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Introduction to Sketching the Graph of the
Function
Understanding how to graph a function is a fundamental skill in mathematics,
particularly in calculus and algebra. Sketching the graph provides visual
insights into the behavior of the function, including its intercepts,
asymptotes, periodicity, and overall trend. When dealing with periodic
functions that have vertical asymptotes, it becomes even more critical to
analyze their behavior carefully over multiple periods to grasp the complete
picture. This guide will walk you through the process of sketching the graph
of a specific periodic function, illustrating two full periods, and
identifying at least three vertical asymptotes along the way.

Understanding the Function’s Formula
Before sketching the graph, it’s essential to analyze the function’s formula
thoroughly. For this example, let’s consider the function:

\[ f(x) = \frac{\sin(2x)}{\tan(x)} \]

This function combines trigonometric functions and exhibits periodic
behavior, along with potential vertical asymptotes where the denominator
equals zero. The key steps involve simplifying, analyzing asymptotes, and
understanding the periodicity.

Key Attributes of the Function

Periodicity: Both \(\sin(2x)\) and \(\tan(x)\) are periodic functions.
\(\sin(2x)\) has a period of \(\pi\), while \(\tan(x)\) has a period of
\(\pi\). The combined function’s period must be analyzed accordingly.

Vertical Asymptotes: Occur where the denominator \(\tan(x) = 0\), i.e.,
at \(x = n\pi\) for integers \(n\), since \(\tan(x)\) approaches
infinity or negative infinity there.

Zeros of the Function: Zeros occur when numerator \(\sin(2x) = 0\),



i.e., at \(x = k\frac{\pi}{2}\) for integers \(k\).

Finding Vertical Asymptotes
Vertical asymptotes are crucial features to identify because they indicate
where the function tends toward infinity or negative infinity. These
typically occur where the denominator of a rational function equals zero,
provided the numerator isn’t also zero at those points (which might lead to
holes instead).

Step-by-step Process to Find Asymptotes

Set the denominator equal to zero: Find where \(\tan(x) = 0\).1.

Identify points of discontinuity: Since \(\tan(x)\) is zero at \(x =2.
n\pi\), the function potentially has vertical asymptotes at these
points.

Check the numerator at these points: Evaluate \(\sin(2x)\) at \(x =3.
n\pi\):

At \(x = n\pi\), \(\sin(2n\pi) = 0\).

Thus, the function simplifies to \(0/0\) at these points,
indicating potential holes rather than asymptotes unless the limits
tend toward infinity elsewhere.

Identify other potential asymptotes: Examine points where the4.
denominator approaches zero but numerator is non-zero, such as when
\(\tan(x)\) approaches infinity, for example at \(x = \frac{\pi}{2} +
n\pi\).

Conclude the asymptotes: The vertical asymptotes occur at points where5.
the denominator tends to infinity, i.e., at \(x = \frac{\pi}{2} +
n\pi\), because \(\tan(x)\) has vertical asymptotes at these points.

Summary of Vertical Asymptotes

At \(x = \frac{\pi}{2} + n\pi\), for all integers \(n\), because
\(\tan(x)\) is undefined there.



At \(x = n\pi\), where the numerator and denominator both tend to zero,
leading to potential holes rather than asymptotes.

Analyzing Periodicity and Behavior of the
Function
Understanding the function’s periodicity helps in sketching its graph over
multiple periods. The combined nature of \(\sin(2x)\) and \(\tan(x)\) affects
the overall period.

Period Calculation
- \(\sin(2x)\) has a period of \(\pi\).
- \(\tan(x)\) has a period of \(\pi\).
- Since both share the same period, the combined function \(f(x)\) will also
have a period of \(\pi\).

This means that the function repeats its behavior every \(\pi\) units along
the x-axis.

Behavior Within One Period
- The function is continuous except at vertical asymptotes.
- Near the asymptotes, the function tends toward infinity or negative
infinity.
- Zeroes occur where numerator is zero, i.e., at \(x = k\frac{\pi}{2}\),
which are critical points.
- The function’s sign and magnitude change across asymptotes, creating
characteristic “branches” in the graph.

Sketching the Graph: Step-by-Step Approach
To accurately sketch \(f(x) = \frac{\sin(2x)}{\tan(x)}\), follow these steps:

1. Draw the axes and mark key points
- Mark the vertical asymptotes at \(x = \frac{\pi}{2} + n\pi\) for \(n\) in
the integers.
- Mark zeros at \(x = k\frac{\pi}{2}\).



2. Plot critical points within one period
- Zeroes at \(x = 0, \pi, 2\pi\), etc.
- Maxima and minima occur at points where the derivative equals zero (for a
more advanced analysis).

3. Sketch the asymptotes
- Draw dashed vertical lines at each \(x = \frac{\pi}{2} + n\pi\).

4. Analyze the behavior near asymptotes
- As \(x\) approaches \(\frac{\pi}{2} + n\pi\) from the left, the function
tends toward \(\pm \infty\).
- As \(x\) approaches from the right, it tends toward \(\mp \infty\).

5. Plot the function’s behavior between asymptotes
- Use known function values or test points.
- For example, at \(x=0\), \(f(0) = 0\).
- At \(x=\frac{\pi}{4}\), evaluate \(f(\pi/4)\).

6. Connect the points smoothly, respecting
asymptotes
- Draw the branches that tend toward the asymptotes, ensuring the function’s
sign and magnitude are consistent with the limits.

Sketching Two Full Periods
To illustrate two full periods, extend your sketch from \(x=0\) to
\(x=2\pi\). This includes:
- Asymptotes at \(x=\frac{\pi}{2}\) and \(x=\frac{3\pi}{2}\).
- Zeroes at \(x=0, \pi, 2\pi\).
- Behavior analysis around these points.

Plot key points, asymptotes, and the general shape to achieve a comprehensive
visual understanding of the function’s behavior over these two periods.

Summary of Key Features in the Graph

Vertical asymptotes: at \(x = \frac{\pi}{2} + n\pi\), where the function
tends toward infinity.



Zeros: at \(x = k\frac{\pi}{2}\), where the numerator zeroes out the
function.

Periodicity: The function repeats every \(\pi\) units.

Behavior near asymptotes: Approaching infinity or negative infinity,
with the sign depending on the side of approach.

Conclusion
Sketching the graph of a complex periodic function like \(f(x) =
\frac{\sin(2x)}{\tan(x)}\) requires a systematic approach involving analyzing
asymptotes, zeros, periodicity, and the behavior near critical points. By
identifying vertical asymptotes at \(x = \frac{\pi}{2} + n\pi\), plotting key
points and zeros, and extending the graph over two full periods, you gain a
comprehensive visual understanding of how the function behaves. Remember to
respect the asymptotic behaviors and ensure the graph accurately reflects the
function's limits and periodicity. With practice

Frequently Asked Questions

How do I sketch the graph of a function that
includes two full periods?
To sketch two full periods of a periodic function, identify its period length
and plot the key features (such as maxima, minima, and asymptotes) over one
period. Then, repeat or shift this pattern horizontally to cover two periods,
ensuring continuity or asymptote considerations are maintained.

What steps are involved in identifying vertical
asymptotes in a rational function?
Vertical asymptotes occur where the denominator of the rational function
equals zero (and the numerator is non-zero at those points). To identify
them, factor the denominator, set it equal to zero, and solve for x to find
the asymptote locations.

How can I determine the key features (such as
maxima, minima, and asymptotes) when sketching the
graph of a periodic function?
Find the period, identify critical points using derivatives, and examine the
behavior near asymptotes. For rational functions, analyze the numerator and



denominator to locate asymptotes, and evaluate the function at key points to
determine maxima and minima within each period.

What is the significance of including two full
periods in a graph, and how does it help in
understanding the function?
Plotting two full periods provides insight into the repeating pattern,
symmetry, and the behavior near asymptotes. It helps visualize periodicity
and confirms the consistency of features like maxima, minima, and asymptotes
across multiple cycles.

Can you explain how to identify and draw vertical
asymptotes for a function with multiple asymptotes?
Identify the values of x where the denominator is zero and the numerator is
non-zero. For each such point, draw a vertical dashed line to represent the
asymptote. Confirm that the function approaches infinity or negative infinity
near these points to ensure they are valid asymptotes.

How do the properties of the function near vertical
asymptotes affect the shape of the graph?
Near vertical asymptotes, the function typically tends toward infinity or
negative infinity. This causes the graph to shoot upward or downward sharply,
creating a vertical boundary where the function is undefined. Understanding
this helps accurately sketch the behavior near asymptotes.

What considerations should I keep in mind when
sketching the graph of a function with two periods
and multiple asymptotes?
Ensure you plot the key features within one period, including asymptotes and
extrema, then extend the pattern across two periods. Pay attention to the
behavior as the function approaches asymptotes and at the endpoints of each
period to accurately represent the graph's shape.

Are there common functions that naturally illustrate
two full periods with three vertical asymptotes?
Yes, functions like certain rational functions with periodic components,
tangent functions combined with shifts, or piecewise-defined functions can
exhibit multiple periods and multiple vertical asymptotes. For example, the
tangent function with shifts can have multiple asymptotes within a range.



Additional Resources
Sketch The Graph Of The Function. Include Two Full Periods, And Identify At
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When approaching the task of sketching the graph of a function that is
periodic and possesses vertical asymptotes, it is essential to develop a
systematic understanding of the function’s behavior. This comprehensive guide
aims to elucidate the process of graphing such functions, focusing on
capturing at least two full periods and identifying vertical asymptotes,
which are critical in understanding the function’s domain restrictions and
discontinuities. Through detailed explanations, step-by-step procedures, and
illustrative insights, this article serves as an invaluable resource for
students and enthusiasts seeking to master the art of graphing complex
functions.

---

Understanding Periodic Functions and Their
Graphs

What Is a Periodic Function?

A periodic function is one that repeats its values at regular intervals,
called the period. Mathematically, a function \(f(x)\) is periodic with
period \(T\) if:

\[
f(x + T) = f(x) \quad \text{for all } x \text{ in its domain}
\]

Common examples include sine, cosine, tangent, and cotangent functions. These
functions exhibit symmetry and predictable repetition, making their graphing
more straightforward once the fundamental pattern is understood.

Why Graph Multiple Periods?

Graphing at least two full periods provides a clearer picture of the
function’s behavior across its cycle. It helps in identifying features such
as maxima, minima, asymptotes, and the function’s general shape. For
functions with discontinuities or asymptotes, examining multiple periods
ensures that all critical points and asymptotic behaviors are captured
accurately.



---

Identifying and Analyzing Vertical Asymptotes

What Are Vertical Asymptotes?

Vertical asymptotes are vertical lines \(x = a\) where the function tends to
infinity or negative infinity as \(x\) approaches \(a\). They indicate points
where the function is undefined, typically due to division by zero in the
algebraic expression. Recognizing these asymptotes is vital because they mark
the boundaries of the function’s domain segments.

How to Find Vertical Asymptotes

1. Factor the Function: Express the function in its simplest form to identify
points where the denominator equals zero.
2. Solve for Zero Denominator: Find values of \(x\) that make the denominator
zero but do not cancel with factors in the numerator (to avoid removable
discontinuities).
3. Check for Simplifications: Ensure that the asymptotes are genuine and not
removable by simplifying the function.

Example: For a function like \(f(x) = \frac{\sin x}{\cos x}\), the vertical
asymptotes occur where \(\cos x = 0\), i.e., at \(x = \frac{\pi}{2} + n\pi\),
where \(n\) is an integer.

Identifying Multiple Asymptotes

In functions with complex expressions, it’s common to encounter multiple
vertical asymptotes within one period. For instance, a rational function with
multiple factors in the denominator can have several vertical asymptotes. By
analyzing the denominator thoroughly, at least three asymptotes can be
identified within the domain of interest, especially across multiple periods.

---

Step-by-Step Approach to Sketching the Graph



1. Understand the Function’s Basic Properties

- Determine the period \(T\) of the function.
- Identify any symmetry (even, odd, or periodicity).
- Find the domain, considering restrictions due to asymptotes.

2. Locate and Mark Vertical Asymptotes

- Solve for \(x\) where the denominator is zero.
- Mark these lines on the graph as dashed lines to indicate asymptotes.
- Confirm the nature of asymptotes—whether they are removable or true.

3. Analyze End Behavior Near Asymptotes

- Use limits to understand how the function behaves as \(x\) approaches the
asymptotes from both sides.
- Typically, the function tends to \(\pm \infty\) near vertical asymptotes.

4. Find Critical Points and Key Features

- Calculate derivatives to find local maxima, minima, and inflection points.
- Determine where the function crosses the x-axis (roots).

5. Plot the Basic Shape within One Period

- Plot the asymptotes first.
- Sketch the curve, ensuring it approaches asymptotes correctly.
- Mark critical points, maxima, minima, and intercepts.

6. Extend to Two Full Periods

- Use the periodicity to replicate the pattern.
- Maintain symmetry and consistent behavior across periods.
- Check the function’s behavior at the edges of each period to ensure
continuity.

7. Final Touch-Up

- Add arrows to indicate the function continues beyond the plotted regions.



- Label asymptotes and key points clearly.
- Review the sketch for consistency and accuracy.

---

Illustrative Example: Sketching a Function with
Multiple Asymptotes

Suppose we are asked to sketch \(f(x) = \frac{\sin x}{\tan x}\), which
simplifies to \(f(x) = \cos x\). However, for the purpose of this example,
consider a more complex rational function:

\[
f(x) = \frac{1}{(x - \pi/2)(x - 3\pi/2)(x - 5\pi/2)}
\]

This function has vertical asymptotes at \(x = \frac{\pi}{2}, \frac{3\pi}{2},
\frac{5\pi}{2}\). It is periodic with period \(\pi\), and within two full
periods (from \(0\) to \(2\pi\)), all asymptotes are captured, along with the
function’s behavior near them.

Step-by-step:

- Identify the asymptotes: At \(x = \pi/2, 3\pi/2, 5\pi/2\), the denominator
zeroes out, leading to vertical asymptotes.
- Plot the asymptotes: Draw dashed vertical lines at these points.
- Determine behavior near asymptotes: As \(x \to \pi/2^-\), \(f(x) \to -
\infty\); as \(x \to \pi/2^+\), \(f(x) \to +\infty\), and similarly for other
asymptotes.
- Plot key points: Calculate \(f(x)\) at points between asymptotes, such as
\(x=0, \pi, 2\pi\).
- Sketch the curve: Connect the points smoothly, approaching asymptotes as
dictated by limits.
- Repeat for the next period: Use the periodicity to replicate the pattern
from \(2\pi\) to \(4\pi\).

This process ensures a comprehensive representation of the function over two
full periods, capturing all significant features and discontinuities.

---

Features of an Effective Graph of a Periodic
Function with Asymptotes

- Clear marking of asymptotes, with proper labels.



- Accurate depiction of the function’s approach to asymptotes.
- Symmetry consistent with the function’s properties.
- Correct periodic repetition of the pattern.
- Well-placed critical points, intercepts, and maxima/minima.

---

Pros and Cons of Graphing Such Functions

Pros:

- Provides visual insight into the function’s behavior across multiple
periods.
- Helps in understanding the nature and location of discontinuities.
- Facilitates the analysis of limits, asymptotic behavior, and symmetry.
- Enhances comprehension of the periodicity and domain restrictions.

Cons:

- Can be complex and time-consuming, especially with multiple asymptotes.
- Requires careful calculations and limit analysis.
- Inaccuracies in asymptote placement can lead to misinterpretation.
- May oversimplify complex functions if not detailed enough.

---

Conclusion

Sketching the graph of a periodic function with multiple vertical asymptotes
is an essential skill in advanced mathematics, particularly in calculus and
analysis. It combines understanding of periodicity, asymptotic behavior,
critical points, and symmetry. By methodically identifying asymptotes,
analyzing behavior near discontinuities, and extending the pattern over
multiple periods, one can produce accurate and insightful sketches that
reveal the intricate nature of such functions. This process not only aids in
visual comprehension but also deepens analytical skills, fostering a greater
appreciation of the function’s properties and behaviors.

---

In summary:

- Begin with understanding the period and domain.
- Locate and mark vertical asymptotes precisely.
- Analyze limits and behavior near asymptotes.
- Determine key points and plot within one period.



- Extend the pattern to include at least two full periods.
- Review and refine the sketch for clarity and accuracy.

Mastering this approach enables students and mathematicians to visualize
complex functions effectively, aiding further analysis, problem-solving, and
mathematical exploration.
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