Long-Term Behavior and Equilibrium Analysis

Equilibrium Points

The equilibrium solutions occur where \(Y' = 0\):

\[



Y'=y(28-4y)=0,
v

which yields:

\[
y = 0 \quad \Mtext{or} \quad y = 7.
\]

- At \(y = 0\): Extinction or zero population.

- At \(y = 7\): Carrying capacity or saturation point.

Stability of Equilibria

The stability can be analyzed via the derivative of the right-hand side:

\[

fly) =28y - 4 y"2,
\

\[

f(y)=28-8y.

\

- At \(y = 0\):

\[

f(0) = 28 > 0,

\

indicating an unstable equilibrium.



- At \(y = 7\):

\[

f(7) =28 - 8 \times 7 = 28 - 56 = -28 < 0,
\]

indicating a stable equilibrium.

This aligns with biological intuition: the zero population is unstable, and the population tends to

stabilize at the carrying capacity \(y=7\).

Behavior of the Solution \(Y(t)\)

Initial Value and Short-term Dynamics
Using the explicit solution:

\[

Y(t) = \frac{21 eM28t}}{3 e™{28t} + 4},

\

and initial condition \(Y(
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